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“Because certainty is desirable in didactic discourse 
—the pupil wishes to have nothing uncertain deliv- 
ered to him—the teacher cannot let any problem 
stand, circling it from a distance, so to speak. Things 
must be determined at once (staked out, as the Dutch 
say'), and so one believes for a while that one owns 
the unknown territory, until another person rips out 
the stakes again and immediately sets them down, 
nearer or farther as the case may be, once again.” 


J. W. Goethe, in Werke (Weimar 1893), part II, vol. 11 
(“Science in General”), p. 133. 


Foreword 


In this second volume of Algebra, I have followed the same expository guidelines 
laid out in the preface to the first volume, with the difference that now pedagogic 
considerations can take a secondary role in favor of a more mature viewpoint on the 
content. 

I imagine the reader of this second volume to be a student who already has a 
working knowledge of algebra and is eager to extend and deepen this knowledge 
in one direction or another. Thus, in sections that can to a large extent be studied 
independently of the rest, I have made a broader choice of presentation. 

There was good reason, in my opinion, to let the material in the first volume 
be guided by an emphasis on fields. Thus it was natural to present in this second 
volume certain classes of fields having additional structure. Among these we deal 
first with ordered fields, in part to arouse interest in the area of real algebra, which 
is given short shrift in most current textbooks (though it was much esteemed in the 
nineteenth century and gained new momentum in the 1920s through the work of 
Artin and Schreier). It also seemed worth broaching certain aspects of the theory of 
quadratic forms. 

Next, special attention is devoted to the theory of valued fields. Local fields 
represent today, over a hundred years after their discovery by Hensel, a completely 
standard prerequisite in many areas of mathematics. 

Besides making an effort not to treat superficially any area once selected for 
coverage, I also aimed for some diversity. Thus I decided not to stay within the 
confines of field theory proper, but rather to include another major theory, that of 
semisimple algebras. In this context it seemed a matter of course to discuss the 
rudiments of finite group representations as well. This path to the subject, offered 
here instead of the more direct one opened up by Schur, is well worth the trouble, 


' Goethe writes the past participle of the Dutch verb bepalen, bridging the two meanings: 
literally ‘to plant stakes’, but in its normal usage ‘to prescribe, determine, fix, set in place.’ 
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especially if one is interested also in questions of rationality in representation theory, 
as they are treated at the end of the book. 

Undoubtedly this volume contains more material than can be covered in one un- 
dergraduate semester. Some sections are perhaps suitable for introductory graduate 
seminars. Several topics absent from average textbooks are included here, as they 
fit naturally with our treatment: among them we mention the Witt calculus, Tsen 
rank theory, and local class field theory. 

My warm thanks go to all who helped in the creation of this book: the students 
in my course, for their invigorating interest; my faculty colleagues, for much good 
advice and for prodding me on with their frequent inquiries about when the book 
would be ready; Florian Pop, for a conversation in Heidelberg, which persuaded me 
to include the topic of local class field theory; Hans Daldrop, Burkhardt Dorn and 
Hubert Schulze Relau, for their critical reading of large portions of the manuscript, 
and the latter also for his careful work on the index; Bernadette Bourscheid for her 
efficient preparation of the original typescript; the publishers of the first German edi- 
tion (1990), BI-Wissenschaftsverlag, for their renewed cooperation, and particularly 
the editor Hermann Engesser, for understanding and patient advice. 

In the preparation of the second German edition (1997) I again benefited from 
suggestions, praise and criticism from colleagues, including S. Bége, B. Huppert, 
J. Neukirch, P. Roquette and K. Wingberg, and from the involvement of students 
not only from and my course but also from elsewhere — whose watchful reading led 
to improvements. Special thanks go to Susanne Bosse for her professional resetting 
of the text in ATRx. 

Now I am pleased to see this second volume of my work being made available 
in English as well. I’m very thankful to Springer New York and its mathematics 
editor, Mark Spencer, for his support and good advice. The translation, like that of 
the first volume, was done by Silvio Levy, and once again he has suggested helpful 
improvements to the exposition. I shall look back upon this fruitful collaboration 
with fondness and appreciation. 


Miinster, September 2007 Falko Lorenz 
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20 
Ordered Fields and Real Fields 


1. As a first class of fields with additional structure we now turn to ordered fields. 


Definition 1. Let K be a field. Given an order relation < on the set K, we say that 
K —or, more formally, the pair (K, <)—1s an ordered field if 


(1) < is a total order. 
(2) ax bimpliesa+c<b+e. 
(3) a<b and 0 <c imply ac < be. 


In this situation we also say that < is a field order — or, if no confusion can arise, 
just an order—on K. 


If < is an order on a set, we write a <b ifa<b anda +#b. Often instead of 
a<bora<b we write b >a or b >a. Because of (2) we have in an ordered field 


ax<b = b-a=0. 
Thus the order < of an ordered field K is entirely determined by the set 
P={aeK|a>=0}, 


called the positive set (or set of positive elements) of <. We have 
(4) P+PCPand PPCP; 
(5) PN—P = {0}; 
(6) PU-P=K. 
Conversely, if P is a subset of a field K satisfying properties (4), (5) and (6), 
the relation < defined by 


axb <= b-aeP 


makes K into an ordered field (with positive set P). For this reason we sometimes 
also call such a subset P of K an order of K. 


2 20 Ordered Fields and Real Fields 
Let K be an ordered field. Then 
a’>>0_ for every a€ K*. 
Thus all sums of squares of elements in K™ are also strictly positive: 
ai t+ast+-:- +a >0O for every aj,...,d, € K*. 
It follows that any ordered field has characteristic 0. 


Definition 2. For K an arbitrary field, we denote by 
SQ(K) 


the set of all sums of squares in K, that is, the set of all elements of the form 
at +++ +a7 fora; €E K,neN. 


Squares and their sums play an important role in the theory of ordered fields, as 
we will see. First we point out some simple formal properties of SQ(K): 
(7) SQ(K) + SQ(K) € SQ(K),  SQ(K)SQ(K) S SQ(K). 
Note the analogy between (7) and (4). 


Definition 3. A subset T of a field K is called a (quadratic) preorder on K if 
(8) T+TCT, TTCT, and 
(9) K? CT. 


Here K* denotes the set K*? U {0} of all squares of elements in K. In particular, 
then, 0 lies in 7 and 1 lies in T* := T ~\ {0}. 


For any field K, the set SQ(K) of sums of squares is a quadratic preorder; it 
is contained in any quadratic preorder of K, and hence is the minimal quadratic 
preorder on K. 


F1. Let T be a quadratic preorder of a field K. There is equivalence between: 
(i) TA-T = {0}; 
(Gi) T*+7T* CT”; 

(iii) -1 €T. 

If char K 4 2 these conditions are also equivalent to 

(iv) TAK. 


Proof. (i) <> Gi) and (1) => (iii) are clear. Suppose (i) does not hold, so there exists 
a#0 in K such that ae T—T. Since a and —a lie in T,, so does their product 
—a*. But because of (9) we have (a~!)? € T, so —1 = —a*a~? € T, so (iii) is 
contradicted. The implication (iii) = (iv) is clear. 

Now suppose, in contradiction to (iii), that —1 € T. If char K 4 2, any element 
a of K can be written as a difference of two squares (say, those of s(a +1)). There 


follows T = K, the negation of (iv). 
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Remark 1. If char K = 2, the quadratic preorders T of K are precisely the inter- 
mediate fields of the extension K/K*. 


Remark 2. Let 7 be a quadratic preorder of K with property (i). The set K has a 
partial order < given by 


axbh <=> b-aeT, 
and properties (2) and (3) in Definition | hold. Moreover a* >0 for allae K. 


We now investigate under what conditions a quadratic preorder of a field K can 
be extended to an order of the field K. We first show: 


Lemma 1. Suppose given a quadratic preorder T of a field K with -1 € T. Leta 
be an element of K such that a € —T. Then 


T’:=T+aT 
is a quadratic preorder of K, also satisfying —1 ¢ T’. (Note that T C T’ anda eéT") 


Proof. Obviously we have T’+ T’ CT’, T'T' CT’, and K*° CT CT’, soT’ isa 
quadratic preorder. Assume that —1 € 7’, meaning that there are elements b,c € T 
such that —1 = b+ ac. Then c is nonzero since —1 ¢ T. There follows 

_1+6 1 


=—(1+5)c €T, 


—a =__ 
c C2 


contradicting the assumption that —a ¢ T. 


Theorem 1. Suppose a quadratic preorder T ona field K does not contain —1. Then 
T is the intersection of all field orders P of K that contain T: 


(10) T= () P. 


TCP 


In particular, for every quadratic preorder T not containing —1 there is an order P 
of K such that T © P. 


Proof. By Zorn’s Lemma, T lies in a maximal preorder P of K such that —1 ¢ P. 
We claim that P is actually an order of K. By F1, we just have to show that 


PU-P=K. 


Let a be an element of K such that a € —P. We must show that a € P. By Lemma 
1, the set 7’ = P +aP is a preorder of K, and we have —1 ¢ T’. Because P is 
maximal this implies that P +aP = P, and thusae P. 

Now let b be any element of K not contained in 7. We still must show that 
there is an order P of K such that T C P and b ¢ P. We apply Lemma | to T, 
with a := —b. Then T’ = T —bT is a preorder of K not containing —1. From 
the part of the theorem already shown we conclude that there is an order P of K 
containing 7’; then —b lies in P and therefore b ¢ P, since b £ 0. 


4 20 Ordered Fields and Real Fields 


Definition 4. A field K is called formally real, or just a real field, if —1 is not a 
sum of squares in K: 


—1 €SQ(K). 


Any ordered field is obviously of this type. Conversely, any real field admits at 
least one order: 


Theorem 2 (Artin—-Schreier). [f K is a field, the following conditions are equivalent: 


(i) K is formally real, that is, —1 is not a sum of squares in K. 
(ii) K can be made into an ordered field. 
More generally: 
Theorem 3. Let K be a field of characteristic different from 2. Given b € K, there 
is equivalence between: 
(i) b being a sum of squares in K; 
(ii) 6 being a totally positive element, that is, positive for any field order on K. 


In particular, if K does not admit an order, every element of K is a sum of squares; 
if, on the other hand, K is real, it admits an order. 


Proof. We consider the quadratic preorder T = SQ(K) and assume that b ¢ T. Then 
T # K, whence, by Fl, —1 ¢ JT. By Theorem 1, K has some order P such that 
b ¢ P. This proves the implication (ii) => (i). The converse is clear. 


Theorem 4. Let (K, <) be an ordered field and E/K a field extension. The following 
statements are equivalent: 


(i) The order < of K can be extended to an order on E. 
(ii) —1 is not a sum of elements of the form aa? with a> 0 in K anda in E. 


(iii) Given elements a,,...,Am in K with each a; > 0, the quadratic form 
2 2 
ayXy~ +++: +amX;, 
is anisotropic over E, that is, it only admits the trivial zero (0,...,0) in E™. 


Condition (iii) is a simple reformulation of (ii). The equivalence between (i) and 
(ii) follows immediately from a more general fact: 


Theorem 5. Let (K, <) be an ordered field. If E/K is a field extension and B is an 
element of E, there is equivalence between 


(i) B being of the form 
B=) aja; 
i 


with each a; € K positive and each a; in E; 


(ii) B being positive in any order of the field E that extends the order < on K. 
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Proof. The implication (i) = (ii) is trivial. Let T be the set of all sums of elements 
of the form aa? with a >0 in K anda in E. Clearly T is a quadratic preorder of 
E. Assume that (i) does not hold, so that 6 ¢ 7. Then T # E, which by F1 implies 
that —1 ¢ T. By Theorem | there is then an order P of E such that P > T and 
B € P. Therefore (ii) does not hold. 


F2. Let (K, <) be an ordered field. If E/K is a finite extension of odd degree, there 
is an extension of < to an order of the field E. 


This follows from Theorem 4 and the next statement: 
F3. If E/K is a field extension of odd degree, any quadratic form 
axe tee bam X2 
that is anisotropic over K is also anisotropic over E. 


Proof. We use induction on the degreen = E': K. We can thus assume that E' = K(f) 
for some 6 € E. Let f(X) be the minimal polynomial of 6 over K. Suppose that 


2 2 
ayy +++++ dma, = 0 


with a1,...,@m in E, not all 0. We can assume without loss of generality that 
a, = 1=<ay,. Since E = K(f), there exist polynomials g2(X),..., gm(X) € K[X] 
of degree at most m — | such that 


1+) ajgi(X)? = 0mod f(X). 
i=2 


Therefore there exists a polynomial (XY) € K[X] such that 


(11) 1+ So aigi(X) = h(X)f(X). 


i=2 


Now, the sum on the left-hand side is a polynomial of even, strictly positive 
degree, since by assumption the form x? +a2 Ae +++++dm XZ is anisotropic over 
K. On the other hand, its degree is at most 2(n—1) = 2n—2. Consequently it 
follows from (11) that A(X) has odd degree, at most n — 2. Thus A(X’) too has an 
irreducible divisor fi(X) of odd degree less than n. 

Consider the extension K(f), where 6; is a root of fj. Then £,:K is odd 
and less than n. If we replace X in (11) by £1, we obtain 


1+) 0 aigi(Bi)? =0, 


i=2 


contradicting the induction assumption. 
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F4. Let (K, <) be an ordered field. In an algebraic closure C of K, let E be the 


subfield of C obtained from K by adjoining the square roots of all positive elements 
of K. Then < can be extended to an order of the field E. 


Proof. We again resort to Theorem 4. Suppose there is some relation 
m 
=1= ya? 
i=1 


with a; € K positive anda; in E. Thea ,...,@m belong to a subfield K(w1,..., wy) 
of E, where w? € K and w? = 0; let the w; be chosen so that r is as small as possible. 
Then 


(12) wr € K(wy,..., Wr—1)- 


Now qj = xj + yiw, with x;, yj © K(wy4,..., Wr—1) for 1 <i <m. There follows 


m m 
-l= Yai (x? + y?w?) +2(Soaisiy: jw, 
i=1 i=1 


From (12) we obtain 


m m m 
-l= >> ai(x} + y?w2) = >| aix? + > (aiw?)y?, 
i=1 i=1 i=1 


contradicting the minimality of r. 


Definition 5. A real field R is called real-closed if the only algebraic extension 
E/R with E real is the trivial one, E = R. 


F5. Let R be a real-closed field. 
(a) Every polynomial of odd degree over R has a root in R. 
(b) R admits exactly one order. 
(c) The set R? of all squares in R is an order of R. 


Proof. (a) Let f € R[X] have odd degree, and assume without loss of generality 
that it is irreducible. Take the extension E = R(q@), where a@ is a root of f. By F2 
(and Theorem 2) we know that EF is real. It follows that E = R; that is, a € R. 


(b) and (c): Since R is real, it admits an order P, by Theorem 2. Take a € P and 
form the extension EF = R(f), where f is a square root of a. By F4, £ is real. 
Hence F coincides with R and a is a square in R. We conclude that P C R?, and 
hence that P = R2, as needed. 


Remark. Let R be a real-closed field and a a positive element of R. By F5, a has 
a unique positive square root in R. We denote it by /a. 
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F6. Let K be a real field. There exists an algebraic extension R/K of K such that 
R is areal-closed field. Such a field R is called a real closure of the real field K. 


Proof. Take an algebraic closure C of K and consider all the real subfields of 
C containing K. By Zorn’s Lemma there is a maximal such subfield, and it is 
necessarily real-closed. 


If R and R’ are real algebraic closures of a real field K, it is not at all the case 
that R/K and R’/K must be isomorphic. Indeed, part (I) of the next theorem says 
that to get a counterexample we merely need to take a field with at least two distinct 
orders. The subfield K = Q(V2) of R is obviously such an example (and indeed it 
admits exactly two orders; see §20.2). 


Theorem 6. Let (K, <) be an ordered field. 


(1) There exists a real-closed extension R of K such that the (unique) order on 
R extends the given order < on K. Such an R is called a real closure of the 
ordered field (K, <). 


(II) If Ry and R2 are real closures of (K,<), the extensions R,/K and R2/K 
are isomorphic, and indeed there is exactly one K-isomorphism Ry — Ro; 
moreover, this isomorphism preserves order. 


Proof. In an algebraic closure C of K, let E be the subfield of C obtained from 
K by adjoining the square roots of all positive elements of (K,<). By F4, E isa 
real field. By F6, then, E has a real closure R (which we can regard as a subfield 
of C). Since every a = 0 in K is a square in & and thus also in R, the element a 
must also be positive in the order determined by R. This proves assertion (I). 

The proof of part (II), concerning uniqueness, is not so immediate, and we 
postpone it until page 12. 


Theorem 7 (Euler-Lagrange). Let (R,<) be an ordered field with the following 
properties: 


(a) Every polynomial of odd degree over R has a root in R. 
(b) Every positive element in R is a square in R. 


Then the field C = R(i) obtained from R by adjoining a square root i of —1 is 
algebraically closed. Consequently R itself is real-closed. 


Remark. Since the field R of real numbers is ordered and satisfies (a) and (b), the 
theorem implies the algebraic closedness of C = R(Z), the field of complex numbers 
(Fundamental theorem of algebra). 


Proof of Theorem 7. Let E/C be a finite field extension. We must show that EF =C. 
By passing to a normal closure if needed, we can assume that E/R is Galois. Let 
H be a Sylow 2-subgroup of the Galois group G(E/R) of E/R and let R’ be 
the corresponding fixed field. By the choice of H the degree R’: R is odd; then 
assumption (a) immediately implies that R’ = R. Therefore G(E/R) is a 2-group, 
and so G(E/C) likewise. 
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Now assume for a contradiction that E 4 C. Then G(E/C) ¥ 1, and G(E/C) 
has as a 2-group (by F8 in Chapter 10 of Volume I) a subgroup of index 2. Conse- 
quently there is an intermediate field F of E/C such that F:C =2. Then F=C(w) 
with w? €C but w ¢C. This is impossible, for the following reason (see also §20.5): 
all elements of C have a square root in C. Indeed, if z =a+bi with a,b € R is 
an arbitrary element of C, the formula 


(13) w= jes icy Oe, 


with e = 1 if b> 0 and e = —1 if b < 0, expresses a square root of z in C. (Here 
we have used the abbreviation |z| = Va? +b? € R.) Because |a| < |z| the square 
roots that appear in (13) do exist in R, and as claimed we have 


x bre laa. | lz 
w= - 2ie,] ———- =a+ie|b|=a+ib=z. 
5 - z +ie|bl=a+ 


The theorem just proved has a remarkable complement: 


Theorem 8 (Artin). Let C be an algebraically closed field. If K is a subfield of 
C such that C: K < oo and C # K, then C = K(i) with i? +1 =0, and K is a 
real-closed field. 


Proof. (1) C is perfect, since it is algebraically closed. Since C/K is a finite 
extension, this implies that K is also perfect; for if p := char K > 0, we have 
C:K? =C?:K? <C:K, hence K = K? (see F14 and F19 in Chapter 7). Hence 
C/K is Galois. 


(2) Let i be an element of C such that i? + 1 = 0. Set K’ = K(i) and assume 
that K’ # C. Take a prime q dividing the order of the Galois group G of C/K’. 
By Sylow’s First Theorem, G has an element of order g, so there is an intermediate 
field L of C/K’ such that 

CL =4@. 


(a) If g =char K, we immediately get, by §14.4(b) in Volume I, a contradiction 
with the fact that C is algebraically closed. Thus 


char K #q. 


Here is another, more direct proof of the same fact. Suppose char K = g. Con- 
sider the map go: C — C defined by go(x) = x? — x (Chapter 14, remarks after 
Theorem 3). If S = Sc;z is the trace of the cyclic extension C/L of degree g, we 
obviously have Sgo(x) = S(x? —x) = S(x47)—Sx = S(x)4—Sx = ~(Sx), hence 


(14) So = oS. 


Since C is algebraically closed, 9 is surjective; therefore S too is surjective, since 
C/L is separable. From (14) then we get ¢o(L) = L. But this is impossible, because 
by Theorem 3 in Chapter 14, C is obtained from L by adjunction of the roots of a 
polynomial of the form X4%— X —a over L, and there is no such root in L. 
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(b) Since char K # gq, the field C contains a primitive g-th root of unity ¢. 
Consider the degree L(¢): L; on the one hand it is at most g — 1, and on another it 
divides C: L =q. Therefore ¢ lies in L. From Theorem 1 in Chapter 14 it follows 
that C is the splitting field a polynomial of the form X4%—y over L, where y € L is 
not a q-th power in L. Since C: L =q and C is algebraically closed, the polynomial 
ye = y cannot be irreducible over L. Therefore by Theorem 2 of Chapter 14 the 
only remaining possibility is that g = 2 and y is of the form —4A* for some A € L. 
But since i € L, this same y is a square in L —a contradiction! 


Thus we have shown that in fact C = K(Z), and also that K cannot have char- 
acteristic 2. 


(3) Since C # K, we have i € K. Moreover C/K is Galois. Let a and b be any 
elements of K. Since C = K(i) is algebraically closed, there is a square root of 
a-+ib in C; that is, there are elements x, y in K such that 


(x +iy)? =a+ib. 


Apply the norm map Nc;x : C — K to conclude that (x? + y?)? =a? +b?. Thus 
a? +b? is a square in K. It follows that every sum of squares in K is itself a square 
in K: in symbols, SQ(K) = K?. Because —1 does not lie in K?, it follows that K 
is a real field. The extension C = K(i) of K is algebraically closed and not real; 
thus K is real-closed, and we have proved Artin’s Theorem. 


Remark. To avoid getting a false impression about what Theorem 8 says, note that 
the field C, for instance, has subfields K satisfying C : K = 2 but K # R; see 
§18.3(iv) in the appendix of Volume I. 


2. As we have seen, quadratic forms arise naturally in the theory of formally real 
fields; here we address a further interesting relationship between ordered fields and 
quadratic forms, which goes back to Sylvester and turns out to be a very useful tool 
in several respects. 

Let (K, P) be an ordered field and R a real-closed extension of K whose order 
induces the given order P on K. We denote by sgnp the corresponding sign map; 
that is, fora € K we set sgnp(a) = 1, —1 or 0 according to whether a > 0, a < 0 or 
a=0. 

Given a quadratic form b with coefficients in K, we now define the signature 
sgnp(b) of 6 with respect to the order P of K. As is well-known, 5 is equivalent 
to a diagonal form: 


(15) b~[by,...,5y], with each 5; € K. 


(see LA II, pp. 37 ff). Denote by 5 @ R the quadratic form over R determined by b. 
Then set 


(16) sgnp(b) = ) | sgnp(bi) = sgn(b @ R). 


i=1 
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In view of Sylvester’s Theorem, this expression is well defined (see LA II, pp. 63 
ff., for example). 


Theorem 9 (Sylvester). Let (K, P) be an ordered field and R a real-closed ex- 
tension of K whose order induces the given order P on K. Consider for a given 
polynomial f #0 in K[X] the K-algebra A = K[X]/f, and the symmetric bilinear 
form (quadratic form) induced on A by the trace S4/x of A: 
(17) Sp/K (x,y) Sas (xy). 
Let C be an algebraic closure of R. Then: 

(a) The number of distinct roots of f in R equals the signature of sf/K: 
(18) {a € R| f(a) = 0}| = sgnp(s¢/x). 

In particular, sgn p(sf/K) = 0. 
(b) One-half the number of roots of f in C that don’t lie in R is equal to the inertia 


index of sfjx (LA Il, p. 66). In particular, all the roots of f lie in R if and 
only if S¢/K is positive semidefinite. 


Proof. For simplicity we give the proof only for the case where f has no multiple 
roots (but see §20.11). 
By Euler-Lagrange (Theorem 7) we have C = R(i) with i7+1 =0. Therefore if 
F(X) = A) A(X).-. A (*) 
is the prime factorization of f in R[X], we have 


deg fi <2 forl <i<r. 


In view of the natural isomorphism 
R[X]/f ~ K[X]/f@R, 
we obviously have sr/r = S¢/K ®@ R. Therefore 
sgnp(sy/x) = sgn(s¢/R). 
By the Chinese Remainder Theorem there is a canonical isomorphism 
R[X]/f ~ RIX] /fi x +--+ x RIXV/P 


of R-algebras. Thus s¢;r is equivalent to the orthogonal sum of the s¢,;r. Therefore 


* 
sen(s¢jx) = D> sgn(sf/R). 
j=l 

and a similar relation holds for the inertia index. 
Now, we have R[X]/f; ~ R or C, according to whether f; has degree 1 or 2; 
in the first case sy; is equivalent to the form x? and in the second to x? — y?. 
Altogether, then, the signature of s¢;x equals the number of /;’s of degree 1, and 
the inertia index of sy;x is the number of f;’s of degree 2. This is what we needed 
to prove. 
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Theorem 9 in itself already represents a remarkable fact, but it turns out that one 
can also draw important consequences form it. For example, the uniqueness part of 
Theorem 6 can be derived from Theorem 9. We first show: 


F7. Let (E,<) be an ordered field and K a subfield of E, with E/K algebraic. 
We regard K as an ordered field with the order P induced on K by <. If Ris a 
real-closed field and 

o:K—>R 


is an order-preserving homomorphism from K to R, then o has a unique extension 
p:E—->R 
to an order-preserving homomorphism from E to R. 


Proof. (1) First assume that E: K < oo. Then EF = K(a), for some a € E. Set 
f = MiPox (a) and let R; be a real closure of the ordered field (£, <) and thus 
also of (K, P). Using Theorem 9 we see that, since 


Seng p(Sof/oK) = SQN p(Sf/K), 
of has a root 6 in R. Hence o extends to a field homomorphism 
p:E=K(a)-R. 


Let ~1,..., Qn be all the extensions of o into homomorphisms from FE to R; we 
claim that at least one of them preserves order. Otherwise there is for each 7 some 
element yj; > 0 in E such that p;(y;) < 0 in R. From the earlier part of the proof 
we know that o extends to a homomorphism p : E(./1,...,./Y¥n) > R, whose 
restriction to E must be one some p;. But then p; (yi) = p(vi) = pussy > 0, 
contrary to our assumption. 


(2) Let E/K be any algebraic extension. By Zorn’s Lemma o has a maximal 
extension 
o': K'>R 

to an order-preserving homomorphism from an intermediate field K’ of E/K with 
values in R. The extension E/K’ is algebraic because E/K is, so by part (1) we 
immediately get K’ = E. 

For an arbitrary alpha in E such that f = MiPo... —> Given an alpha in K and 
denoting its 


(3) There remains to show the uniqueness of p. Given a € E, with minimal poly- 
nomial over K denoted by f = MiPox (a), let 


hy <Q. <+:+<Q, 

be all the roots of f in E, in order. Likewise, let 
7 / / 
ay <Q, <+++ <a, 


be the roots of of in E’:= pE. Clearly, s =r. There is a unique & such that a = ax. 
Since p preserves order, we must have pa = a. Thus p is uniquely determined. 
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Proof of the uniqueness part of Theorem 6. Let R; and R2 be real closures of 
(K, <). Applying F7 with EF = R;, R= R2 ando = idx, we obtain a unique order- 
preserving K-homomorphism p: R; > R2. Now, oR, is real-closed because R, is; 
thus oR; = Ro (since R2/pR, is algebraic), and we see that p is an isomorphism 
from R, to Ro. 

Next, let t : Ry — R2 be any K-homomorphism. For each strictly positive 
a € R,, we have 


t(a) = t(Va)? > 0; 


thus t must preserve order and hence must equal p. 


Here is a second fundamental fact whose proof can be built on Theorem 9: 


Theorem 10. Let K be a real-closed field and let E = K(x1,...,Xm) be a finitely 
generated extension of K. If E is real, there exists a homomorphism 


K[x1,...,Xm] > K 
of K-algebras. 


Proof. (1) We first reduce to the case that the extension has transcendence degree 1. 
Let E’ be an intermediate field of E/K with TrDeg( E/E’) = 1 (we can assume 
TrDeg(£/K) > 1, otherwise E = K and there is nothing to prove). Let R be a 
real closure of the real field £, and R’ an algebraic closure of E’ in R. Using 
Theorem 7 one easily sees that R’ is real-closed. If our theorem’s assertion holds 
for extensions of transcendence degree |, there is a homomorphism 


gp: R'[x1,...,Xm] > R’ 
of R’-algebras. But 
TrDeg( K(gx1,...,9Xm) /K) <TrDeg(R’/K) = TrDeg(E’/ K) = TrDeg(E/K)—1. 


By induction we can thus assume the existence of a homomorphism of K-algebras 
K|gx1,...,@Xm] > K. Composing with the restriction of g to K[x,,...,Xm], we 
achieve the required reduction. 


(2) Now let EF = K(x, y1,...,¥,), where x is transcendental over K and the 
yj are algebraic over K(x). We seek a homomorphism of K-algebras 


K[x,y1,---,¥r] > K. 


By the primitive element theorem, there exists y € E such that E = K(x, y) = 
K(x)[y], and moreover y can be assumed integral over K[x]. Then the y; satisfy 


SS gi(x, y) 
ia h(x) 


for |<i <r, 


where the g;(X, Y) are polynomials in K[X, Y] and A € K[X] is nonzero. Any 
homomorphism of K-algebras 


(19) yg: K|x, y] > K 
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that satisfies h(yx) ¢ 0 defines (uniquely) a homomorphism of K-algebras 
K[x,1,.--,r] > K. 


So if we show there are infinitely many K-algebra homomorphisms g: K[x, y]—> K, 
we are done, since only finitely many of them fail the condition h(gx) 4 0 (A has 
finitely many roots in K, and if gx is such a root, only finitely many values of py 
are possible). Let 


f =f, Y)=Y¥" 4e,(x)¥" 1 4--- + en(x) 


be the minimal polynomial of y over K(x). Because y is integral over K[x], all the 
ci(x) lie in K[x]. Take a € K. We must look for roots of the polynomial 


Sa(Y) := f(a, Y) € K[Y] 


in K. For if 5 is such a root, there is a unique K-algebra homomorphism (19) 
such that px = a and yy = b. (To see this, note that the kernel of the substitution 
homomorphism K[x, Y] > K[x, y] defined by x > x, Y + y is the principal ideal 
of K[x, Y] generated by f(x, Y).) So the matter boils down to proving that there 
are infinitely many a € K for which 


(20) fa(b) = f(a,b)=0 forsomebe K. 


(3) By assumption the field E = K(x, y) is real, and so admits an order <. Let 
R be a real closure of (EZ, <). We know that the polynomial 


f= f(x, Y)€ K[x][Y] 
has a root in R, namely the element y in E C R. Therefore, by Theorem 9, 
(21) sgn(S¢/K(x)) > 9. 


Here of course we have given K(x) the order induced by the order < of E. We 
now wish to show that, for infinitely many a € K as well, 


(22) sgn(s¢,/K) > 9. 


For each such a there is then, by Theorem 9, some / € K satisfying (20), and that 
will prove the theorem. 
The quadratic form s¢/x[x] is equivalent to a diagonal form 


(23) [Ai (x),...,4n(x)], with h(x) € K[x]. 

Lemma 2 below asserts the existence of infinitely many a € K such that 
(24) senh;(x) =sgnh;(a) forall 1 <i <n. 

For all such values of a, the quadratic form 

(25) [A,(a),...,4n(a)] 


has the same signature over K as (23). But it is easy to check that for almost all 
a eé K the quadratic Form s¢,/x 1s equivalent to the form (25). Consequently, (21) 
implies that (22) is satisfied for infinitely many a € K. 
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Lemma 2. Let K be a real-closed field, and let hy(x),...,hn(x) be polynomials in 
one variable x over K. Let < be an order of the field K(x) and sgn the sign map it 
determines. There are infinitely many elements a in K satisfying condition (24). 


Proof. First let h(x) € K[x] be any polynomial. Since K is real-closed, the prime 
factorization of / has the form 


h(x) = u(x—e1) «.. (&—er)qi(X) «++ G(X), 
where the qi(x),...,¢s(x) are normalized quadratic polynomials. Let g(x) be one 
of the g(x). Then 

g(x) =x? +bx+e= (x +b/2) + (c— 07/4). 


Since q(x) is irreducible, c — 57/4 is strictly positive. Therefore we have not only 
q(x) > 0 but also g(a) > 0 for any a € K. Consequently, 


i 
senh(x) =sgnu [| sgn(x —c), 


i=1 


7 
sgnh(a) =sgnu [| sgn(a—c;) forallae K. 
i= 
Therefore the assertion of the lemma only needs to be shown for a finite number of 


linear polynomials 
HH C1, = C25 05. 0 = Cm, 


where we may assume in addition, without loss of generality, that the c; are all 
distinct. Now rename the elements ¢,,...,Cm,x of K(x), in the order determined 
by <, as follows: 


(26) ty <to <+++<tm4i, 


where x stands in i-th place, say. Now the desired assertion is clear, because we 
can replace x = ¢; in this chain of inequalities by infinitely many different elements 
a € K, without perturbing the order. 
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Hilbert’s Seventeenth Problem 
and the Real Nullstellensatz 


1. The theory of real fields, whose fundamentals we covered in the last chapter, 
arose from Hilbert’s Seventeenth Problem, one of the challenges he posed in his 
celebrated address to the International Congress of Mathematicians in 1900: 

Let f € R[M,..., Xn] be a polynomial in n variables over the field R of real 
numbers. Suppose that f is positive definite; that is, f(a,,...,4n) = 0 for all 
a1,.-.,dn € R. Is f a sum of squares of rational functions in R(X,,..., Xn)? 
(Hilbert himself had shown that, already for n = 2, we must allow rational functions 
and not just polynomials.) 

It was in order to approach this problem that Emil Artin and Otto Schreier 
developed the theory of formally real fields, and indeed by building on this theory 
Artin was able to solve the problem. He proved, more generally: 


Theorem 1 (Artin). Let K be a real field admitting a unique order, and let R be a 
real closure of K. If f € K[X,..., Xn] is a polynomial in n variables over K such 
that 


(1) f(a,.--,4n) 290 foralla,,...,dy in R, 
then f is a sum of squares of rational functions in K(X,..., Xn). 


Proof. Suppose that f is not a sum of squares in K(X1,..., Xn). By Theorem 3 in 
Chapter 20, there is an order < of the field 


F := K(X,...,Xn) 


such that 
(2) FST Xie = 
We need only show that (2) implies that R contains elements a1,...,@, such that 


f(a,.-+,4n) <9. 
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Let Rp be a real closure of the ordered field (F,<). In Rp we have f <0, so 
there exists w € Rp such that 


Consider the algebraic closure Ro of K in Rf. It is easy to see (cf. Theorem 7 in 
Chapter 20) that Ro is real-closed and therefore is a real closure of the ordered field 
K (seeing that K admits only one order). By the uniqueness part of Theorem 6 in 
the last chapter, therefore, we are entitled to assume that R = Ro. Now we apply 
Theorem 10 of Chapter 20 to the extension R(X),..., Xn, w) of R, which is real 
since it is a subfield of Re. We obtain a homomorphism of R-algebras 


go: R[LX,...,Xn,w,1/w]> R. 
If a1,...,@, are the images of X1,..., X, under @, we do in fact obtain 
f(ai,.-..4n) = 0(f) = —e(w)? <0, 


because y(w) cannot vanish (consider g(w) g(1/w)). 


Remark 1. For K = Q one can replace assumption (1) in Theorem | by: 
(1’) f(ai,--.,4n) 29 forall ay,...,d, in K. 


This is because K = @ is dense in R (and a fortiori in the field R of real algebraic 
numbers), so by continuity condition (1) is satisfied if (1’) is. 


Remark 2. What happens to Theorem | when we relax the condition that the real 
field K has a single order, and take as our starting point any ordered field (K, P), but 
making R be its real closure? The answer is simple: Assumption (1) then implies 
only that 


(3) f €SQp(K(X1,...,Xn)), 


where SQp(K(X1,..., Xn)) denotes the set of all finite sums of the form 


(4) Yo pif? with pp e P, fi € K(X1,...,Xn). 
i 


The proof works much as the one above; we just have to invoke Theorem 5 of 
Chapter 20, instead of Theorem 3, at the beginning. The results below, too, can 
be modified correspondingly. Moreover if K is a subfield of R it is clear that 
assumption (1’) already implies the statement (3). 


Now we would like to formulate Theorem | somewhat more generally, and 
clothe it in geometric garb. Let K be a real field and R a fixed real closure of K. 
We recall the terminology of Chapter 19 in vol. I, the role of the extension C/K 
(which was arbitrary in that chapter) being played here by the extension R/K. Thus, 
for an ideal ain K[X1,..., Xn], we denote by 


N(a) = Nr(a) = {(a1,...,dn) € R" | f(ay,...,an) =9 forall f € a} 
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the set of zeros of a in R”. Such a subset V of R” is called an algebraic K-set of 
R". The ideal of V is defined as 


I(V) = FR(V) ={g € K[M,...,Xn]| g(a) =0  forallae V}, 
and the quotient algebra 
K[V] = K[X,..., Xn] /FV) 


is the affine coordinate ring of V. The elements of K[V] can be regarded as functions 
on V with values in R. Being a homomorphic image of K[X1,..., Xn], the ring 
K[V] is generated by n elements: 


(5) K[V] = K[x1,..., Xn], 


and so is an affine K-algebra, as discussed in Definition 4 of Chapter 19. If the 
algebraic K-set V is irreducible, K[V] is an integral domain (F3 in Chapter 19); in 
this case we denote by 

K(V) := Frac K[V] 


the fraction field of K[V] and we call K(V) the field of rational functions on V. 
We say that f in K(V) is defined at a € V if there is a representation f = g/h, 
with g,4 € K[V], such that A(a) 4 0. In this case the expression 


f (4) := g(a)/h(a) 


yields a well defined value for f in a. We say that f € K(V) is positive definite if, 
whenever /f is defined at ae V, we have f(a) > 0. If in fact f(a) > 0 at all such 
points a, we call f strictly positive definite. 

We can now formulate a generalization of Theorem |: 


Theorem 2. Let K be a real field admitting a unique order, and let R be a real 
closure of K. Suppose given an affine K-variety V in R", that is, an irreducible 
algebraic K-set V of R". Then we have, for all f € K(V), 


(6) | is positive definite > f €SQ(K(V)), 
Proof. In essence we can proceed as in the proof of Theorem |. Let 
f=g/h with g,he K[V], h#0. 


Assume that f ¢ SQ(K(V)). Then there is an order < of the field F:= K(V) such 
that f <0. Let Rp be a real closure of the ordered field (F,<); we can choose 
RF in such a way that it contains the given real closure R of K as a subfield. 

Let K[V] = K[x1,..., Xn] be as in (5). Since f <0 we have /—feé Rr. Now 
apply Theorem 10 of Chapter 20 to the extension R(x1,...,Xn, /—f ) of R, which 
is real because it is a subfield of Rr. We obtain a homomorphism of R-algebras 


go: R[x1,...,%, V—f,1/gh|— R. 
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Now if a1,...,@, are the images of x1,...,Xn, we first see that a := (da1,...,dn) 
is a element of V. Next we have g(a), h(a) 4 0, so f is defined at a € V, with 
IS(@ = g(a)/h(a) £ 0. But —f is mapped by ¢ to a square in R, so 


SQ) = g@/h(@) = of) <9, 


which proves the theorem. 


Remarks. (i) For V = R” the converse of (6) also holds, by continuity. 
(ii) In general, however, the converse of (6) is false. Here is a counterexample: 
For K = R, let V be the algebraic K-set in K* defined by the prime polynomial 


{Qa =F" = 2) 


from K[X, Y]. We wish to show that V is a K-variety, that is, irreducible. (Caution: 
Because / is irreducible, the algebraic K-set Nic(/) of C? is certainly irreducible, 
but this does not imply that V = Ng(f) must also be). Let g(X, Y) € K[X, Y] be 
a polynomial that vanishes on V. Division with remainder gives 


(7) (X,Y) =h(X,Y) f(X, Y) + u(x) ¥ + v(X), 


with A(X, Y) in K[X, Y] and u(X), v(X) in K[X]. Now, it is easy to check that 
all points of V apart from (0,0) are accounted for by the parametrization 


(8) x=+1, y=t(t?4+)), 
with ¢t € K. If we substitute (8) in (7), we get 
t(t? + 1)u(t? +1) + (77 +1) =0 forallte K. 

By looking at degrees we see that u(X) = v(X) = 0. All told, then, we get 
Ix(V)=(f), 

showing that §x(V) is a prime ideal, so V is indeed irreducible. We have 

K[V]= K[x, y], with y? = x3 — x?, 

and x is nonzero in K[V]. Therefore 
x—1= y?/x? 

is a square in K(V), but the (polynomial!) function x — 1 takes the value —1 < 0 at 

the point (0,0). 


It is worth remarking that this phenomenon, surprising at first sight, is connected 
with the fact that (0,0) is a singular point of V: we have 


of a OF 
py (00) = 9 = ay (0.0). 
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2. Can the Hilbert Nullstellensatz be modified to work in real fields? As a first 
counterpart of its “geometric form” (Theorem 2 of Chapter 19), we have the fol- 
lowing statement, where we call a prime ideal of a commutative ring with unity real 
if the fraction field of its quotient ring is a real field. 


Theorem 3. Let K be a real field admitting a unique order, and let R be a real 
closure of K. If a prime ideal p of a polynomial ring K|X1,..., Xn] inn variables 
over K is real, then 


Nr(p) FZ; 
in other words, there exists (dq,..., an) € R” at which all elements of p vanish. 
Proof. Let X1,...,Xn be the images of X1,..., X, under the quotient map defined 
by p. Then 
(9) R[X,..., Xn] /p = K[x1,..-, Xn. 
Since p is assumed prime, K[x1,..., Xn] is an integral domain. Since p is also real, 
the fraction field F := K(x,,...,X,) is a real field. Let Rp be a real closure of 
F, which we can assume to contain the given real closure R of K. Now apply 
Theorem 10 of Chapter 20 to the extension R(x,,...,X,) of R (which is real 


because it is a subfield of Ry); we obtain a homomorphism of R-algebras 
Rlx1,...,Xn] > R. 


If ay,...,@m are the images of x),...,Xn, the element a = (d1,...,d,) € R” 
obviously lies in NR (p). 


The theorem just proved can be sharpened easily: 


Theorem 4. Let the assumptions and the notation be as in Theorem 3, and let 


K[x1,...,Xn] denote, as in (9), the quotient algebra arising from p, with fraction 
field F = K(x1,...,Xn). Let < be an order of the field F. For each element g of 
K[x1,...,Xn] satisfying g <0, there exists some a € Nr(p) such that 

(10) g(a) <0. 


Proof. We merely have to choose RF as a real closure of the ordered field (F, < 
and apply Theorem 10 of Chapter 20 to the intermediate field 


of Re/R. We obtain a homomorphism of R-algebras 
Rix1,...,Xn,./—8, 1/g] > R. 


Again letting d,,...,d@, be the images of x,,...,X,, the tuple a = (a1,..., dn) is 
an element of Nr(p) satisfying (10). 
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Next, in order to establish a suitable real counterpart for the algebraic Hilbert 
Nullstellensatz #N(a) = ./a (Theorem 1 of Chapter 19), we must make some 
preparations. 

Let A be any commutative ring such that 1 # 0. 


As in the case of a field, we denote by 
SQ(A) = {y; a? | aj € A} 


the set of sums of squares in A, and we define a quadratic preorder of A to be any 
additively and multiplicatively closed subset JT of A containing all squares in A: 


(11) TATeT Tet sOner 


If T is a quadratic preorder of A anda € A, then 7'+ aT is a quadratic preorder of 
A containing a. As a generalization of Lemma | of the preceding chapter we have: 


Lemma 1. Let T be a quadratic preorder of A such that —1 ¢ T. Let a,b be 
elements of A satisfying ab € T. Then at least one of T+aT and T—bT isa 
quadratic preorder of A not containing —1. 


Proof. Assume, contrary to the conclusion, that there exist f, f2, 3, t4 € JT such that 
-l=t, + ato. = t3 —bty. 


Multiplying —at, = 1+ 1%, by bt4 = 1+43 we obtain —abtgt, = 1+¢s5, with ts € T. 
Therefore —1 = ts + abtgt, € T, contradicting the lemma’s assumption. 


Lemma 2. Among all quadratic preorders of A that do not contain —1, let T be a 
maximal element. Then 


(a) TU-T=A and 
(b) TO-T is aprime ideal of A. 


(In particular, if A = K is a field, T is an order of K.) 


Proof. (a) Take a € A. Apply Lemma 1 with a = 5; because T is maximal, we get 
aeéTor—aeT. (b) By part (a), 7 M—T is an ideal of A. Lemma | and part (a) 
imply that this ideal is prime. 


Lemma 3. Let To be a quadratic preorder of A such that —1 € To. There exists a 
quadratic preorder T of A with the following properties: 


To CT; TU-T=A; TO-T isaprime ideal of A. 


Proof. This follows immediately from Lemma 2 using Zorn’s Lemma. 
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Lemma 4 (Prestel). Let f be an element of A such that 

(12) tf Al+s foralls,t €SQ(A). 

There exist a prime ideal p of A and an order < of the fraction field of A/p satisfying 
(13) f <0, 

where f denotes the image of f in A/p. 


Proof. Condition (12) means that the quadratic preorder Tp = SQ(A) — fSQ(A) 
does not contain —1. The assertion then follows easily from Lemma 3: If 7’ is as in 
the conclusion of Lemma 3, consider the image T of T in A = A/p, where p is the 
prime ideal 7 —T. Then T is a quadratic preorder of A such that T U—T = A 
and TM —T = {0}. Therefore T can be extended in an obvious way to an order P 
of Frac A, and since —f € Ty C T we have = E P, which is (13). 


Using Lemma 4 we can prove the following complement to Theorem 2: 


Theorem 5. Let the assumptions and the notation be as in Theorem 2. If a polyno- 
mial function f € K[V] is strictly positive definite, that is, if 


f(@>0 forallae’V, 


there are sums of squares s and t in the ring K|V] such that f can be represented as 


=. 


f= 


Proof. Suppose not. Since K(V) is real, we can apply Lemma 4 to A = K[V] and 
f € A. We obtain a prime ideal % of K[M,..., X,] such that BP D> f(V), and 
an order < of the fraction field F of K[X,..., Xn]/98 such that g < 0, where 
g denotes the image of f K[X1,...,Xn]/38. But by Theorem 4 there is then an 
a € N(B) C V such that g(a) = f(a) < 0. Contradiction! 


Theorem 6 (Dubois Nullstellensatz). Let K be a real field admitting a unique order, 
and let R be a real closure of K. Suppose given an ideal a of the polynomial ring 
K[X1,..., Xn] inn variables over K. Define the real radical r(a) of a as the set of 
all f € K[X,..., Xn] for which there exists a natural number m (depending on f) 
and a sum of squares s in K|X1,..., Xn] satisfying 


(14) jf Age Uh. 
The ideal of the zero set N(a) of a in R" satisfies 
(15) IN (a) = r(a). 


Proof. (1) Set W = N(a). If (14) is satisfied, the polynomial 5 is + s vanishes 
on W. Since all its values lie in R, f must also vanish on W; that is, f € (W). 
Thus the inclusion > in (15) is proved. 
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(2) Now assume that W = N(a) = @. We then have to prove that there is a sum of 
squares s of K[X1,..., Xn] such that 


(16) l+s€a. 


Let a be generated by fi,..., f- (see Theorem 3 in Chapter 19). Consider the K- 
variety V = R", andin K[V]= K[X1,..., Xn] the function f := fi+: + fea. 
Since N(a) = @, we have f(a) > 0 for all ae R” = V. An application of Theorem 
5 then yields sums of squares s,¢ in K[V] = K[X1,..., Xn] such that 1+ 5 = ¢/f. 
Now (16) follows, as desired. 


(3) Having dealt with the case (a) = @, we now tackle the general case using 
the Rabinovich trick (see the proof of Theorem 2 in Chapter 19). Let f be a 
polynomial in K[X1,..., Xn] that vanishes on the zero set Nr(a) of a certain ideal 
aof K[X),..., Xn]. In the polynomial ring K[X1,..., Xn, Xn41] inn+1 variables 
over K, consider the ideal 


A= (a,1—Xn4if). 


Since the zero set of 2% in R”*! is obviously empty, part (2) of the proof shows that 
1 e€ r(Ql). Thus there holds a relation of the form 


L+s=)ohigithQ—Xnaif), 


for certain polynomials g; €a and s,h;,he€ K[X,,..., Xn, Xn+1], where in addition 
s is a sum of squares. The substitution X,+1 + 1/f then gives 


Lp S(Miycies Xa P= > iy sas Xn Pg Wives Xe). 


Multiplication by an appropriate (even) power f?” yields 


FPO EB CG p25 Bn) = YG jens Ma) Mi yy Me) 


for certain polynomials hi, SK [X1,..., Xn], where moreover 5 is a sum of squares 
in K[X1,..., Xn]. Since g; € a this implies f € r(a), proving the theorem. 


Remark. From (15) we get, in particular, that the real radical r(a) of an ideal a is 
also an ideal of K[X1,..., Xn]. In fact, Theorem 6 can easily be shown to imply 
that r(a) is the intersection of all real prime ideals p of K[X,,..., Xn] containing 
a. (See §21.4 in the Appendix. Also see §21.5 for another proof of Theorem 6.) 


3. We now wish to extend Artin’s Theorem to certain semialgebraic sets, that is, 
sets that can be described by finitely many equalities and inequalities. First we 
introduce one more piece of notation: Let A be a commutative ring with 1 0. If 
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M is any subset of A, let SQn¢(A) denote the quadratic preorder on A generated 
by M. If M = {d,,...,d,} is finite, we of course have 


SQy(A) = Yi gedi! ...d®" |qe€ sq(a)t. 
& 
where each sum runs over all tuples ¢ = (€1,...,€-) € {0, 1}”. We have the following 


generalization of Theorem 2: 


Theorem 7. Let K be a real field admitting a unique order, and let R be a real 
closure of K. Suppose given an affine K-variety W of R” and finitely many distinct 
nonzero functions d,,...,dy in K(W). Ifa function f € K(W) is positive definite 
on the set 


(17) {be W | dj(b)>0 for1 <i <r}, 
then f lies in the set SQxa,,....4,} K(W)) given by 


(18) {> qed’! ...d° |qe€ sock} 


where each sum runs over all tuples € = (€1,...,&r) € {0, 1}". 


Proof. Consider the extension 


F := K(W)(J/d1,..., Ad) 


arising from K(W) by the adjunction of square roots of the d;,...,d,. We claim 
that f is a sum of squares in F: 
(19) f €SQ(F). 


If this is proved, it is easy to check that f must indeed belong to the subset of K(W) 
described by (18). So now assume for a contradiction that (19) does not hold. Then 
the field F has an order < such that f <0. Thus the real closure Rr of the ordered 
field (/’, <) contains a square root J/—f of —f, and as before we can assume that 
Rr 2 R. Set K[W] = K[x1,...,Xn] and let 4 be the product of all numerators 
and denominators occurring in (fixed) representations of f,d1,...,d, as quotients 
of elements of K[W]. Apply Theorem 10 of Chapter 20 to the intermediate field 


E:= R(x1,...,%n, Vdi,..., 0dr, Vf) 


of Rp/R. This yields a homomorphism of R-algebras 


We thus obtain an element a = (a1,...,dn) of W such that 
f(a) <0 and dj(a)>0 forl<i<r. 


But this contradicts the assumption that f takes positive values at all points of (17) 
where it is defined. 
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F1. With K and R as in Theorem 7, let V and W be affine K-varieties in R" and 
R"™, respectively. Assume that K[W] is a subalgebra of K|V]. Then there exist 
d,,...,d; in K|W] such that, for every function f in K(W) that is positive definite 
as a function on V,, we have 


(20) FS €SQka,,....4,} K(W)). 
Proof. Set K[V] = K[x1,...,Xn] and K[W] = K[y1,...,m]. Because K[W] is 
contained in K[V], we have y; = s;(X1,...,Xn), with polynomials s1,..., 5, in 


K[X1,..., Xn]. Thus we get a map 
si:iVowW, 
associating to each a = (d1,...,dn) € V the element 
s(@) = (91 @), ...,4m@), 


which is plainly seen to lie in W. Now, there are certainly functions d1,...,d;, in 
K[W] such that, for every b € W, 


(21) di(b)>0 forl<i<r = bDes(V) 


— if nothing else, take d; = —1. But for an r-uple of functions d),...,d, € K[W] 
such that property (21) holds, Theorem 7 guarantees that any f € K(W) that is 
positive definite as a function on V lies in SQya, |. .g,}(K(W)). 


Remark. Since one can always choose d; = —1 in FI, the statement of F1 is 
properly speaking vacuous; but in concrete situations things generally depend on 
being able to make a nontrivial choice of functions d;,...,d; with property (21). 
Here is an illustration: 


Example. With K and R as above (in Theorem 7), take V = R”. Thus 

K[V]= K[x1,..., Xn], 
where x1,...,Xy are algebraically independent. Over K[V], consider the polyno- 
mial 


n 
u(X) = [ [@-x) — XP a5, x0 +--+5Sy, 
i=1 


where the coefficients s1,..., 5, are the elementary symmetric functions (page 174 
in vol. I). We now set 
K[W]= K[s1,..., Sn]. 


Let f ¢ K(W). We assume that f is positive definite as a function on V = R"; 
that is, assume that 


t(b)=0 


for all b = (by,..., bn) in s(R") := {b € R” | b; = s;(a) for some a € R”} at which 
f is defined. Clearly the following statements are equivalent: 
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(i) be s(R"). 
(ii) All the roots of up(X) := X"” —b, X"-!+.---+by lie in R. 
By Sylvester’s Theorem (Theorem 9 in Chapter 20), statement (ii) is equivalent to 
(iii) The quadratic form s,,,/R is positive semidefinite. 
Let B be the matrix of the quadratic form s,/x y) in the basis ce eee es 
of K(W)[X]/u. Then 


n 
(22) B= (THX). jen = ( 2 -) 
PA OSi,j<n-1 
Denote by d; the principal minor of B involving rows and columns 1,2,..., /. 


Like all the coefficients of B, so are also 


dj=n, d)=(n—- 1)s? —2n5, ..., dy, =det B 
polynomials in s1,...,5, (as elements of K(W)). Now if for some b € W the 
condition 
(23) dj(b)>0 forall2<i<n 


is satisfied, then s,,/R is positive definite (see LA II, p. 69). Thus condition (23) 
implies statement (i), and we can apply Theorem 7. The result is synthesized in the 


next proposition: take into account that the elements f of K(W) = K(s1,...,Sn) 
are precisely the symmetric rational functions in K(x,,...,Xn) (Chapter 15, F3 in 
vol. I). 


F2 (Procesi, Lorenz). Let K and R be as in the statement of Theorem 7. Every 
positive definite symmetric function f inn variables x1,...,Xn over K has the form 


f= aed ened; 
é 


where the sum runs over all € = (€2,...,€n) € {0, 1"! the coefficients dg are sums 
of squares of symmetric functions in n variables over K, and d\,d2,...,dn are 
the principal minors of the matrix B of (22), each dj involving rows and columns 
Leta fic 

The next result complements Theorem 7 in the case of strictly positive definite 


polynomials. 


Theorem 8. Let K be a real field admitting a unique order, and let R be a real 
closure of K. Suppose given an affine K-variety W of R" and finitely many distinct 
nonzero functions d,,...,d- in K[W]. If a (polynomial) function f € K[W] is 
strictly positive definite on the set 


(24) {b © W | dj(b) > 0 forl <i <r}, 
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it must have the form 
l+s : 
(25) ne: with s,t € SQyy(K[W][1/di,...,1/d-]), 


where we have set M = {d,,...,d;}. 
Proof. Introduce the abbreviations 
A:= K[W][l/di,...,1/d-] and T :=SQy (A). 


If —1 lies in T, so does f —1 = (f/2)?—(1— f/2)?, and thus (25) can be fulfilled 
with ¢ = 1. Therefore we can assume from now on that —1 ¢ T. Suppose that (25) 
does not hold; that is, 

tfAl+s foralls,teT. 


Another way to say this is that 
-léT-— fT. 


Now, 7 — fT is a quadratic preorder of A. We then use Lemma 3, according to 
which there exists a quadratic preorder P of A containing T — fT and such that 


PU-P=A and PNM-—P isa prime ideal of A. 


On the fraction field F of the integral domain A = A/P —P there is an order < 
induced by P. For this order we have 


f=0 and dj>0O forl<i<r 


(where the bar denotes passage to the quotient ring), because —f € P, dj,...,d, € 
P and d,,...,d, € A*. As before, choose a real closure Rr of F containing 
the given real closure R of K as a subfield. Write K[W] = K[x,...,Xn]. An 
application of Theorem 10 of Chapter 20 to the intermediate field 


R(X1,..-.5n, diy... Vd; Vf) 


of Rr/R yields a homomorphism of R-algebras 
R[X1,....5n, 1/Vd1,...,1/Vd-, V-f ] > R. 
Thus we obtain an element a = (a1,...,dn) € R” lying in W and satisfying 
f(a)<90 and dj(a)>0 forl<i<r. 


But this contradicts our assumption that f takes only strictly positive values at 
points of the set (24). 


In view of the theorem just proved, we can state the following complement to 
the result about symmetric functions in F2: 
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F3. Let K and R be as in the statement of Theorem 7, and let f € K[x1,...,Xn] be 
a symmetric polynomial in n variables over K. If f is strictly positive definite, it 
can be written as ; 
+s 
l= 


t 


where s and t have the form 
ae a: 
lL 


where the sum runs over all (n—1)-tuples 1 = ({12,..., [kn) of integers such that 
Mi=—l for2<i <n, 


the qu denote sums of squares of symmetric polynomials inn variables over K, and 
dz,...,dn are defined as in F2. 
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Orders and Quadratic Forms 


1. As we saw in Chapter 20, quadratic forms come very naturally into the theory 
of formally real fields. Clearly there is a close internal connection, and we now 
investigate it more systematically. In this chapter K will always denote a field with 


(1) char K # 2. 


We will consider vector spaces over K, always finite-dimensional, and quadratic 
forms on such spaces, and recall some fundamental facts about them (for details see, 
for example, LA II, p. 31 ff). If g is a quadratic form on a vector space V over K, 
we sometimes call (V,q) a quadratic space over K; but when no misunderstanding 
can arise, we will usually leave V out of the notation and say that g is a quadratic 
space. We will also denote by g the unique symmetric bilinear form V x V > K 
for which 


(2) q(x,x) = q(x). 


Every quadratic form q is equivalent (under a linear transformation V > K“™”) to 
a diagonal form: 


(3) oS aise. sGal. 


In the sequel we will tacitly assume all quadratic forms to be nondegenerate. 
This means that the entries a; in (3) all lie in K*. The orthogonal sum of two 
quadratic spaces (V,q) and (V’,q’) over K, denoted by (V,q) L (V’,q’), is defined 
as (V ®V’, g Lq’) with 


(4) q Lg) @x') = q(x) +q'(’). 


Likewise their tensor product (V,q) ® (V',q’) is defined as (V @ V’, g ®q’) with 
q ®q the (unique) bilinear form satisfying 


(5) (q@q)\(x@x', y@y)=qx yd. y) 
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for x, y € V and x’, y’ € V’. With the standard identifications K™ @ K" = K™*™" 
and K™ @ K” = K"™", we therefore have 


(6) [a1,.--,@m] L [b1,..., bn] = [a1,---,4m,51,---, bn], 
(7) [a1,.--,4m] ® [b1,..., bn] = [a1b1, a1b2,..., Ambn]. 


The k-fold orthogonal sum of a quadratic space g = (V,q) is denoted by k x q. 
Every g possesses an orthogonal decomposition 


(8) q=q1_n 


with an anisotropic component go — meaning that no v ¥ 0 in the domain of qo 
satisfies go(v) = 0—and a hyperbolic component q;, which by definition means 
1. 2kxH=k x [1,—1]. If some g’ equivalent to g has a similar decomposition 
q = 14), Witt’s theorem implies that k = k’ and qo ~ qo. We call k the Witt 
index and qo a core form of g. Thus all the core forms of q are equivalent. 


Definition 1. We call two quadratic spaces g and q’ over K similar, or Witt- 
equivalent, and we write 


(9) q~q, 


if they have equivalent core forms. We denote by <q) the class of forms Witt- 
equivalent to qg, and call it the Witt class of g. Then it makes sense to talk about the 
set of all Witt classes of quadratic forms over a given field K. This set is denoted 
by W(K) and called the Witt ring of K, for reasons about to become clear. The Witt 
class of the diagonal form [a1,...,@y] is written 


(10) (75 meen oy ee 


Now, g ~ q’ implies q ~ q'; thus every element of W(K) has the form (10). 
Since core forms are unique up to equivalence, g and q’ are Witt-equivalent if and 
only if there exist integers m,n = 0 such that 


(11) ql (mx H)~q' L(nx 4H). 

For every g we have 

(12) q@®H~qt(-q)~09, 
because for g ~ [a1,...,4m], equations (7) and (6) imply that 


q®H~[a,...,am]®[1,-1] = [a1, -a1,..., 4m, —am]) 
~lai,-ai]L...Lladm,-dm)~ HL...LH~0. 


From this we easily derive: 
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Fl. The rules <qy) + <q’) = <q 1 q') and <q - <q’) = <¢@q° give rise to 
well defined operations + and - on W(K), which make W(K) into a commutative 
ring with unity. The zero element of W(K) is the Witt class of the hyperbolic plane 
AH =[1, —1] (and of the zero-dimensional space 0); the additive inverse of an element 
(Q> = <a1,...,dn> 18 <—G> = <—1,...,—n) ; the multiplicative unity of W(K) 
is the Witt class <1). 


Next, if P is an order on the field K, the signature sgnp(q) of a quadratic space 


q with respect to P is defined as follows: Write q ~ [a1,..., dm| and set 
m 

(13) sgnp(q) = > sgnp(ai), 
i=1 


where sgnp on the right denotes the sign function on K under P. The expression 
sgnp(q) is well defined; see (16) in Chapter 20. Clearly 


sgnp(q 1 q') = sgnp(q) + sgnp(q’), 
sgnp(q @ q') = sgnp(q) sgnp(q’), 
sgnp(H) = 0. 


In this way sgnp gives rise to a surjective homomorphism from the Witt ring W(K) 
to the integers, for which we use the same notation: 


(14) sgnp: W(K) > Z. 


Theorem 1. The correspondence P +> sgnp is a bijection between the set of all 
orders P of K and the set of all ring homomorphisms s : W(K) — Z. 


The content of Theorem | is part of a result that, in spite of its simplicity, was 
only formulated in 1970, in a paper of J. Leicht and F- Lorenz, and independently by 
D. Harrison. The result describes the prime ideals of the ring W(K). First we estab- 
lish that the correspondence q +> dim gq induces a well defined ring homomorphism 
W(K) — Z/2; its kernel 


(15) I(K) = {Xq> | dim q = 0 mod 23 


is called the fundamental ideal of W(K). By definition, 7(K) consists of the Witt 
classes of all even-dimensional (nondegenerate) quadratic spaces. The adjective 
“fundamental” is justified because J(K) plays a very important role in the theory 
of quadratic forms, although we will say no more about it here. 

Because W(K)/I(K) ~ Z/2, the fundamental ideal is maximal. 

Now let p be any prime ideal of W(K). For every a € K™ we have 


(16) (1+ <a) (1 — <a) = 1— <a?) =0 in W(K). 
One of the two factors on the left lies in p, so 


(17) <a) = +1 mod p. 
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The canonical homomorphism 
(18) Z— W(K)/p 


is therefore surjective, because W(K) is generated by the classes (a). But W(K)/p 
is an integral domain, so either 


(19) W(K)/pxZ or W(K)/pxZ/p 


for some (well defined) prime p. In the first case p is a minimal prime ideal of 
W =W (kK). Proof: for any prime ideal q C p the natural epimorphism W/q— W/p 
has trivial kernel, because W/q is also a homomorphic image of Z. 

Now let p be a prime ideal such that W/p ~ Z, and let p be a prime number. 
There is a unique prime ideal p, above p such that 


(20) W/Pp = Z/p:; 


namely, pp =p+ (px W). 

If p is a prime ideal such that W(K)/p ~ Z/2, we necessarily have p = [(K), 
because the generators <a) of W(K) are all units in W(K), and so there can be 
only one ring homomorphism W(K) — Z/2. 

Given these preliminaries, we now consider any prime ideal p of W(K) distinct 
from [(K). We will show that the set 


(21) P:={ae K*| <a =1 modp}U {0} 


is an order on K. First note that P U—P = K, because any a € K™ satisfies (17). 
Next, it is clear that PP C P. We now assert that a,b € P impliesa+be P. 
Obviously we can assume that all three of these elements are nonzero. Now 


(22) {ay + (by = (a,b) = (a+b, ab(a+b) = <a+b> (1+ <ab)), 


where the second equality is checked by evaluating the quadratic form [a, b] at the 
elements of the [a, b]-orthogonal basis {(1, 1), (—b,a)}. Therefore the assumption 
<a) = <b) =1 mod p implies 


(23) 1+1= (a+b) (14+ 1) mod p. 


But since p # /(K) we have 1 + 1 #0 mod fp, so (23) says that <a+b> =1 mod p, 
showing thata+be P. 

Finally, it is clear that —1 ¢ P, because our assumption that p ~ /(K) implies 
that 1 4 —1 mod p. 

We have proved that for any prime ideal p of W(K) apart from /(K), the set P 
defined by (21) is an order of K. Now let sgnp : W(K) — Z be the corresponding 
signature map. For every f € W(K) we have 


(24) Jf =sgnp(f) x 1 mod p, 
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because, by definition, each generator f = <a) of W(K) satisfies (24). Let q be 
the kernel of sgnp. By (24), q is contained in p. If p is a minimal prime ideal, it 
must coincide with q. If instead p is not minimal, it follows from the equivalence 
W(K)/q ~ Z and the preceding considerations that p = qp, for some prime number 
p #2. Moreover q is the only minimal prime ideal contained in p, because a 
minimal prime ideal q’ C p corresponds to an order of K, as seen above, and in 
view of (21) this order coincides with the one defined by p. 

Putting it all together we obtain a characterization of the spectrum (set of prime 
ideals) of W(K): 


Theorem 2. (A) /f K is not real, the ideal I(K) in (15) is the only prime ideal of 
W(K). 


(B) For the rest of the theorem’s statement, assume K real. There are two types of 
prime ideals in W(K): 

(a) Minimal prime ideals p, for which W(K)/p = Z. 

(b) Maximal prime ideals p, for which W(K)/p = Z/p with p prime. 


Concerning (a), the minimal prime ideals are in one-to-one correspondence with 
the orders of K, as follows: If P is an order of K, the kernel of the corresponding 
signature map sgnp : W(K) — Z is a minimal prime ideal p of W(K), and 


(25) Jf =sgnp(f)x1lmodp forall f € W(K); 


conversely, if p is a minimal prime ideal of W(K), the subset P of W consisting of 
0 and all elements a € K* such that <ay = 1 mod p is an order of K satisfying (25). 

Concerning (b), for every minimal prime ideal p of W(K) and every prime p 
there is a unique prime ideal pp above p that satisfies W(K)/pp = Z/ p, namely, the 
maximal ideal 


Pp =p+ px W(K)={f | sgnp(f) = 0 mod p}, 


where P denotes the order corresponding to p. All the maximal ideals of W(K) can 
be so expressed. If p #2, each pp contains exactly one minimal prime ideal, namely 
p; whereas if p = 2, we have pz = I(K) forall p. 


Obviously, Theorem | is contained in Theorem 2. For if s: W(K) —> Z is 
any homomorphism of rings with unity, the ideal p := kerss is prime in W(K) and 
satisfies W(K)/p ~ Z. By Theorem 2 there is an order P of K associated to p, 
and it satisfies (25). An application of s to (25) then yields s(/) = sgnp(/) for all 
f Ee Wk). 

We take Theorem | as our cue for our next bit of terminology: 


Definition 2. Any ring homomorphism s : W(K) — Z is called a signature of the 
field K. We denote by Sign(K) the set of all signatures of K. 


For the sake of a precise description of the spectrum of W(K), we formulated 
Theorem 2 in detail. As a digest of the theorem we explicitly state again: 
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Theorem 3. A field K is real if and only if Sign(K) 4 @. Fora real field K the 
correspondences P +> sgnp and s > ker(s) are natural bijections between the set of 
orders of K, the set Sign(K) of signatures of K and the set of minimal prime ideals 
of W(K). 


Theorem 3 allows us to deal with signatures of a field K instead of orders on 
K. We now demonstrate the possibilities of this reformulation with some examples. 
In place of Theorem 2 in Chapter 20, we get this counterpart: 


K isreal ==> Sign(K) 4 2. 


Next, let L/K be a field extension. The correspondence casts a new light on the 
question of when does an order on K extend to an order on L. Let’s call a signature 
t of L an extension of a signature s of K if the diagram 


W(K) W(L) 
Z 


commutes, where the horizontal arrow represents the natural homomorphism rz/x : 
W(K) — W(ZL) defined by the extension of the field of constants. One can then 
check easily that, if P and OQ are orders on K and L, respectively, QO is an extension 
of P ifand only if sgng is an extension of sgnp. Therefore we get another criterion 
for whether an order can be extended: 


F2. Let L/K be a field extension. An element s € Sign(K) can be extended to an 
element t € Sign(L) ifand only if s vanishes on the kernel of rr; K : W(K) > W(L). 


Proof. Necessity is clear; we need to prove sufficiency. Let B be the image of rz/x 
and let § : B — Z be the ring homomorphism that makes this diagram commute (it 
exists by assumption): 


W(K) 
26) a A 
Z 


The kernel of 5 is a prime ideal q of B such that B/q ~ Z. In view of (26) it 
follows from Theorem 2 that q must be a minimal prime ideal of B. We now show 
that there exists a prime ideal p of W(L) such that pM B = q. For the existence 
of p we apply exercise §4.12 from vol. I to the multiplicative subset S = BN q 
of the ring R = W(L); a maximal ideal of S~'R then yields a prime ideal p of 
R satisfying p 1 BC q. It follows that pM B = q, because q is minimal. We 
have Z ~ B/q > W(L)/p. Therefore, by Theorem 2, B/q — W(L)/p must be an 
isomorphism. But then it is clear that there is a map ¢: W(L) — Z that maintains 
the commutativity of (26). 


BW W(L) 
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We now wish to draw two more consequences from Theorem 2: 


F3. The Witt ring W(K) is a Jacobson ring; that is, every prime ideal p of W(K) is 
the intersection of the maximal ideals containing p. Therefore the Jacobson radical 
and the nilradical of W(K) coincide. 


Proof. Let R be a commutative ring with unity. The nilradical of R is by definition 
the set of all nilpotent elements of R. It is also the intersection of all prime ideal 
of R (see exercise §4.14 in vol. I). The Jacobson radical of R is the intersection of 
all maximal ideals of R. Thus the second statement in F3 follows from the first. To 
prove the first statement, we just have to show that W(K)/p has Jacobson radical 0. 
But this is clear from (19). 


The following remarkable facts about quadratic forms were discovered by A. 
Pfister in 1965. We expound them here as examples of the applicability of our 
Theorem 2. 


Theorem 4. /f K is not real, I(K) is the set of all nilpotent elements in W(K) and 
there exists n € N such that 


2"x f=0 forallf ¢ W(K). 


Thus for K not real the additive group of W(K) is a 2-torsion group of finite expo- 
nent. 


Proof. Suppose K is not real. By Theorem 2, /(K) is the only prime ideal of W(K), 
and so it coincides with the nilradical of W(K). Since 1+ 1 = <1, € /(K), there 
is some 7 €N such that (1+1)”=0in W(K). It follows that 2” f =(1+1)" f =0 
for all f € W(K). 


Lemma 1. Let L/K be a quadratic field extension, so L = K(V/d), d € K* \ K*?. 
Then the kernel of ryjx : W(K) — W(L) is the principal ideal of W(K) generated 
by <1,-d). 


Proof. Since rpjx<1,—d) = <1,—d) 1, = <1,—l)x, =, the ideal generated by 
<1,—d) is contained in the kernel of rz/x%. Now let q be an anisotropic quadratic 
space over K. We assume that gz is isotropic. Thus there exist vectors x, y over 
K satisfying g,(x + yVd) = 0, where x, y do not both vanish. It follows that 


(27) q(x) +dq(y)=0 and g(x,y) =0. 


Thus x and y are orthogonal with respect to g. We set a = q(x) and b = q(y). 
Since a = —db and at least one side is nonzero because q is anisotropic, both are 
nonzero. Therefore g contains the subspace 


[a, b] = [a, —ad] = [a] ® [1, —d]. 


The assertion now follows easily by induction on dimg. 
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Theorem 5. /f K is real, the following statements are equivalent for f € W(K): 
(i) rrjK(f) = 0 for every real closure L of K. 
(ii) sgnp(f) = 0 for every order P of K. 

(iii) f is nilpotent. 

(iv) f is a torsion element of (the additive group of )W(K). 
(v) There existsn € N such that 2” x f =0. 


Proof. Tf L is a real closed field, Sign(L) consists of a single element, which we 
denote by sgn“; obviously sgn’ : W(L) — Z is an isomorphism. 

Now, the orders P of K are in correspondence with the real closures L of K, 
where 


W(K) —2“_- w(L) 


(28) S Cn 
Se ‘S 


is commutative; hence the equivalence of (i) and (ii). An element of a commutative 
ring with unity is nilpotent if and only if it belongs to every prime ideal; together 
with Theorem 2, this implies the equivalence of (ii) and (iii). Implications (v) => (iv) 
and (iv) => (ii) are trivial. Thus what is left is to show that (iii) implies (v). 
Suppose to the contrary that there is a nilpotent element f € W(K) such that 


(29) 2x f#0 fori =0,1,2,3,... 


In an algebraic closure of K there is, by Zorn’s Lemma, a maximal extension EF 
over which (29) still holds (with rz/x f instead of f). By Theorem 4, E is real. 
Thus, after renaming, we can assume that K is maximal, in the sense that (29) no 
longer holds in any finite extension of K of degree at least 2. 

Now, K must contain more than two square classes, because if a real field K 
only has the square classes [1] and [—1], it satisfies W(K) ~ Z, so W(K) has no 
(nonzero) nilpotent. Therefore there exist a,b € K* such that 1,a,b,ab represent 
four distinct square classes. In general, if d € K™ is not a square in K, there is by 
the maximality of K some integer i such that 


(30) 2x f =0 over K(Vd). 


We can choose i in such a way that (30) is simultaneously satisfied for d = a,b, ab. 
Now take the element g = 2! x f of W(K). If (30) holds, Lemma | implies that 
g =(1—<d))h for some h € W(K). Although / depends on d, it follows in any 
case that <d) g = —g. Thus 


—Mg=g, —<bg=g, —<abg=g. 


Multiplying the first of these equations by <b) and applying the others, we get 
g =—g. Therefore 2 x g = 0 and hence 2'+! x f =0 in W(K). Contradiction! 
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Theorem 6. /f f € W(K) is a torsion element, its order is a power of 2. 


Proof. This follows from Theorem 5 when K is real and from Theorem 4 when K 
is not. 


We now describe the set of zero divisors in W(K) —a less important question 
perhaps, but one whose investigation led us originally to our Theorem 2. First: 


Lemma 2. Let R be a nonzero commutative ring with unity, and let N be the set of 
zero divisors of R, including 0. Then N is a union of prime ideals in R: 


(31) N=Up. 


Proof. Let S = R~ N be the multiplicative subset of elements of R that are not 
zero divisors. Each x € N lies in a maximal ideal 8 of S~'R. Then p = BN R is 
a prime ideal of R, with x €p andpNMS = @ (see again Exercise §4.12 in vol. I). 
Since p and S are disjoint, p consists only of zero divisors of R. 


We apply this result to R= W(K). First we show that every minimal prime ideal 
p contains only zero divisors. If / € p, we have sgnp(/) = 0 for the corresponding 
order P, and hence f = )*7_,(<ai) + <—b;)) with a;,b; € P. If we now set 
g= [aa (<ai> + <b;) ), we have fg = 0, but g 4 0 because sgnp(g) > 0. 

Thus we can assume that all minimal prime ideals occur in the union (31). On 
the other hand, any maximal ideal p, with p ¢ 2 cannot occur in (31): indeed, the 
form p x 1 € pp is not a zero divisor, because by Theorem 6 there are no elements 
of odd order p in W(K). Finally, the ideal J(K) occurs in (31) if and only if the 
element 2 x 1 = 1+ 1 of W(K) is a zero divisor. 

We claim that a necessary and sufficient condition for 2 x | not to be a zero 
divisor of W(K) is that K be real and pythagorean. (A field is called pythagorean 
if every sum of squares is already a square.) Indeed, if K is real and pythagorean 
and g is an anisotropic form over K, clearly [1,1] ®gq ~ q 1 gq is anisotropic. 
Conversely, if 2 x 1 is not a zero divisor in W(K), then K is real by Theorem 4; 
to show that it is pythagorean, suppose d = a? + b? with a,b € K*. Using Witt’s 
relation (22), we obtain 


[1, 1] x [a?, 7] & [a2 +b, (a? +b?)a?b?| ~ [a? +b?, a? +7] ~ [d, d ]=[d] @[1, 1], 


SO 
<d) (2x1) =2x1. in W(K). 


Because 2 x | is not a zero divisor, d is a square in K, as claimed. 
In sum: 


Theorem 7. [f K is real and pythagorean, the set N of zero divisors in W(K) is the 
union of all minimal prime ideals of W(K), and hence an element f € W(K) is a 
zero divisor if and only if there is an order P such that sgnp(f) = 0. 

For other fields K we have N = I(K); that is, the zero divisors of W(K) are 
precisely the Witt classes of even-dimensional forms. 
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To conclude this chapter we will broach one more question that has a certain 
bearing on Theorem 5. It is suggested by Theorem 9 in Chapter 20 (see also Exercise 
§20.10); according to that theorem, the trace form g = sz/x of any finite field 
extension L/K satisfies 


(32) sgn,(q) 20 for any order P of K. 


Now consider, in the opposite direction, an arbitrary (nondegenerate) quadratic form 
q over K that satisfies (32). Let f ¢ W(K) be the Witt class of q. It is natural to ask 
whether f is represented by a trace form; that is, whether there is a finite extension 
L/K such that q is Witt-equivalent to sx. This question was first answered in the 
affirmative by P. E. Conner and R. Perlis for K = Q, and then by W. Scharlau and 
W. Kriiskemper for arbitrary algebraic number fields K. But later a beautiful and 
much sharper result was proved by M. Epkenhans (Arch. Math. 60, 1993, 527-529): 


Theorem 8. Let K be an algebraic number field. Every (nondegenerate) quadratic 
form q over K that satisfies condition (32) and has dimension n = 4 is equivalent to 
a trace form SL/K. 


As to forms q of dimension n < 3 over K and satisfying (32), this theorem 
implies that they are at least Witt-equivalent to trace forms over K (because one 
can take the sum of q with [1,—1]). As a matter of fact, it is easy to work through 
the possible cases: the trace forms of dimension at most 3 are represented by [1], 
[2, 2d] with d € KX \ K*?, and [1, 2, 2d] with d € K™. 

We will have to forgo a proof of Theorem 8, even in outline, because it lies 
beyond our scope. But we mention that certain methods that play a role in the 
proof are connected with Inverse Galois Theory, especially Hilbert’s Irreducibility 
Theorem (see p. 180 in vol. I). 

On the arithmetic side, moreover, everything hinges on Meyer’s Theorem: 


Theorem (Meyer). Let g be a quadratic form of dimension at least 5 over an alge- 
braic number field K. If q is indefinite with respect to any order P of K, then q is 
isotropic over K. 


And this, in turn, is a consequence of a local-global principle that holds for every 
algebraic number field K, namely the famous Hasse—Minkowski Theorem (see for 
instance W. Scharlau, Quadratic and hermitian forms, p. 223): 


Theorem (Hasse—Minkowski). A quadratic form q over an algebraic number field 
K is isotropic over K if and only if q is isotropic over every completion of K. 
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Absolute Values on Fields 


1. In the field R of real numbers, the ordinary absolute value function | | is 
defined via the order <; but for many purposes only the absolute value function 
actually comes into the picture, not the underlying order. Unlike the order on R, the 
absolute value function can be extended to C: a fact of fundamental importance. 
It is therefore natural to try to carry over the notion of absolute values to arbitrary 
fields, and this turns out to be a fruitful approach. We will restrict ourselves to the 
case where the image of the absolute value function is contained in the field R (so 
for instance the absolute value function for arbitrary ordered fields in the sense of 
§20.7 is not encompassed by the definition below). 


Definition 1. An absolute value on a field K is a map 
| | :K> R>o 


from K into the set Ro of positive real numbers, satisfying the following properties: 
@) jaj=0 = a=0. 
Gi) |ab| = |al||5]. 

(iii) Ja+b| <|a|+ b| (the triangle inequality). 


Remarks. (a) On the field C of complex numbers we are familiar with the ordinary 
absolute value, for which we use the notation 


| loo 


to distinguish it from others. It induces an absolute value on each subfield K of C, 
which we also denote by | | in the case of K = @ and K = R. 


(b) Every absolute value | | of a field K gives rise to a homomorphism from the 
multiplicative group K* of K into the group Ryo of strictly positive real numbers; 
in particular, |1| = 1. The image | K*| of this homomorphism is called the valuation 
group of | |. 
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(c) On every field K there is a trivial absolute value | |, defined by |0| = 0 and 
|a| = 1 for all a € K*. It follows from (b) that a finite field can have no other 
absolute value. 


(d) If | | is an absolute value of K and p is a real number such that 0 < p < 1, 
every map | |?: a+ |a| is an absolute value on K (see exercise §23.1). 


(e) It can easily be seen from (i), (ii), (iii) that any absolute value | | also satisfies 
|-1|=1, |—a] =|a|, |a|—|b| < |a—Jb|; and this last inequality implies 
(1) llal—l||,, Sla—Al- 


(f) On the subfield K = Q(V2) of R, setting |a + bV2|, = |a—bwv2|oo defines 
an absolute value | | that is essentially distinct from the ordinary absolute value 


on Q(/2). 


Already the example in this last remark suggests the versatility of the notion 
introduced in Definition 1. Here is another example, this one of great importance: 


Example. Set K = Q and let p be a prime number. For every integer a # 0, denote 
by wp,(a) the exponent of p in the prime factorization of a. Also define wy (0) = 00. 
Then 


(2) wp(ab) = wp(a) + wp (d), 
(3) Wp(a +b) = min (wp (a), wp(d)). 


The function wp : Z ~ ZU {ov} can be extended to a well defined function wy : 
@ — ZU {oo} through the condition wy (a/b) = wp(a) — wp (bd), and then relations 
(2) and (3) hold for every a, b € Q (see Section 4.4 in vol. I, p. 40). We now define 
a function | |p: @ — Ro by setting 


(4) lap = (4). 


and in addition |0|, = 0. One can show directly that | |, satisfies properties (i), 
(ii) and (iii) of an absolute value: (i) is obvious, (11) follows easily from (2), and as 
for (iii), we actually have the following much sharper inequality as a consequence 
of (3): 


(5) |a + b|p < max(|a|p, ||). 
We call | |p the p-adic absolute value of Q. 


Thus the field @ of rational numbers admits a whole series of absolute values: 
besides | |oo, there is, for every prime p, a corresponding p-adic absolute value 
| |p. We will see in Theorem 1 that this list in fact exhausts essentially all possibil- 
ities for nontrivial absolute values on @. What is meant by “essentially” will soon 
be made precise. 
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To begin with, note that one key implication of an absolute value | | of a field 
K resides in that it allows one to talk about convergence in K. For if we set 


d(x,y):=|x—y| forall x,y € K, 


the properties of | | immediately imply that d: K x K > Rso is a metric on K, 
inasmuch as the metric axioms are satisfied: 


d(x,y)=0 = x=y, 
d(x, y) <d(x,z)+d(y,2Z). 


Thus (K, @) is a metric space, and as such lends itself to the use of basic topological 
notions such as open sets, closed sets, convergent sequences and so forth. Thus 
a sequence (x7) of elements of K is said to converge to an element a € K if 
d(Xn,d) = |X, —a| converges to 0 in R. In this case we write a = lim Xp, or, if we 
wish to make the dependence on the underlying absolute value | | explicit, 


(6) | |-limx, =a. 


When this equation holds with a = 0, we call (Xn)n a null sequence, or | |-null 
sequence. By definition, (6) is satisfied if and only if (x,—a)n is a | |-null sequence. 
Also, (Xn)n is a | |-null sequence if and only if (|X,|)n is a null sequence in R 
(where the absolute value on R is the ordinary one, as always). For practice you 
should persuade yourself that | | : K — R is a continuous map; just consider 
equation (1). 

Exactly as in the case of the ordinary absolute value, one can prove that the ad- 
dition, subtraction, multiplication and division maps K x K > K (or Kx K* > K) 
are continuous. In symbols, if (dn) and (bn)n are | |-convergent sequences in K 
and a,b are their | |-limits in K, then lim(a, +b,) = a+b and lim(a,b,) = ab; 
and if, moreover, 5 is nonzero (implying that b, is nonzero for almost all 7), then 


lim(dn/bn) = a/b. 


We now declare that two absolute values on a field K are not essentially distinct 
if they lead to the same notion of convergence in K: 


Definition 2. Two absolute values | |; and | |2 ona field K are called equivalent, 
and the notation 
| lem | le 


is used, if every | |1-null sequence is also a | |2-null sequence and vice versa. 


Remark. For K = Q and p any prime number, consider the sequence (p”), in Q. 
In view of (4) we have 
Ip" = (+) 
? Xp 


Thus (p”)n is a | | p-null sequence. In contrast, (p”)n is obviously not convergent 
with respect to | |oo, 80 | |p and | |oo are not equivalent. Given another prime 
q # p we have |p”|, = 1 for all n, so | |p is not equivalent to | |, either. 

In general we have the following striking criterion for the equivalence between 
absolute values: 
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F1. Given absolute values | |; and | |2 ona field K, the following statements are 
equivalent: 


|. la |i [es 
(ii) There exists p > 0 in R such that | |2=| |f. 
Tf | |1 is nontrivial, condition (i) is also equivalent to: 


(iii) For every a € K, the condition |a\, < 1 implies \a|z <1. 


Proof. Suppose (i) holds and | |; is trivial. We claim that | |2 is also trivial (so 
(ii) holds). Otherwise there exists a € K* such that |a|2 4 1; by replacing a with 
1/a if necessary, we can assume that |a|2 < 1. Then (a@”), is a null sequence with 
respect to | |2, but not with respect to | |1. 

The implication (ii) => (i) is obvious. It is also clear that (i) implies (iii): If 
lal; <1, then (a”), is an | |1-null sequence. By assumption (i) the same sequence 
is also | |2-null. This precludes the possibility that |a|2 > 1; that is, |a|2 < 1. 

We are now entitled to assume that | |1 is nontrivial and just have to show that 
(iii) implies (11). So assume (iii). Then 


(7) [bli > 1 => |bl2>1 


for every b € K: just apply (i) to a= 57!. Next, since | |; is assumed nontrivial, 
there exists c € K such that |c|; > 1. Because of (7), we have |c|2 > 1, so |c|2 = Ic|* 
for some p > 0 in R. To show that the same relation holds for all elements of K, 
we take an arbitrary a € K* and relate its absolute values to those of c. First we 
have 


(8) |ali =|clf for someaeR. 


Suppose m € Z and n €N satisfy m/n < a. Then |a|; = |c|f > lc"; that is, 
|a|7 > |cl7’, or again |a”/c™|; > 1. Using (7) we then get |a”/c”|2 > 1, which 
means that 

lal2 > cl”. 


But by continuity we have 
|al2 = |cl3. 


We see likewise that m/n >a implies |a|2 < |c et ” whence, again by continuity, 
p 2 g y y 

we get 

al2 < |clz. 


Combining both inequalities we conclude that (8) implies 
(9) al2 = |el®. 


Since |c|2 = |c|? by definition, (9) and (8) lead, for all a € K™, to the equation 


p 
1? 


al2 = a 


which proves (ii). 
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In studying an absolute value | | on a field, it is natural to investigate first the 
behavior of | | on the positive integer multiples m1 x of the unity 1x of K. As usual 
we denote these elements simply by 7 (and in the case of nonzero characteristic, one 
must watch out in each case for whether such a symbol denotes a natural number 
or an element of K). 


Definition 3. An absolute value | | on a field K is called archimedean if the set 
{|n| : n € N} is unbounded; otherwise it is called nonarchimedean. 


F2. If K is a field and | | an absolute value on K, there is equivalence between: 
(i) |n| < 1 for everyn EN. 
(ii) | | is nonarchimedean. 


(iii) | | satisfies the strong triangle inequality, which says that 


|a + b| < max({a], ||). 


(iv) For every real number p > 0, the map | |? is an absolute value on K. 


Proof. (i) = (ii) is clear by definition. Assume (ii), and take C > 0 in R such that 
(10) In|} <C forallneN. 


Let a,b be elements of K with (say) |a| = |b|. For every m € N the expansion 
(a+b)"=>° (jen, together with the triangle inequality and the bound (10), 
show that 

ja+b|" < C(m+ l)Ja|”. 


Now taking the m-th root and the limit as m — oo, we get 
|a + b| < |a| = max({a], |d]), 
which is (iii). 
Next assume (iii) and write 
|a + 5|? < max(la|, |b|)° = max(|al’, ||?) 


to show that | |° satisfies the strong triangle inequality. That it satisfies the first 
two defining properties of an absolute value is obvious regardless of (iii). 

Finally, assume (iv) and take n € N. We know that | |’” is an absolute value 
for any m € N; hence |n|” <7 by the triangle inequality. Taking the m-th root and 
the limit as m — oo yields |n| < 1, proving (i). 


Remark. Let p be a prime number. By (5), the p-adic absolute value | |, on Q is 
nonarchimedean. For any real number 0 < c < 1, we can define an absolute value 
equivalent to | |, by setting 


(11) Ja| =; 


44 23 Absolute Values on Fields 


this is because we can find for each such c a number p > 0 such that c = p®, 
and then | | = | |>. In many situations, especially regarding convergence, it is 
immaterial what constant 0 <c < | is chosen in (11). Still, there are good reasons 
to formulate the definition of | |, with the value c = 1/p rather than some other; 
see, for example, formula (15) on page 45. 


Before we go into the particular properties of nonarchimedean absolute values, 
we address the already mentioned classification result for absolute values on the 
rationals: 


Theorem 1. Every nontrivial absolute value | | of the field Q is equivalent either to 
| loo orto | |p for some prime p. 


Proof. (a) First assume that the given absolute value | | on Q is nonarchimedean. 
Then |m| <1 for every m EN. Since | | is assumed nontrivial, there must be some 
n &N such that |n| < 1. Let p be the smallest natural number such that |p| < 1; 
clearly p is prime. We claim that 


(12) laj<l,aeZ => pla. 


Indeed, division with rest yields a= mp +r, with 0 <r < p. But since r =a—mp, 
the strong triangle inequality then implies that |r| < max(|a], |m||p|) < 1, which, 
in view of the minimality of p, can only be true if r = 0. 

Now let a nonzero integer a be given. We have 


(13) a= pay, with p{ay. 


Since qd; is an integer, |a,| is at most 1; but it cannot be /ess than 1, otherwise a; 
would be divisible by p —see (12). Thus |a;| = 1, and (13) implies 


(14) |a| = |p. 


This holds for every a € Z; but since both sides behave multiplicatively, the same 
equation holds for all a¢ Q. Thus | | =| |5, where p denotes the (strictly positive) 
real number such that |p| = p~°. 


(b) We now assume that | | is an archimedean absolute value in Q, and we have to 
show that it is equivalent to the ordinary absolute value | |. on Q. Suppose this 
is not the case. By FI, there exists ¢g € @ such that |g| < 1 and |g|oo = 1. Clearly 
we can assume that g > 0, and thus that 


lqj<1 and qg>1. 


Suppose g = c/d, where c and d are natural numbers with c > d. It is easy to show 
by induction that any natural number 7 has a q-adic representation of the form 


n=ado+aigt+:::+a,-q’, witha; € {0,1,...,c-l} 
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(see §23.16). An application of the triangle inequality then yields 


c 
In| < c(1+lq|+---+l¢l’) < TAI 


Hence | | is bounded on N — impossible, because | | is archimedean. 


Remark. Up to equivalence, @ admits a unique archimedean absolute value, namely 
| |oo. Next to it we now have— on an equal footing with | |. from the viewpoint 
of Definition 1—the nonarchimedean p-adic absolute values | |», for all primes 
p. As we have seen (see Fl, for example), all these absolute values are pairwise 
inequivalent. Nonetheless, there is among them a certain dependence relation, called 
the product formula for Q. It says that, for every a € Q*, 


(15) []lab=1 


where v runs over all primes p plus oo. To prove it we merely observe that every 
integer (and thus every rational number) a ¥ 0 has the representation 


(16) a = sgn(a)- I] pur@ 
P 


by the prime factorization of a. But since |a|p = p~”? and a = sgn(a)| aloo, 
equation (16) says exactly the same as (15). 


We now investigate in more depth the properties of nonarchimedean absolute 
values. 


F3 (Scholium on the strong triangle inequality). For any nonarchimedean absolute 
value | | ona field K, 


|a| A |b] => |a +5] = max({al, |d)). 
Proof. Suppose that |b] < |a| and assume the conclusion is false. Then |a + b| < 


|a|. Again from the strong triangle inequality, we obtain |a| = |a+b—5| < 
max(|a+b|, |b|), hence the contradiction |a| < |a]. 


How far-reaching the consequences of the strong triangle inequality are can be 
glimpsed from the next result. 


F4 and Definition 4. Let | | be a nonarchimedean absolute value on the field K. 
(i) R:= {ae K:|a| < 1} is a subring of K, called the valuation ring of K (with 
respect to | |). 
(11) K is the fraction field of R. 
(iii) p:= {a € K: |a| < 1} is an ideal of R, called the valuation ideal of K (with 
respect to | |). 
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(iv) An element a € K is a unit of R if and only if |a| = 1; thus RX = R~p. It 
follows that p is a maximal ideal of R and every ideal of R distinct from R is 
contained in p. 


(v) R/p is a field, called the residue field of K (with respect to | |). 
(vi) For a,b € R, a divides b if and only if |b| < |al. 


The proof is straightforward and is left to the reader. It is worth adding that ac- 
cording to (iv) the valuation ring R is a local ring; its maximal ideal is the valuation 
ideal p of | | (see Exercise §4.13 in vol. I). 

Let’s explore the preceding situation in the special case of the nonarchimedean 
absolute value | |, of Q: 


F5. The valuation ring R of Q with respect to | |p consists of the elements a/s, with 
a,s € Z such that s #0 mod p. The corresponding valuation ideal is the principal 
ideal pR of R. The residue field is canonically isomorphic to the field Fy = Z/ pZ. 


Proof. By the definition of | |p, every x € @* has a unique representation 
(17) x= pry with |ulp =1. 


Because wp(u) = 0, we can write uw = r/s, with integers r,s not divisible by p. 
This yields the first two assertions. As for the residue field R/pR, the inclusion 
Z C R passes to a canonical homomorphism 


(18) Z/pZ— R/pR 


of quotient rings, and all that remains to show is that this map is surjective. Take 
any element a/s € R, with a,s € Z and s £0 mod p. Because s is a unit in Z/ pZ, 
we can find b € Z such that sb =a mod pZ, hence also mod pR. But now we can 
divide by the unit s € R to obtain b =a/s mod pR. 


Remark. Let | | be a nonarchimedean absolute value on K. It is often convenient 
to work with an additive function rather than the multiplicative function | |. For this 
one chooses a real constant 0 < c < | and considers the function w: K > RU {oo} 
defined by 


(19) |x| =c¥™ for every x € K, 


with, logically enough, w(0) = oo. The function w has these properties: 
(i) w(a)=co => a=0. 
(ii) w(ab) = w(a) + w(d). 
(iii) w(a + b) = min(w(a), w(d)). 
Conversely, if we have a function w: K — R U {oo} satisfying properties (i)—(iii) 
and we define, for any choice of 0 <c <1, a function | |: K > R using (19), this 


function is a nonarchimedean absolute value, and the use of a different c leads to 
an equivalent absolute value. 
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Definition 5. A function w : K > RU {co} with properties (i), (ii), (iii) above is 
called a valuation of the field K. The subgroup w(K”) of the additive group of R 
is called the valuation group of w. 


If a valuation w of K corresponds to an absolute value | | of K in the way just 
described, any statement regarding | | can be translated into a statement about w 
and vice versa. For instance, in the notation of F4, we have 


R={xe K|w(x)=0}, p={xe K|w(x) > 0}. 


Also, a sequence (X»), in K is | |-null if and only if w(x,) > oo as n > oo. The 
reader is encouraged to work out and keep in mind such restatements in the case of 
p-adic absolute values | |, and the corresponding valuations wy. Incidentally, the 
valuation group of wy is Z. 


2. We now fix a field K and an absolute value | | on K. 


Definition 6. A sequence (ay)n in K is called a Cauchy sequence (with respect to 
| |, ora | |-Cauchy sequence) if, for every real number ¢ > 0, there exists NV e N 
such that 

|€n -—Am|<e forall m,n> WN. 


If every | |-Cauchy sequence in K converges with respect to | | to an element of 
K, we say that K is complete (with respect to | |). In this case we also say that 
| | is a complete absolute value. 


Remark. As in real analysis, one shows: 


(i) Every | |-convergent sequence in K is a | |-Cauchy sequence. 
(ii) If (@n)n is a | |-Cauchy sequence in K, then (|dy|)n is a Cauchy sequence in 
R. 
(iii) Every | |-Cauchy sequence in K is bounded. 
(iv) Ifa | |-Cauchy sequence (dy)n has a subsequence (dy, )x that is | |-null, then 
(ay)n is itself a | |-null sequence. 
(v) The set € of all | |-Cauchy sequences in K is a commutative ring with unity. 


(vi) The set 9t of all | |-null sequences in K is an ideal of the ring €. 


As the reader knows, the field @ is not complete with respect to the ordinary 
absolute value, and it is exactly this that prompts the extension of Q to the field R 
of real numbers, which is complete. We now show that such an extension is also 
possible for any absolute value | | on a field K. (We will make use as needed of 
known properties of R, so the process will be easier than the construction of R; see 
also Exercise §20.8.) 


Definition 7. A completion of K with respect to the absolute value | | is a pair 
(K, | [ ) consisting of an extension K of K and an absolute value | [ on K 
satisfying the following properties: 


48 23 Absolute Values on Fields 


(i) | i‘ is an extension of | |. 
(ii) K is dense in K with respect to | . 


(iii) K is complete with respect to | . 


Theorem 2. (I) There exists a completion (K, | l) of K with respect to | |. 


GD If (K1,| |1) and (K2,| |2) are both completions of K with respect to | |, 
there exists a unique K-isomorphism o : K, — Ky» such that |ox|2 = |x|, for 
allx € Ky. 


Proof. (a) Consider the quotient ring 
K:= €/N 


of the ring € of all | |-Cauchy sequences in K modulo the ideal % of all | |-null 
sequences in K. This quotient is a commutative ring with unity, and is clearly not 
the zero ring. We will show that K is a field. 

Let a be a nonzero element of K, and let (ay), € € be a representative of a. 
Since (dy)n is not a null sequence, there exists ¢ > 0 and N €N such that 


(20) |dn| =e for everyn>N; 


otherwise there would be a subsequence of (dn), converging to zero, which is im- 
possible by statement (iv) after Definition 6. Now (20) implies, in particular, that 
dn # 0 for every n > N. Hence there is a sequence (by), in K such that 


1 
(21) by = — for everyn> N. 
a 


n 


We claim that (b,), is a Cauchy sequence. For m,n > N, we have 


an —Am | _ |dn — 4m| a |an —Am| 


: |an||am| ~ e? 


lbm — bnl = 


anadm 


where the last inequality uses (20). Let B be the class of (by) in K. Then ap =1, 
because (dnb, — 1), is indeed a null sequence, by (21). 


(b) Define the map.: K > K that assigns to each a € K the class of the constant 
sequence (a,a,...). Clearly 1 is a field homomorphism, hence injective. 


(c) We now define an absolute value | [ on K. Given aw € K, take a representative 
(an)n of a in €. By statement (ii) after Definition 6, (|dn|)n is a Cauchy sequence 
in R and thus converges to some real number 


(22) ja} = lim ap]. 


If (b,)n is another representative of a, the difference sequence (d,—by)y is | |-null; 
hence (|@n —bn|)n is a null sequence in R and so also (|an|—|bn|)n, by inequality 
(1). Thus lim |a@,| = lim |b,|, which shows that |a| is well defined by (22). One 
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easily checks that the map | if - K — R has all the properties of an absolute value. 
Also it is clear that 


(23) lual = |a| foreveryae K, 


where 1 is the field embedding defined in part (b). If we identify K with a subfield 
of K via t, what (23) says is that the absolute value | | is an extension of | |, so 
condition (i) in the definition of a completion is met. 


(d) Next we show that K is | | -dense in K. Takea € K anda representative (dy) p 
of a; we claim that 


(24) a= lim dy. 
m—>oo 
Indeed, for fixed m we have, by (22), 
(25) |a—dm| = lim |dy— am; 
n—-oo 
but since (dy)n is a Cauchy sequence, the right-hand side of (25) converges to 0 as 


m goes to co. 


(e) To complete our existence proof, all that remains to be shown is that the absolute 
value | | on K is s complete. Let (an)n be a | [ ~Cauchy sequence in K; we must 
show that it is | [" -convergent to some limit in a By (d) we know that for every 
n there exists a, € K such that |Qn — ay [ <1/n; but then (a, —dy)p is a | | -null 
sequence in K. Since An = (An—An) + Qn, it follows that (dy)y is a Cauchy sequence 
in (K, | [" ), hence also in (K, | |). Let a be the class of (dn)y in K. Since 


Q — An = (&— An) + (An — On), 


we obtain using (24) that (a,)n converges with respect to | [" towae K. 


Note that if we apply the preceding construction of a completion to an absolute value 
equivalent to | |, we evidently get the same K, with an absolute value equivalent 
to | | .) 


Regarding the unique part of the theorem, we derive it immediately from the next 
statement. 


F6. Let (K1,| |1) bea | |-completion of K. Let K2 be another field and | |2 a 
complete absolute value on K2. Every homomorphism 


p:K— K2_ such that |px|, = |x| for everyx € K 
can be extended uniquely to a homomorphism 


o:K,— K2_ such that |ox|2 =|x\|1 for every x € Ky. 
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Proof. Given a € Kj, there is a sequence (ay), in K such that a = | |,-limay,. 
Now, (a@n)n is in any case a | |1-Cauchy sequence. By assumption, then (0an)n is a 
| |2-Cauchy sequence in K2. But K> is | |2-complete, so (odn)y has a (uniquely 
defined) limit in K>. Set 

oad = lim pan; 


then ow is well defined, as a routine argument shows. It is also easy to check that 
the map o : K; — Kyo thus obtained has the required properties. Uniqueness is 
likewise straightforward. 


Remark. Theorem 2 says that a given field K with absolute value | | always has 
a completion (K,| | ), and this completion is unique up to an isometric isomor- 
phism. Hence we will speak from now on of the completion of (K,| |). And since 
the absolute value | [ on K is uniquely determined by | |, we will simply say that 
K is the completion of K_with respect to | |, denoting the unique extension of | | 
to an absolute value on K also by | |. 


Definition 8. For p a prime or the symbol oo, we denote by 
Q, 


the completion of @ with respect to the absolute value | |». We still denote by | |, 
the corresponding absolute value on @,. When p is not oo we call Q, the field of 
p-adic numbers. 


With these conventions, 
R = Qe 


is the field of real numbers and | | is the usual absolute value on R. We have seen 
that next to this completion of @ there stands a whole series of p-adic completions 
Q,, for p prime, with their nonarchimedean absolute values | |,—an insight we 
owe to K. Hensel. Our plan is now to wade a little way into this “nonarchimedean 
sea”, where algebra rather than analysis is the focus (at least for us). Our goals will 
be modest, for although many aspects of this study are easier than in the real case, 
the flip side is that we can no longer rely on familiar intuitions. 


Remark. The construction used in the proof of Theorem 2 will not play any further 
role, and we will simply use the fact that Q, is the | |,-completion of Q in the 
sense of Definition 7 (see also the remark before Definition 8). As will soon become 
clear, Q, is in fact distinct from Q. 


F7. Let K be the | |-completion of K. If | | is nonarchimedean, K and K have the 
same valuation group and canonically isomorphic residue fields with respect to | |. 


Proof. Take a€ K. Since K is dense in K, there is a sequence (dy), in K converging 
to a in K. Thus, if a # 0, we have |ady, —a| < |a| for m large enough. For such n 
we can then write |@,| = |a|, by applying the scholium F3 on the strong triangle 
inequality to a = dy, b = a,—a. This shows that |K*| = |K*|. 
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Let R and R be the valuation rings of K and K with respect to | |, and let p 
and f be the corresponding valuation ideals. The inclusion R C R gives rise to a 
canonical homomorphism a 

R/p— R/p 


of residue fields, which we must show is surjective. Given a € Rw {0} there exists, 
as we saw earlier, some a € K such that |a—a| < |a| < 1 and |a| = |a| < 1. It 
follows that a € R and a =a mod f. 


Remark. Clearly, the function w, : @* — Z can be uniquely extended to Q, in 
such a way that 


(26) aie (4)" (a) 


for every a € Qs; the extension will still be denoted by wy. By F7, the valuation 
group im wy does not get any bigger. The situation for an arbitrary valuation w on 
a field K is wholly analogous: w can be extended to the completion K of K with 
respect to w, and w(K) = w(K) (see after Definition 5). 


The next result shows that the convergence of infinite series in nonarchimedean 
analysis is often a less troublesome affair than in real analysis; in particular, the 
subtle phenomenon of conditional convergence does not occur in nonarchimedean 
fields at all. 


F8. If a field K is endowed with a complete, nonarchimedean absolute value | |, 
an infinite series 


(27) a 
n=1 


(an € K) converges if and only if (ayn)n is a null sequence. In other words, a sequence 
(bn)n in K converges if and only if (bn41 —bn)n is a null sequence. 


Proof. Let by be the n-th partial sum of (27). For every n > m we have 
bn — bm = Am+1 + Am42 + +++ + an: 


Because of the strong triangle inequality, (bn)n is a Cauchy sequence if and only if 
(an)n is a null sequence. Since K is complete, this proves the assertion. 


Corollary. Under the assumptions of F8, any power series \~>-_9 Gnx" whose co- 
efficients ay lie in the valuation ring R of (K,| |) converges for every x € K such 
that |x| < 1, and the limit is an element of R. 


Proof. We have |anx"| < |an||x|" < |x|", so the series converges for |x| < 1 by F8. 
The ring R = {y:|y| < 1} is closed with respect to | |, so the limit lies in R. 
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Definition 9. For the field Q, of p-adic numbers, let 
Lp 


be the valuation ring of Q,, that is, the set of a € Q, such that |a|, < 1. The 
elements of Z, are called p-adic integers. 


Remark. The inclusion Z C Z, gives rise to a homomorphism Z/ p"Z —> Z)/ p"Zp 
for each n € N, and this map is obviously injective. It is easy to show that it is also 
surjective; see F5. It follows that Z is dense in Zp; that is, every p-adic number 
a of absolute value |a|, < 1 can be approximated arbitrarily closely by ordinary 
integers. All this can be read off from the next statement: 


F9. Every a € Zp has a unique representation 
ioe) 

(28) a=) -aip', witha; €{0,1,..., pet. 
i=0 


Every a € Qp has a unique representation 
(29) a=) -aip', witha; €{0,1,..., p—1}, 
-—o<i 
where the notation —co <i shall be used to indicate that the sum runs overi € Z, 


but a; vanishes for almost every i <0. We then have wp(a) = min{i | a; 4 0}. 


Proof. (1) The set S = {0,1,..., p—1} contains one representative of each residue 
class in Z,/pZp = Z/ pZ (see F7 and F5). In other words, for every a € Zp, there 
is a unique do € S' such that 


(30) a = do mod p. 

We now define recursively a sequence do, 41, d2,... of elements of S such that, for 
eachn = 0,1,2,..., the congruence 

(31) a=dy+a;p+-:-+anp" mod p"*! 


is satisfied; the representation (28) of a as an infinite sum is simply a restatement 
of the validity of (31) for every n. The start of the recursion comes from (30). Now 
assume (31) holds as written; then 


(32) a=agtarpt---+anp"+a'p"*?, 
with a’ in Zp. Write a’ = ay41 mod p for some dn41 € S. Then 
d= do +a pt+---+dnp" +4n41p"*! mod p"*?, 


completing the recursion step for existence. The construction also shows that the 
sequence (dy,)n is unique, since dy,+, is fully determined by do, d),..., dy via (32) 
and the congruence a’ = ay4, mod p. 


The field Q, of p-adic numbers 53 
(2) Everyae€ Qr has a unique representation 
a=p"a’, withneZand |a'|, =1; 
note that wp(a) =n. Using part (1) of the proof, write a’ as 
00 
om Soap’. with a} € S, 
i=0 


thus obtaining 


lee) lee) lee) 
_ ,n,! 1 ont+i __ U i 
a= a=) aj P = 6 4k =) oe: 
i=0 i=n i=n 


with a; :=a'_,,. Hence every a € Q, can be represented in the form (29). Conversely, 
if such a representation is given and we set n:= min{i | a; #0}, we have (if n 4 00) 


co [oe co 
n i-n n i n beg d n,! 
g=p" > an" =2" > anar SP" Ya Sea, 
i=n i=0 i=0 


with a) # 0. It follows that |a'|, = 1, so wp(a) =n. The uniqueness of the 
coefficients a’, and hence of the a;, follows from part (1) of the proof. 


3. We continue to work with a field K and an absolute value | | on K. We now 
inquire whether | | can be extended to algebraic extensions of K. 


Definition 10. Let V be a vector space over K. A norm of V over | | is a map 
|| || : V — Rso with the following properties: 


(i) |x| =0 —> x=0. 


(ii) |}ax|| =|e| ||x|| fora e K andx eV. 

Git) [lx + yl] S [ll +I. 
We call V, or more explicitly (V, || ||), a normed space over (K, | |). 
Remarks. (1) If (V, || ||) is a normed space, the map (x, y) +> ||x — y|| is a metric 
on V, and all accompanying topological notions are then available for use. It is 
clear, for instance, what is meant by a Cauchy sequence in (V, || ||). 
(2) Let V be an n-dimensional vector space over K, and take a basis b1,..., by 


of V. For x = >> x;bj, set 
|x || = max(|x,|,..., [Xn]. 


This yields a norm on V over | |, called the maximum norm (with respect to the 
chosen basis). A sequence (x), in V is null with respect to this norm if and only 
if each of the sequences of coordinates x), fori =1,...,n, is | |-null. Thus 
convergence in (V, || ||) is expressible in terms of convergence in (K,| |). The 
same is true regarding Cauchy sequences. Hence V is complete with respect to the 
norm || || if and only if K is complete with respect to | |. 
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(3) Let K[X] be a polynomial ring in one variable over K. For every polynomial 
f =a9 +a,X +---+a,X" in K[X], set 


(33) I| fll = max(|ao],.... |an|); 


this gives a norm on K[X] over | |. The subspace V consisting of polynomials of 
degree less than m is an m-dimensional K-vector space; when | | is complete, then, 
V is also complete with respect to || ||. If | | is nonarchimedean, the norm || || is 
ultrametric, meaning that || f + g|| < max(|| fl, |||) for all f, g. Incidentally, we 
have || fg|| = || /|l- ||g|], so by extending || |] to the fraction field K(X) of KLX] 


we obtain a (nonarchimedean) absolute value on K(X). Since || || is a natural 
extension of | |, one also writes | | instead of || ||. 
(4) If E/K is a field extension and || || is an absolute value on E that extends | |, 


|| || is anorm over | | on the K-vector space E. 
Here is a fundamental result, also in real analysis: 


F10. Let (V, || |lo) be a normed space over (K,| |), where K is | |-complete. 
Suppose that V is finite-dimensional over K. If || || is any norm on V over | |, 
there exist real constants a > 0 and b > 0 such that 


(34) allxllo < |x|] < 4||xllo for every x € V. 

Furthermore, (V, || ||) is complete. 

Remark. When (34) holds, the norms || || and || |lo are called equivalent, but 
if || || and || ||o are absolute values over an extension field, their equivalence as 


norms is a stronger condition than the equivalence of absolute values defined earlier. 


Proof of F10. The last assertion follows from (34), since V is complete with respect 
to any maximum norm, say. To prove the rest we can assume by transitivity that 
| llo in (34) is the maximum norm in some basis e1,...,@, of V. We apply 
induction on n. The case n = 0 is trivial, so suppose n > 0. For any 


X=Xyey + e+: + Xnen 


we have ||x|| < |xi| lei] + +--+ [xnl[lenll, so [xl] < 4 |]xllo, where 5 := |lei|| + 
-+++ |[ey||. Finding a is harder. We consider for each 1 <7 <n the subspace U; of 
V spanned by all the e; with 7 #7. By the induction assumption, U; is complete 
with respect to || ||, hence closed. Thus e; + U; is also a closed subset of (V, || |I), 
for each 7. Therefore there exists an open || ||-ball around 0, of radius ¢ > 0, that 
is disjoint from all the subsets e; + U;. Now take any x € V \ {0}, and let x; be 
a coordinate of x with ||x|]o = |x;|. The i-th coordinate of x; !x equals 1; that is, 
x7 1x € e+ Uj, so ||x;!x|| > e. It follows that ||| > e|x;| = ellx|lo, proving (34) 
with a =e. 


F11. Let E/K be a field extension and let | |1, | |2 be absolute values on E that 
restrict to the same absolute value | | on K. 
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(a) If | | is nontrivial, the condition | |; ~ | |2 implies | |1 =| |2. 


(b) If E/K is finite and K is | |-complete, | |; and | |2 necessarily coincide; 
moreover E is | |1-complete. 


Proof. (a) Suppose | |; ~ | |2. By Fl we have | |2 =| |*, with p> 0. If | | is 
nontrivial, there exists a € K™* such that |a|2 = |a|; =|a| #1. But then p = 1, so 
| l2=] [1. 


—_ 


(b) By F10, we know that | |; ~ | |2. Then part (a) yields the equality of | 
and | |2, unless | | is trivial. But in the latter case, F10 says that | |; and | |2 
are both equivalent to the trivial absolute value on F, and hence coincide with it. 
The completeness of | |; also follows from F10. 


Remark. Let | | be an archimedean absolute value on K. Then K has characteristic 
0, and we can regard @ as a subfield of K. Thus | | induces on Q an absolute 
value, which must be equivalent to | |oo by Theorem 1; by FI, there exists p > 0 
such that the function | |? restricts to | | on @. Exercise §23.2 implies that this 
function is an absolute value on K; hence, by replacing | | with | |° if necessary, 
we can assume that | | coincides with | |. on Q. 

Next, if K is | |-complete, F6 allows us to view the | | o-completion R = Qo 
of Q as a subfield of K. It can then be shown (§23.11) that the only possibilities in 
this case are K = R or K = C. Hence: 


Ostrowski’s Theorem. A field that is complete with respect to an archimedean 
absolute value | | coincides with either R or C, and | | is equivalent to the ordinary 
absolute value thereon. 


If the field is not assumed complete, one can take its completion and apply the 
theorem. Hence a field endowed with an archimedean absolute value | | can be 
regarded as a subfield of C in such a way that | | is equivalent to the restriction of 
the ordinary absolute value on C. 


We now discuss a result of fundamental important for the arithmetic of fields 
that are complete with respect to a nonarchimedean absolute value. We start with 
the setup of F4, and introduce some additional notation. Denote by R := R/p the 
residue field of K with respect to | |, and by 


(35) R>R, apa 


the corresponding quotient homomorphism. We extend this map in the usual way 
to a homomorphism 


(36) R[X]> RX], fof 


of polynomial rings. The kernel of (36) is the ideal pR[X] of R[X]; but if f = Z 
we will also write simply 


(37) f =g mod p. 
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Similarly, if c € R, we express congruence modulo the ideal c R[X] by 
(38) f =gmodc. 


Thus, in terms of | |, the meaning of (38) is that all coefficients c; of f —g satisfy 
\ci| < |c|. Equivalently, (38) says that | f — g| < |c|, where | | is the polynomial 
norm introduced in Remark 3 of page 54. 


Theorem 3 (Hensel’s Lemma). Let K be complete with respect to a nonarchimedean 
absolute value | |. If f € R|X]is a polynomial with coefficients in the valuation 
ring R of K, and if there is over R= R/p a factorization f = pw with 9, w € R[X] 
relatively prime, there exist polynomials g and h in R[X] such that 


f=gh, Z=9, h=y, degg=degg. 
Proof. For convenience, we set 
(39) m=deg f, r=degg. 
Since f = yy, there exist polynomials go, io in R[X] such that 
(40) Zo=9, ho=w, deggo=r, degho<m-r, 
(41) f = goho mod p. 
Because g and w are relatively prime, we can find polynomials a,b € R[X] with 
(42) aho + bgo = 1 mod p. 
In view of (41) and (42) there must exist z € p satisfying 
(43) Ff = Zoho mod x, 
(44) aho + bgo = 1 mod x. 


We now want to improve the approximation (43) step by step, so that eventually it 
will lead to an equality. We use the trial expansions 


S=Sotantan’+---, 
h=hotbx +bon? 4+--- 
where the polynomials a;, b; € R[X] satisfy 
(45) dega; <r, degb; <m-—r. 


These degree conditions ensure that g and / really are well defined limits in R[X’]. 
Moreover we have g = go mod z and h = ho mod z, so that J = gy andh=y; 
and the degrees satisfy deg g =r, degh < m—r. Denote by gy and h, the n-th 
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partial sums of g and 4. Suppose that a;, b; have been determined for 1 <i <n—1 
so the approximation 


(46) Ff = 2n—-1hn—-1 mod x” 
is satisfied; for m = 1 this is indeed the case — see (43). We seek dy, by such that 
(47) f= gah, mod a” 


If we can do this for all 7, we will have, by passing to the limit in (47), the desired 
equality f = gh. Since gy = gn—1 +a)2" and hy = hy_; + by", the congruence 
(47) is equivalent to 


f = 28n—1Mtn—-1 + (Qnhn—1 + bngn—1)x" mod x"? 
After dividing by z” this amounts to 
(48) Anhn—) + bngn—1 = dn mod zr, 


where 
dy i= (f = gn—1hn-1)/1" 


is a polynomial in R[X] because of (46). Clearly, deg d, <m. Multiplying (44) by 
dn, we do in fact obtain a solution ay, by, of the congruence (48), because gy—1 = 
go mod zw and hy,_; = ho mod z. However, we still have to make sure the degree 
conditions (45) are satisfied. For this we can obviously replace a, in (48) by its 
smallest remainder mod gy,—1; hence we can assume deg ay, < deg gy-; = 1. Then 
(48) says that by gn—1 is congruent modulo z to a polynomial of degree at most m. 
By adding to 6, a multiple of a if needed, we can assume that by either vanishes or 
has leading coefficient not divisible by 2. Since g,—; has degree r and its leading 
coefficient is a unit in R, we conclude that deg(b,) +r <m as needed. 


We draw from Hensel’s Lemma a series of important corollaries: 


F12. Let K be complete with respect to a nonarchimedean absolute value | |, and 
let 
f(X) = ay X" +--+ +a, X +9 


be a polynomial of degree n over K. If 
lan|<|f| and |ai|=|f| for somei > 0, 
then f is reducible in K[X]. 


Proof. After multiplication by a scalar, we can assume that | f|=1. Hence f € R[X]. 
Let r be the largest index 7 such that |a;| = | f| = 1. By assumption we have 
0<r <n, and _ 

F(X) = GX" ++ +H) 1 


with ad, 4 0. The assertion follows from Theorem 3. 


58 23 Absolute Values on Fields 


The importance of the criterion in F12 is perhaps not obvious at first sight, but 
it will become clear in the proof of a fundamental extension theorem that rests upon 
F12 (see Theorems 4 and 4’ below). 


F13. Let K be complete with respect to a nonarchimedean absolute value | |, and 
let f € R[X] be a polynomial over the valuation ring R of K. If there existsa € R 
such that 


(49) f(a =Omodp and f'(a) #0 mod p, 
there is a unique b € R such that 
(50) f(b)=0 and b=amodp. 


Proof. What (49) says is that the element @ of R = R/p is a simple root of the 
polynomial f € R[X]. Now apply Theorem 3 with g(X) := X —4. 


F14. Let K and f be as in F13. If there exists a € R such that 
(51) If@| <I/'@P. 

there is a unique b € R such that 

(52) f(b)=0 and |b-a\<|f'(@). 


Proof. This assertion is a useful sharpening of F13, but it can actually be deduced 
from F13 as follows: Expand f around a in powers of f’(a)X, obtaining first 


(53) Lat f(@X) = flay+ f@S@X + f'@ X*H(X) 

for some h(X) € R[X]. Set c = f(a)/f'(a)? and consider the polynomial 
g(X)=c+X4+X7A(X) 

obtained by dividing the right-hand side of (53) by f’(a)*. By assumption, |c| < 1. 

Thus g lies in R[X’], and we have g(0) =c =0 mod p and g’(0) = 1 40 mod p. By 


F13, therefore, g has a unique root x such that |x| <1. Hence b:=a+ f"(a)x isa 
root of /; it satisfies |b —a| <|f’(a)| and is uniquely determined by this condition. 


Remark. The content of F14 is reminiscent of Newton’s method from calculus. 
Indeed, Newton’s method can be used in nonarchimedean analysis to obtain a se- 
quence of approximate roots of f converging to a true root. And in contrast to the 
real case, the process can never go astray, regardless of the choice of an initial value 
a, so long as it satisfies (51). 


F15. Let a = pa, be an element of Q*, and choose c € Z representing a, 
modulo p. Then a has a square root in Qp if and only if wp(a) is even and the 
following additional condition is met: 
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» If p # 2, the congruence 


(54) X? =c mod Pp 
has a solution in Z. 

- If p _ 2, 

(55) a, =1mod8. 


Proof. Apply F13 (or F14 if p = 2) to the polynomial f(X) = X7 —a,. 


Thus for p # 2 the question of whether a is a square in @, boils down to 
the existence of a solution in Z to the congruence (54). This question in turn— 
of whether c is a quadratic residue modulo p —is computationally easy to solve, 
thanks to the quadratic reciprocity law (vol. I, pp. 111-113). 


We now come to the real goal of this section: 


Theorem 4. Let K be complete with respect to an absolute value | |. If E/K is 
a finite extension of degree n, we can extend | | to a unique absolute value on E, 
again denoted by | |. For every a in E, we have 

1/n 
(56) |a| =|Nz/x(@)|°", 
and E is | |-complete. 


Proof. (1) The uniqueness and the completeness of the extension follow from F11. 


(2) If | | is archimedean, there is nothing more to show in view of Ostrowski’s 
Theorem (page 55). 


(3) Let | | be nonarchimedean. Equation (56) defines a function | |: E > Rso. 
For a € K we have Ng/x (a) =a”, so this function agrees with the original absolute 
value on K. We must show that | |: E — R satisfies properties (i), (ii), (iii) of an 
absolute value (Definition 1). For (i) and (ii) this is clear from well known properties 
of Nz/x. There remains to show that | | satisfies the (strong) triangle inequality 
on £. Obviously it suffices to prove that 


(57) jaj<1 = |at+I/<1 


for every a € E. Since Nex (x) = Nx@)/K(x)2*@ for every x € K(q), we can 
just as well assume that EF = K(q@). Now let 


f (X) = anX" + an X" "| +--+ +40, with a, = 1, 


be the minimal polynomial of a over K. Since dy) = + N¢z/xK (a), there is equivalence 
between |a| < 1 and |do| < 1. Next, since f is irreducible and has leading term 1, 
we can apply Corollary F12 to Hensel’s Lemma and conclude that 


lai] <1 for alli. 
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Hence all coefficients of f lie in the valuation ring R of K. The same is true of 
the minimal polynomial f(Y¥ — 1) of a +1 over K. In particular, the degree-0 
coefficient bo of the latter polynomial satisfies |bo| < 1. By definition, we have 
|e + 1| = |bo|!/”, so we obtain |w + 1| < 1 as desired. 


Theorem 4’. Let K be complete with respect to a nonarchimedean absolute value 


| |, and let C be an algebraic closure of K. Then | | has a unique extension to an 
absolute value | | on C, given by 

1/K (a): K 
(58) Jo] = |Nx(a)|*O*  forallaec. 


Let R be the valuation ring of K. For a € C there is equivalence between: 
@) ja| <1. 
(11) All coefficients of the minimal polynomial of a over K lie in R. 
(iii) @ is integral over R. 
Proof. The first paragraph follows easily from Theorem 4. That (i) implies (11) 
has already been seen in the proof of Theorem 4; or, using only the statement of 


Theorem 4, we can reason as follows: Let a1 = @, 2, ..., @, be the K-conjugates 
of a in C; then || = |a;| by (58). Hence |a| < 1 implies |a;| < 1. Since the 
coefficients of f can be expressed polynomially in terms of a1,...,@n, they too 


have absolute value at most 1. 

The implication (ii) = (iii) is trivial. There remains to derive (i) from (iii). 
Suppose therefore that a@’”” + Ama"! +.+--+ aq vanishes, where the a; lie in 
R. If |a| > 1, we have |aja’| < |a|! < |a|” for i < m; but then F3 leads to the 
contradiction |a|’” = |a’” + am—,a’"—! +--.+ao| =0. Therefore a < 1. 


Using Theorems 4 and 4’ it is now possible to achieve an overview of the possible 
extensions of an absolute value to a finite field extension, even in the noncomplete 
case: 


Theorem 5. Let E/K be a finite extension of degree n and let | | be an absolute 
value on K. 


(a) | | can be extended to an absolute value on E. 

(b) There are at most n extensions of | | to distinct absolute values on E. 

(c) Let | |1,..-,| |r be the list of all the distinct extensions of | | to E. For 
each | <i <r, let E; be a completion of E with respect to | |;; further, let 
(K, | |) be a fixed completion of K with respect to | |. Then the canonical 
homomorphism 

r 
(59) E®xK>{[[£i 


i=1 


of K-algebras is surjective, and in particular a= E; 1K <E:K. If E/K is 
separable, the map (59) is an isomorphism and hence 


: 
(60) Eik=) BAK. 


i= 
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Proof. (1) Let C be an algebraic closure of K. By Theorems 4 and 4’, | | has a 
unique extension to an absolute value on C, which we again denote by | |. Let 
01,..-,Om be all the distinct K-homomorphisms from EF into C. (Recall that m <n, 
and m =n if E/K is separable.) Every o; defines an absolute value | |; on E via 
the rule 


(61) |x|; =|o;x| forall xe E. 


(It can happen that | |; = | |; fori A 7.) Clearly each | |; agrees with | | on K. 
Now let | |’ be any absolute value on E agreeing with | | on K, and let (E’, | |’) 
be a | |/-completion of E. Denote by K’ the completion of K with respect to | | 
in E’. The extension EK’/K’ is finite, so EK’ is complete with respect to | |’, 
and hence 


(62) E'= EK’. 


Since K and K’ are both | |-completions of K, we have by Theorem 2 a well 
defined K-isomorphism p: K’ — K such that |ox| = |x|’. This can be extended to 
a K-homomorphism 

0: E' SC. 
Because extensions of absolute values are unique for complete fields, we have 


|x|/=|ox| for every x € E’. 


This is true, in particular, for every x € FE; but since o restricts on E to one of the 
maps 0;, we see that | |’ =| |;. This proves assertions (a) and (b) of the theorem. 

Moreover we have seen that the absolute value extensions in question are all 
of the form (61) (in particular, there is only one if E/K is purely inseparable). If 
we wish, we can reorder 01,02,...,0m So that (61) accounts for all the distinct 
extensions of | | to E asi ranges from | tor. 


(2) Now let (Lig | lady tees (E,, | |-) be as in statement (c) of the theorem. 
Since E; is | |;-complete, we know from F6 that there is a unique homomorphism 
KE; preserving absolute values. Via these homomorphisms each E; acquires 
a canonical K- algebra structure (so that, with due attention, E; can be regarded as 
an extension of K). Thus the diagonal map E —> The 1 E; i; provides the canonical 
homomorphism of K- algebras (59). The image of K = E; is the completion of K 
with respect to | | in E;. When E /K is purely inseparable, therefore, assertion (c) 
is proven, in view of (62). 


(3) If F is an intermediate field of E/K, we have 
E@xK=E®@r(F@R). 


Using this fact and the preceding paragraph, one easily reduces assertion (c) to the 
case of a separable extension E/K. Then E = K(q), and the prime factorization 


(63) S=hfih..fs 
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of f = MiPox (a) over K has no multiple factors. Choose for each fj a root a; of 
fi in C. Reorder the homomorphisms 01, ..., 0m so that 


oja=a; forl<i<s. 


For j > s the image oj 1s conjugate over K to exactly one a; with | <i <s, and 
so there exists tT € G(C/ R) such that oj = to;. But for every x € E we then have 


|o;x| = |to;x| =|o;x| (why?); 
that is, | |; = | |;. The number r of distinct extensions of | | to E is thus at 
most s. Now suppose that | <i < s. Since |ojx| = |x|; for every x € E, we 


can extend the K-homomorphism o; : E = K(a) > K (a;) in a natural way to a 
K-homomorphism 4G; : E; = K (aj) on the | |;-completion E; of E (since K (aj) 
is complete, being a finite extension of K ). 

Next we show that r = s; in other words, the absolute values | |1,...,| |s are 
all distinct. If | |; =| |; for 1 <7, 7 < s, consider the K-homomorphism 


ae : K(ai) > E; = E; > K(qj). 


This map preserves | | and is therefore a K -homomorphism. Hence a; and a; are 
conjugate over K, which only leaves the possibility i = /. 


(4) We are now in the home stretch: the preceding observations and an application 
of the Chinese remainder theorem yield the commutative diagram 


(64) an “ 


of canonical maps, where the upper horizontal arrow and both vertical ones are 
known to be isomorphisms. 


Remark. In the setup of Theorem 5, the bijectivity of the map E @x k= cea E j 
of (59) — or the validity of equation (60), to which it is equivalent by Theorem 5 — 
often holds even when E’/K is not separable. That it does not always hold can be 
seen from the counterexample in §24.2. As a matter of fact, the kernel of (59) can 
be seen to coincide with the nilradical of E ®x K; see §23.15. 


F16. In the situation of Theorem 5, assume the canonical homomorphism of Ke 
algebras (59) is an isomorphism, as for instance when E/K is separable. Then for 
every a € E the characteristic polynomial Pg; K (a; X) equals the product of the 
characteristic polynomials PRR (a; X). In particular, 


(65)  Seyx(@) =) Sg ,g(@) and Nejx(@)= Ts #,@@- 
i=1 
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If we set nj := ie : K for 1 <i <r, then 


¥ 
(66) \Nz/x@)| =] [lel;’. 
i=1 
Proof. Since 
PEK (Qs; X) = Pregk/RO&X), 


our first assertion follows immediately from the isomorphism 
r 
E@xK~|[E: 
i=l 
of K-algebras (see vol. I, p. 135). Let Ki be the canonical image of Kin E;. Then 
Ne RO =|Ne,/e, |; = loli’. 


where we used Theorem 4 for the last equality. Now (66) follows from the second 
equality in (65). 
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Residue Class Degree and Ramification Index 


We consider a field extension E/K and a nonarchimedean absolute value | | on 
E. The valuation rings of E and K are denoted by A and R, respectively, and the 
corresponding valuation ideals by $8 and p. Abusing notation (in contrast to the 
more precise practice in Theorem 3 of Chapter 23, for instance) the residue fields 
will often be denoted by 


K = R/p, E=A/. 


The natural homomorphism R/p — A/‘P is injective, because RMP = p; thus we 
can and will always regard K as a subfield of E. 


Definition 1. In the situation just outlined, the degree 
feEik 


of the field extension E/K is called the residue class degree of E/K (with respect 
to | |). The index 
e=|E*|:|K*| 


of one valuation group in the other is called the ramification index of E/K (with 
respect to | |). We also write e(E/K) for e and f(E/K) for f, where of course 
| | is to be regarded as fixed. 


Remarks. (a) If F is an intermediate field of E/K, we obviously have 
e(E/K) =e(E/F)-e(F/K),  f(E/K) = f(E/F)- f(F/K). 


(b) If E isa | |-completion of E and R is the | |-completion of K inside E, it 
immediately follows from F7 in the previous chapter that 


e(E/K)=e(E/K), f(E/K) = f(E/K). 


Thus the residue class degree and the ramification index are preserved by passing to 
completions. 
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(c) Let E/K be finite. Then, with the notation above, E / K is also finite, and 
Ek 2 EK by Theorem 5 in Chapter 23. We call E:K the local degree of E/K 
with respect to | |. 


F1. Let the assumptions and notation be as in Definition |. If E/K is finite of degree 
n, we have 


(1) ef <n. 
Thus e and f are also finite in this case. 


Proof. Let a1,...,a@, be elements of A whose images 0,...,@, in E are linearly 
independent over K; also let I1,...,7s5 be elements of E* whose absolute values 
modulo |K™| are pairwise distinct. We will show that the elements a;7; are all 
linearly independent over K. From this we get rs <n, and hence also (1). 

First we establish that for any a1,..., dy € K we have 


Dave 


Leaving aside the trivial case where all the a; vanish, we can, multiplying by an 
appropriate factor, assume that max(|a;1|,...,|a,|) = 1. Now, if (2) does not hold, 
the left-hand side is < 1, so > aja; = 0. But at least one a; has absolute value 1, 
so this contradicts the linear independence of the @;. 

Now suppose 


(3) > ayour; =0, with aij EK. 


= max(|aj|,...,|a-|). 


(2) 


We rewrite this as 
(4) yaad, with Gay aap 
j i 


Because of (2), each nonzero c; has absolute value in |K*|. By our choice of the 
mj, we have |c;2;| A |cja;| fori A j and c; #0. From the scholium on the strong 
triangle inequality (F3 in Chapter 23) we therefore get 


cern = max(|cy771|, ee |cs7s|). 


But this is compatible with (4) only if all the c; vanish. By (2) this implies that all 
the a;; vanish, as we wished to prove. 


Remark. Let £/K have finite degree n. If an absolute value | | on K has r distinct 
extensions | |1,| |2,...,| |, to absolute values on E, we have 


(5) Yeifi <n, 


where the e; and f; are the ramification indexes and residue class degrees of E/K 
with respect to each | |;. This follows from F1 and the inequality }*n; <n (see 


Theorem 5 in Chapter 23), taking into account remark (b) after Definition 1. 
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If K is | |-complete, there is only one extension of | | to E. But equality does 
not necessarily follow in (1); for a counterexample, see Problem §24.3. There are 
mild sufficient conditions, involving the notion of discreteness, that do guarantee 
the equality ef =n; our next goal is to work our way up to a proof of this fact (see 
Theorem | on page 69). 


Definition 2. An absolute value | | of K is called discrete if |K™*| is a discrete 
nontrivial subgroup of Ro. 


Remarks. (a) Any discrete absolute value | | is nonarchimedean. For if | | were 
archimedean, @ would be a subfield of K. But an archimedean absolute value on 
Q already has a dense subgroup of Ro as its valuation group; see Theorem | in 
Chapter 23. 


(b) Let | | be a discrete absolute value on K. Being a discrete subgroup of Rso, 
the group |K*| is cyclic, and hence of the form |K*| = {c” | n € Z}, with c > 0 
(see §24.1). Since | K*| is nontrivial, c 4 1. We can in fact assume that c < 1. Now 
consider the corresponding valuation w : K > R U {oo}, defined by 


(6) [x] =e: 


then w(K”) = Z. Such a valuation (coming from a discrete absolute value) is called 
normalized. Now choose x € K™ such that || = c, hence w(z) = 1; we call any 
such z a prime element of K with respect to | | (or w). Indeed, for every x € K” 
we have a representation 


(7) x=n7¥%y, with w(u) =0, 


and this is the only representation of the form x = m'w with w(w) = 0, since an 
application of w to both sides yields w(x) = i. We thus see that the valuation 
ring R is a unique factorization domain and that z is the only prime in the ring 
R, up to multiplication by units of R. In fact one can check that R is a principal 
ideal domain, and every nonzero ideal of R is of the form x‘ R = (z'), with i > 0 
uniquely determined. 


(c) Given an extension £/K, an absolute value on E with e = e(E/K) finite is 
discrete if and only if its restriction to K is. Indeed, if w is a corresponding 
valuation, we have ew(E*) C w(K”*) C w(E%); thus w(K%) is isomorphic to 
Z if and only if w(E%) is. 


F2. Suppose K is complete with respect to a discrete absolute value | |, and let w 
be the corresponding normalized valuation. Let S C K contain one representative 
of each element of K, and suppose 0 € S. For every i = 0 in Z, choose 1; such that 
w(x;) =i. (Uf m is a prime for w, we can set 1; = 1', for instance.) Then every 
a€ K has a unique representation 


(8) a= > ain; witha; €S, 
-0<i 


and the smallest i in (8) such that aj #0 isi = w(a). 
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Proof. The existence and uniqueness of the representation (8) for an element a in 
the valuation ring R of K are proved in a way wholly analogous to the case K = Qp 
and 2; = p', treated in F9 of Chapter 23. Now suppose a = z7”"a’ is any element of 
K such that m = w(a). Then 2! = mj4+ma~™ likewise satisfies w(;) = i. Hence 
there is a unique representation 


Because 
lo.) co 
= yy = i ; 
a=n a= ) aj;Titm = ) a;_ mM 
i=0 i=m 


we then obtain the desired representation of a. What’s left to show can again be 
handled in analogy with Chapter 23, F9. 


In the case of x; = 2! for every i, we thus see that any a € K has a unique 
representation as a Laurent series in a with coefficients in S and finite principal 
part. Addition and multiplication of elements of K obviously corresponds to the 
same operations on Laurent series; but since we cannot always arrange for S to 
be additively and multiplicatively closed, a sum or product Laurent series need not 
have coefficients in S, and hence need not itself be a mz-adic development of the 
form (8). However we can arrange for it to be such in an important special case: 


Example. Let F(X) be the field of rational functions in a variable XY over a field 
F.. For a nonzero polynomial f € F[X], let w(f) be the degree of f in X, and 
let w(0) = oo. The map w thus defined can be extended in an obvious way to a 
(normalized) valuation w of F(X). It is easy to check that the subfield F of F(X) 
is isomorphic, via the residue class homomorphism, to the residue field of F(X) 
with respect to w. Now let F((X)) be the w-completion of F(X); then, by F2, 
every f € F((X)) has a unique representation 


(9) f= Ss a,X', witha; € F. 
-0<i 


The valuation ring FLX] of F(X)) with respect to w is the ring of formal power 
series in X over F, consisting of those f such that a; = 0 for 7 < 0. For this 
reason F'((X)) is called the field of formal Laurent series (with finite principal part) 
in X over F. In this case, therefore, the subfield / provides a multiplicatively and 
additively closed set of representatives. 

By contrast, the field Q@, of p-adic numbers has no addition-preserving set of 
representatives, since Q, and Q, have distinct characteristics. (But by Theorem 4 
below, Q, does have a multiplication-preserving set of representatives.) 


We now turn to the proof, already alluded to, of the formulan =e f for complete, 
discrete valuations. First: 
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Lemma. Let the setup be as in Definition 1, and let x be an element of K such 


that |r| <1. Assume K is | |-complete. If B,,...,B, are representives in A for 
the elements of a generating set of A/mA over R/mR, then B,,..., By generate A 
over R. 


Proof. Set M = RB, +---+ R6;. By assumption, 
(10) A=M+2A. 


Take x € A. From (10) we obtain by recursion sequences noua of elements of R 
such that 


(11) x=x™B,4+---+xB, mod x"A, 


(12) x) =x mod xR. 


L 


Because of (12), each sequence eouae converges to an element x; in R (see F8 in 
Chapter 23), while (11) gives, upon passing to the limit, x = x18; +---+x; Bry. 


Theorem 1. Let E/K be a field extension and | | a discrete absolute value on E. 
Assume that E/K has finite ramification index e and finite residue class degree f 
with respect to | |. If K is | |-complete, the extension E/K is finite, and its degree 
n is given by 


(13) n=ef. 


Proof. Let x and IT be | |-prime elements of K and E£, respectively. The ideal 7A 
of A has the form 7A = JT” A, where m € N; see Remark (b) after Definition 2. 
Because |E*|:|K*| = <{J7|> : <|7’"|> =m, we then get m = e, and hence 


(14) nA = IT° A. 


Now let @1,...,a@¢ be representatives of a basis of E=A/ITA over K = R/nR. 
Consider the elements 


(15) ajIT/, for 1<i< f and 0<j <e; 


we claim they generate A over R (and hence also E over K). But this follows 
directly from the preceding lemma, because if we set M := Ra, +---+ Rar we 
have A=M+TA=M+/1(M +I7A)=---=M+TM 4+---+17°'!M 411° A, 
so the elements (15) do generate A modulo [7° A = A. 

So far we have shown that the extension E/K is finite and its degree n satisfies 
n<ef. But Fl says that ef <n, so equality (13) is proved. 


Furthermore, we see that the elements in (15) form a basis of E/K. 


Theorem 2. Let E/K be a separable, finite field extension. Let | |1,...,| |r be 
all the distinct extensions of a discrete absolute value | | on K to absolute values 
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on E. If we denote by e; and f; the residue class degree and ramification index of 
E/K with respect to | |i, fori =1,...,1r, the degree n of E/K satisfies 


(16) r= defi. 
i=1 


Proof. By Equation (60) in Chapter 23 we have n = ar n;, and Theorem | gives 
nj = e; fj. Taking into account Remark (b) after Definition 1, we obtain the desired 
equality (see also the remark preceding Definition 2). 


We now introduce a notion of great significance: 


Definition 3. Let the situation be as in Definition 1. Assume E/K is finite. Denote 
by E the | |-completion of E and by K the | |-completion of K inside E. We 
say that E/K is unramified (with respect to | |) if 


E:K=E:K 
and E/K is separable. 


Remarks. Keep the assumptions and notation from the definition. Since ef < BR. 
the condition that E'/K is unramified with respect to | | implies that e = 1. By 
Theorem 1, then, if | | is discrete, E/K is unramified (with respect to | |) if and 
only if e = 1 and E/K is separable. If L is an intermediate field of E/K, it is clear 
that E/K is unramified with respect to | | if and only if E/L and L/K are. 


In the case of a complete, unramified extension E'/K, the degree of the extension 
coincides with the residue class degree /, that is, the degree of the extension E/K 
of residue fields. The next theorem shows that in this case the extension E'/K is 
effectively determined by the extension E/K. 


Theorem 3. Let K be | |-complete, where | | is nonarchimedean. On the algebraic 
closure C of K, consider the unique extension of | | (also denoted by | |). 


(i) The residue field C of C is an algebraic closure of K. 


(ii) For every finite extension F/Ki in C/K there is an extension L/K in C/K such 
that L = F and L:K = L:K. 


(iii) The map taking each intermediate field of C/K to its residue field affords a 
bijection between the set of all finite unramified extensions L/K in C/K and 
that of all finite separable extensions F/K in C/K. This bijection preserves 
inclusion (in both directions). Every unramified L/K is separable. 


(iv) Every finite extension E/K in C/K has a largest unramified subextension 
L/K. If E/K is separable, this maximal extension satisfies E = L and 
L:K=E:K. 

(v) If L/K is unramified, L/K is Galois if and only if L/K is, and then there is a 
natural isomorphism G(L/K) > G(L/K) of Galois groups. 
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Proof. (a) Let &, with a € C and |a| < 1, be an arbitrary element of C. The minimal 
polynomial f of a over K has all its coefficients in the valuation ring R of K 
(Chapter 23, Theorem 4’). Hence we can consider f € K[X]; we have f(@) = 0, 
and f is normalized. Thus @ is algebraic over K. 


(b) An arbitrary normalized polynomial in K[X] is of the form /, where f € RLX] 
is normalized. Since C is algebraically closed, we have f(X) = [];(X — a), with 
the a; in C. By Theorem 4’ of Chapter 23, all the a; lie in the valuation ring of C. 
It follows that f (X)= [],(¥ —&;); that is, f isa product of linear factors over C, 
which shows that C is algebraically closed. 


(c) Take @ € C and let f be the minimal polynomial of & over K; we can assume f 
is normalized. Since f € R[X] splits into linear factors over C, an element a € C 
representing @ can be taken such that f(a) = 0. Set L = K(a). Then R[a] is 
contained in the valuation ring of L, so K[@] C L. By F1 we then have 


L:K<L:K <deg f =deg f = K(@): K <L: K, 


showing that equality holds throughout the chain; on particular, L = K(@) and 
L:K =L:K. Moreover, K(a): K equals deg f, so f is irreducible over K. This 
proves (ii) in the case of a simple extension F = K(@). The general case follows 
easily by induction. 


(d) Now let F/K be a finite separable extension in C/K. By the primitive element 
theorem, F = K(@). Hence (c) gives us an unramified L/K such that L = F. 
Moreover, if we write f/(X) =[](X —a;) with a; € C and a; =a, it follows that 
f(X) =| (X —G;). Hence / is separable if 7 is. 


(e) Let E/K be any finite extension in C/K, and let F be an intermediate field 
of the maximal separable extension (E)s/K in E/K. The preceding construction 
provides an unramified extension L = K(a) of K with L = F. We claim that 
LCE. This will complete the proof of (iii): indeed, if E/K is itself unramified 
and F = E, the inclusion L C E implies E = L (compare degrees). It is now clear 
that the correspondence preserves inclusions. Finally, this also proves (iv); to see 
this, consider the unramified extension L/K, where L= (E Ys. 

To prove our claim that L C FE, we must show that a € E. Consider f as a 
polynomial over EF. The polynomial fa has @ as a simple root in F C E. Since E is 
complete, it follows from F13 in Chapter 23 that f has a root 6 in E with B =a. 
But the polynomial f was so arranged that @; ¢ a; if a;, a; are distinct roots of f 
in C: see part (d). It follows that 6 = a; that is, w € E. 


(f) Now to part (v). By assumption, L/K is separable, so L is of the form L = K(@). 
If f and q@ are as above, we have L = K(qa) and f = MiPox (qa). In addition, L/K 
is separable. Now suppose L/K is normal; this amounts to saying that f splits into 
linear factors over L. Then / also splits fully over ZL, and L/K is likewise normal. 

Conversely, suppose L/K is normal. We know that / can in any case be written 
as f =] ](X —a;) over C. Set Lj = K(q). . By (c) we have L; = K(@;). In view 
of the assumption, we have L = K(@) = K(@;), hence L = Lj. It follows that 
Li = L, by (iii), showing that L/K is normal. 
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(g) Take o € G(L/K). Then |ox| = |x| for every x € L (see again Theorem 4’ in 
Chapter 23). It follows that o gives rise to an automorphism & of the residue field 
L; for any x in the valuation ring of L we then have 


&(X) =0(x). 


Clearly,  € G(L/K). The map o b> @ is then a natural homomorphism G(L/K) > 
G(L/K). To prove that it is an isomorphism, it is enough, in view of the equality 
L:K = L:K, to show that = 1 only when o = 1. We can take w and f as 
above, with L = K(a). For o € G(L/K), the image ow equals one of the roots 
Ql) =A,Q2,..., a, of f. Now let oa = qj. If 6 = 1, we have @ = GA = Ga = Qj. 
It follows that i = 1, so oa =a@ and hence o = 1. 


Theorem 4. Suppose that K is complete with respect to a nonarchimedean absolute 
value | | and that the corresponding residue field K is a finite field with q elements. 
Let the notation be as in Theorem 3. 


(i) For every n € N there exists exactly one unramified extension of degree n in 
C/K, namely the extension K(¢)/K obtained by adjoining to K a primitive 
(q”—1)-st root of unity ¢. 

(ii) Suppose m € N and p = char K are relatively prime, and let in be a primitive 
m-th root of unity in C. The extension K(&m) /K is unramified, and its degree 
is the order n of g modulo m. Thus the group W(K)p: of all roots of unity of 
K whose order is relatively prime to p has order q — 1; this group is a full set 
of representatives for the multiplicative group of K. 

(iii) Every finite unramified extension L/K is Galois, and the Galois group G(L/K) 
possesses a unique element 9 that gives rise to the map x +> x4 on L. This 
element, also written py/xK, is called the Frobenius automorphism (or just the 
Frobenius) of L/K. It has order L: K. Thus G(L/K) is cyclic and gy x is a 
canonical generator for it. 


Proof. (a) K has a unique extension F of degree n in C, namely the field F = F gn 
with g” elements (Chapter 9, Theorem | in vol. I). Since every extension of a 
finite field is separable, Theorem 3(iii) yields the existence of a unique unramified 
extension L/K of degree n in C/K. Consider over L the polynomial g(X) = 
X™ —1, with m = q" —1. The multiplicative group of L = Fgn is cyclic (Chapter 
9, Theorem 2); let m be a generator for it. Over L, the polynomial Z(X) is the 
product of distinct linear factors X — w!, for 0 <i < q”"—1. By F13 in Chapter 23, 
therefore, we can associate with w a root ¢ € L of g(X) such that € = w. Then ¢ 
is a primitive (q"—1)-st root of unity, because ¢! = 1 implies w! = €' = 1. Thus 
the powers ¢', for 0 <i <q”—1, make up a full set of representatives for L* in L. 
(b) For a givenm €N relatively prime to g, let n be the smallest natural number such 
that g” = 1 mod m. Because ¢, is at all events a (q”—1)-st root of unity, K(Gm) is 
contained in K(¢), where ¢ is a primitive (q”—1)-st root of unity as in (a). Since ¢) 
is a power of ¢, part (a) implies that ord(¢) =m; by the choice of n, therefore, 2, Fgn 
is the smallest extension of K = Fg containing Em. Hence K(Em) = Fax = K(6). 
Since K(fm) C K(¢) it follows that K(ém) = K(€). This proves (11) as well. 
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(c) We know from Theorem 4 in Chapter 9 that any extension of finite fields is 
Galois, with cyclic Galois group generated by the automorphism x +> x7, where q 
is the number of elements of the ground field. Thus (iii) follows from part (v) of 
Theorem 3. 


Incidentally, if 7 = L: K and € is as in (i), we have 


(17) er/K(S) = 674; 


indeed, y(¢) is a (q”—1)-st root of unity (because ¢ is one), and we see using part (a) 
that y(¢) = €4 implies (17). 


As mentioned earlier, the notion of unramified extensions is of great importance, 
and Theorem 4 plays a key role in arithmetic. To conclude this chapter we will 
briefly look at the opposite extreme, purely ramified extensions: 


F3. Let | | be a discrete absolute value on K, with normalized valuation w. 

(a) Let f(X) = X" + ay) X""! + -++++ a0 € K[X] be an Eisenstein polyno- 
mial (meaning that w(ai;) = 1 = w(do)), and let IT be a root of f. Then | | 
has exactly one extension to an absolute value on E = K(IT); the extension 
E/K is purely ramified, meaning that e(E/K) = E: K; the polynomial f is 
irreducible; and IT is a prime element of E. 


(b 


wm 


Conversely, let E/K be purely ramified with respect to an extension to E of the 
absolute value | | on K, and let II bea prime element of E. Then E = K(/1), 
and the minimal polynomial f of II over K is an Eisenstein polynomial. 


Proof. (a) From II” + an_; 1”! +---+ag = 0 and the Eisenstein property, we see 
that |J7| < 1 (where we denote an extension of | | to E again by | |; see Theorem 5 
in Chapter 23). Because |do| > |a;||J7'| for i > 0, we then get 


| ao] = |Z7"| = [T". 


Consequently the ramification degree e(E/K) is at least n, because do is a prime 
element of K (recall that w(ao) = 1). Therefore E: K > e(E/K)>n> E:K, 
proving equality; and this concludes the proof of (a), taking (5) into consideration. 
The irreducibility of f is also assured, of course, by the Eisenstein criterion (vol. I, 
Chapter 5, F10). 


(b) From the assumptions we get K(/1): K = e(K(IT)/K) = > e(E/K) = E: K, 
which shows first of all that E = K(J7). Let E / K be the corresponding extension 
of completions. Since E:K> e(E/K) = e(E/K)=E:K>E:K and E= K(11), 
the polynomial f is irreducible over K as well. Thus, over an algebraic closure C 
of E, we have 


f(Y\=][X%-T), with || =|], 


and so the coefficients a; of f (apart from the leading coefficient) all have absolute 
value less than 1; moreover |do| = |J7|", so do is a prime element of K. 
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Example. Let p* be a prime power (with k > 0) and let ¢ be a primitive p*-th root 
of unity. The extension @,(¢)/Q, is purely ramified of degree n = (p—1) os 


and 1 —¢ is a prime element of Q,(¢). 


Proof. Consider the p*-th cyclotomic polynomial 


k 
XP —] = 
109 ae are al og HP 


k—-1 
? 


whose roots are precisely the primitive p*-th roots of unity: 
/ F 
s(X)=[] w-5, 
i 


where the product runs over all integers i relatively prime to p with 1 <i < p*. 
Now ¢—1 is a root of the polynomial f(X) := g(X + 1); but it is easy to see that 
J is an Eisenstein polynomial, which proves the claim by F3. 

Here is an alternative way to cap the argument without using F3: We have 
g(1) = p=J];(1—2'); but since for each i in question the expression 1 —¢’ differs 
from 1 — ¢ only by an invertible factor, we see that (1 — ¢)” is conjugate to p, so 
the ramification index is at least n. 


In the case k = 1, when ¢ = ¢, is a primitive p-th root of unity, we can say more. 
Since Q, contains the (p—1)-st roots of unity, the cyclic extension Q,(¢,)/Q, must 
be generated by a single (p—1)-st root of an element of Q,. Indeed, we claim that 


(18) Op (Sp) = Qp(?-/— Pp). 


To prove this, we start as above from 


p-l 
(19) p=[[G-$)=G-9?" 
i=1 
and notice that 
p-l p-l 
(20) e=][G+e+---+6°') =] [i =(p- 1)! mod p, 


i=1 i=] 
with p = (1 —¢,). Since (p — 1)! = —1 mod p, there follows 
(21) —e=1modp. 


But then, by Hensel’s Lemma (see F13 in Chapter 23, or else §23.13), —e is a 
(p—1)-st power in Q,(¢,). The same is true about —p, because of (19). Now the 
equality (18) is clear, since both fields there have degree p — 1 over Q, (see F3). 


25 
Local Fields 


1. We start with a short and pithy definition, one deserving of later elaboration: 


Definition 1. By a local field we understand a field K that is locally compact with 
respect to some nontrivial absolute value | | on K. In this situation we also say 
that K is | |-local. 


Let K be a field with a nontrivial absolute value | |, and let K be locally 
compact with respect to | |. The condition amounts to saying that, for some — 
equivalently, for any —constant c > 0, the subset 


(1) {x€K||x|<c} 


is compact. Then K is also complete. Indeed, a Cauchy sequence (X,)n in K is 
necessarily bounded, and thus, by the compactness of (1), it has a convergent 
subsequence. But a Cauchy sequence having a convergent subsequence is itself 
convergent. 

We now have two cases. If | | is archimedean, then K =R or K =C, and | | 
is equivalent to the ordinary absolute value (see Remark after F11 in Chapter 23). 

Otherwise, | | is nonarchimedean. The valuation ring R = {x € K | |x| < 1} 
is then the disjoint union of the cosets (residue classes) modulo the valuation ideal 
p={x eK | |x| < 1}. Since p is open, so is each coset a+ p. Since R is compact 
as well, R/p must be finite. Hence K has a finite residue field K. 

Moreover, a nonarchimedean | | is discrete. For suppose the valuation group 
|K*| has an accumulation point c > 0 in R. There is a sequence (X,)n in K, with 
all the |x,,| distinct, such that (|x,|), converges toward c in R. Being bounded, the 
sequence (x7) possesses a subsequence that converges to some a € K. We have 
|a| =, but also |x,| = |a| for infinitely many n, because x, = a + (Xn —a) and 
| | is nonarchimedean. Contradiction! 


Fl. (a) Let K bea local field with respect to a nonarchimedean absolute value | |. 
(i) K is| |-complete. (ii) | | is discrete. 
(iii) The residue field K of K with respect to | | is finite. 
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(b) Conversely: If | | is an absolute value on a field K with properties (i)—(iii) of 
part (a), then K is | |-local. 


Proof. Only part (b) remains to be proved. Let z be a prime element of K with 
respect to | |, and let g be the cardinality of K. We first show that, for every n EN, 
the quotient ring R/z” R is finite, and in fact 


(2) Card(R/x”" R) = q". 


To this end consider the chain RD RD a*RD---D x"R of additive subgroups, 
whose factors 2’ R/z't! R are each isomorphic to R/a = K. 

Proving that K is locally compact amounts to showing that R = {x | |x| < 1} is 
compact. Thus, let L{ be an open cover of R, and assume, contrary to the claim, that 
R cannot be covered by finitely many sets U € L. Since R/7z is finite, there exists 
a coset a; + 7R that cannot be covered by a finite subset of L. Because R/27 is 
also finite, there is likewise a coset a2 +2? R, with a2 =a, mod 7 R, that also does 
not admit a finite subcover. By recursion, we obtain a sequence (dy), in R with 


(3) An+1 =a, mod x” R, 


where each a, + 2” R cannot be covered by a finite subset of LU. In view of (3), 
the sequence (d,)n converges toward some a € R, satisfying a = a, mod x” R for 
all n. But a lies in some element U € LU; since U is open, there exists n such that 
a+nz”RCU. Hence a,+2"R=a+x"R in fact admits the one-element cover 
{U}, contrary to the construction. 


Theorem 1. Let K be a field with an absolute value | | having properties (i), (ii) 

and (111) from F1. 
(I) If K has characteristic zero, it is a finite extension of Qp, where p = char K, 
and | | is equivalent to the unique extension of | |p to an absolute value on K. 


(ID) If K has nonzero characteristic, it equals the field Fg((X )) of formal Laurent 


series with finite principal part in one variable X over some finite field Fg = K, 
and | | belongs to the canonical valuation of F g((X)). 


Proof. (1) When char K = 0 we can regard @ as a subfield of K. Set p = char K. 
Then |p| < 1; by substituting an equivalent absolute value we can assume that 
|p| = 1/p. But now the restriction of | | to @ can only be the p-adic absolute 
value on Q@: see Theorem | and Fl in Chapter 23. Since K is | |-complete— 
see condition (i) — one can view Q, as a subfield of K. By (iii), the residue class 
degree f of K/Qp is necessarily finite; the ramification index e of K/Q, is also 
finite, because the valuation group | K~| is cyclic, by (ii), and hence any nontrivial 
subgroup of it has finite index. From Theorem | in Chapter 24 we conclude that 
K/Qp is finite. 


(II) Now suppose char K = p > 0. Then char K =char K = p. The prime field of 
K is F,. Let q be the cardinality of K. By Theorem 4(ii) in Chapter 24, K contains 
a primitive (g—1)-st root of unity, and its image ¢ in K generates the multiplicative 
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group of K. Take the subfield Fy (¢) of K; the residue class map restricts to a field 
homomorphism F,(¢) — K. By our choice of ¢, this homomorphism is surjective, 
hence an isomorphism. Thus we can identify K with the subfield Fp (¢) of K; that 
is, F,(¢) = K= F, is the field with g elements. 

Let X be a prime element of K with respect to | |. By F2 in Chapter 24, every 
a € K admits a unique representation of the form 


a= 2 a; X', with a; € Fg, 
—o <i 


and conversely, any such infinite series determines an element of K. Since Fg is a 
subfield of K, we have K = F,((X)): see Chapter 24, Example following F2. 


To summarize: 


F2. The local fields are 
(1) the fields R and C, 
(2) the finite extensions of the fields Qp, and 
(3) the rational function fields F q((X )) over finite fields F q. 
We will now choose a privileged absolute value | |x on each local field K. In 


case (1) we take | |x = | |oo. In cases (2) and (3), the field K has a canonical 
normalized valuation wx; we define | |x by setting 


l\wx(@) ~ 
(4) lelx = (-) . with g =Card K. 

q 
In case (2), | |x does not coincide with the unique extension | |, to K of the 


p-adic absolute value on Q,, unless K : Mp, = 1. More precisely, 
(5) lolx = lal, =|Nxja,(@)|,. 

where n:= K : Qp. To see this, take e = e(K/Q,): we have 

(6) ie Sei, 


which, together with the equalities g = p/ and ef =n (Theorem 4 in Chapter 23), 
immediately yields (5). 


Remark. We mention here, without proof, that the definition of a local field can be 
cast in even more fundamental terms. Let K be a topological field (that is, a field 
endowed with a nondiscrete topology with respect to which addition, multiplication 
and inversion are continuous), and suppose K is locally compact in that topology. 
Then K admits a canonical absolute value | |x that determines the given topology. 

To elaborate: Being a locally compact topological group, the additive group of 
K has a translation-invariant measure (4x, which is uniquely determined up to a 
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constant factor. Hence, any a € K can be assigned a well defined expansion factor 
\|a||x describing the effect of multiplication by a: 


(7) (aM) = |lallk uw) _ for all w-measurable sets M. 
Then || ||x is an absolute value on K, except when K = C, in which case || ||x = 
| |2, instead. It is easy to check that in the remaining cases || ||x coincides with 


the previously defined absolute value | |x. 
In this connection, the reader is encouraged to (re)read problems §24.12-13. 


2. Next we obtain another and very satisfying characterization of local fields. To 
prepare the ground: 


Definition 2. The following fields are called global fields: 
(a) Any algebraic number field; that is, any finite extension of Q. 


(b) Any function field in one variable over a finite field; that is, any finite extension 
of the rational function field F(X). 


Apart from the archimedean exceptions, all nontrivial absolute values of a global 
field are discrete, with finite residue field; indeed, this is true for @ and for F,(X) 
(see Chapter 23, Theorem | and Problem §23.5), and both properties are inherited by 
finite extensions (see Chapter 24, Fl and Remark (c) after Definition 2). Therefore, 
in view of Fl, every completion of a global field with respect to a nontrivial absolute 
value is a local field. Even more is true: 


Theorem 2. Local fields are precisely the completions of global fields with respect 
to nontrivial absolute values. 


Proof. We go down the list of local fields: For R and C the assertion is justified by 
considering the global fields @ and Q(i), respectively, with respect to | |oo. Also 
Fg((X)) is a completion of Fg(X). For finite extensions of Q, the claim will be 
proved with F3 below. 


To prepare the ground we need to delve into certain peculiarities of nonar- 
chimedean valuated fields, which are also of interest in themselves. We begin with: 


Krasner’s Lemma. Let K be complete with respect to a nonarchimedean absolute 
value, and let C be an algebraic closure of K with absolute value | | extending that 
of K. Suppose a € C has a separable minimal polynomial 


(Y= [| [x -«)). with a, = a. 


j 
Then, whenever B € C satisfies 
|[B-—a|<|la;—a| forevery j -1, 
we have K(a) C K(f). 
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Proof. Otherwise there would be o € G(C/K) with o(a) # a but o(f) = B. Since 
o is an isometry, we would get the contradiction 


|B —a| = |o(B—a)| = |B—oa| = |B—a;| > |B—a. 


Theorem 3. Let K be complete with respect to a nonarchimedean absolute value | | 
and let f € K[X] be a normalized, irreducible, separable polynomial of degree n. 
There exists a constant 5 > 0 with the following property: If g € K[X] is normalized 
of degree n and if |g — f | <4, then g is irreducible, and for any root a of f there is 
a root B of g satisfying K(a) = K(f). 


(Problem §24.22 contains a significant generalization of this result.) 


Proof. (a) First let a root 6 of g be given; we claim that |6| < |g|. For, letting 5; 
denote the coefficients of g, we'd get if |B| > |g| the inequality |B”| > |b;| |B"| for 
i <n, hence the contradiction 0 = |B” + by_1 8"! +---+bo0| =|B”| (keep in mind 
that |g| => 1). 


(b) Clearly, |g — f| < 1 implies |g| = | /|. 


(c) Now suppose |g — f| <6 < 1 for some yet to be chosen 6 > 0, and let a; denote 
the coefficients of /. Using (a) and (b), we see that any root 6 of g satisfies 


eG —b;)B' 


Writing f(X) = [],;(X — aj) over C we get 1,6 —«a;)| < 6| f|"; hence we can 
find 7 such that 


If(B)| = 1F (8) — g(B)| = <dlg|" = 5 fF". 


|B -ail < ¥8|f\. 
For small enough 6 > 0, then, 
|B—ai|<|a;—qa;| forevery j 4i, 


which by Krasner’s Lemma implies that K(a@;) C K(f). But then, by a degree 
argument, we actually have 


(8) K (aj) = K(B), 


so g, like f, is irreducible (and separable). If a is a fixed root of /, there exists a 
K-isomorphism o : K(a;) > K(q) such that oa; =a, and (8) yields K(a) = K(af): 
this is what we need, since of is a root of g. 


F3. For every finite extension K /Qp there is a subfield F of K such that 
(i) F/Q is finite of degree F: Q = K : Qp, and 


(ii) F is | |p-dense in K; in other words, K is the | | p-completion of the algebraic 
number field F. 
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Proof. By the primitive element theorem we can write K = Q,(a). Set f = 
MiPog, (a). Since @ is dense in Q,, Theorem 3 provides an irreducible polynomial 
g € Q[X] of degree n = deg f = K : Qp, and also a root B of g such that Q,(8) = 
Q,(a) = K. Then the subfield F = Q() of K satisfies F: Q = K : Q,; moreover 
F=Q(6)=Q+OQ6+---+@f""! is dense inQ,+Q,6h+-:-+Q,6" 1 =K. 


We now investigate yet another important fact in whose proof Krasner’s Lemma 
plays a role. 


F4. The algebraic closure C of Qp is not complete with respect to | |p. 


Proof. Given a natural number n, let a, be a root of unity of order p”! — 1. Then 
Qp(dn)/Qp is unramified of degree n!, and Qp (an) C Qp(An+1) (see Chapter 24, 
Theorem 4). Consider the sequence (5y)n given by 


re Sax p* € Qp(an). 


k=0 


Since Sy — Sy—1 = dnp”, this is a Cauchy sequence in C with respect to | |p. 
Assume that (sy) is | |»-convergent in C, say toward a € C. Write 


JS = MiPog, (a) = [[~ —aj) over C, 
i 
with a; =a. Since |s, —a| — 0, Krasner’s Lemma implies, for n large enough, 
a € Op (Sn) © Q(an). 


For a fixed such large n, set K = Qp(ay) and consider the p-adic expansion of a 


in K: 
lo ) 
k 
a= Deep, 
k=0 


where cx € {0} U <ay) is either a power of a, or 0 (see Chapter 24, F2, together 
with Theorem 4). For m > n, we have in @(a,,) the congruence 


m 


m 
a= Sax p* = cep” mod p™t!, 
k=0 k=0 


By the uniqueness of p-adic expansions in Q(am), we obtain a, =c x for all k <m. 
In particular, a lies in Q(a,). But this contradicts the inequality Q(a,,) : Q > 


Q(dn): Q. 


Theorem 4. The completion Cp of the algebraic closure C of Qp with respect to 
| |p is algebraically closed. 


Note that this is a special case of §24.15. 
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Proof. Let f € C,[X] be a normalized and irreducible polynomial over Cy, and 
let w be a root of f (in the algebraic closure of C,). The field C is dense in Cp. 
By Theorem 3, applied to the complete field K = Cp, there is then a polynomial 
g € C[X] and a root 6 of g such that C,(~) = C,(f). Since C is algebraically 
closed (and the coefficients of g lie in C), we see that B € C, and hence a € Cp. 


The field C,, whose algebraic closedness we have just proved, plays a role in 
p-adic analysis similar to that of the complex numbers in archimedean analysis. 


3. Galois extensions of local fields, as we shall now show, only admit solvable 
Galois groups. The proof requires a new refinement of the notion of ramified ex- 
tensions and a study of how they arise. An extension E/K of local fields is called 
tamely ramified if its ramification index is relatively prime to the characteristic of 
the residue field K; otherwise it is wildly ramified. (In this context we will disregard 
the archimedean local fields R and C.) 


F5. Let E/K be a purely ramified extension of local fields of degree 
(9) e#0mod p,_ where p =char K. 
Then there exists a prime element 1 of K such that 


(10) E = K(&/m). 


More precisely: If x is a predetermined prime element of K, then 


(11) E=K(Y/x6) 


for an appropriate (q—1)-th root of unity € in K, where q is the cardinality of K. If 
E/K is assumed to be Galois, K contains a primitive e-th root of unity; that is, 


(12) e|q-l, 
and G(E/K) is cyelic of order e. 
Proof. Let IT be a prime of E’. We first note that 
TT =un, whereu € E is a unit. 


Because E/K is purely ramified, E and K coincide, and by Chapter 24, Theorem 4, 
the (q—1)-th roots of unity form a family — contained in K — of coset representa- 
tives of the multiplicative group of E = K. Hence there exists a (q—1)-st root of 
unity ¢ € K satisfying 

u= uy, 


where uw, is a l-unit of FE, that is, a unit satisfying uw; = 1 mod /7. But from (9) 
we obtain that uw; = c® is an e-th power in EF (see §23.13). Thus we have a prime 
element J7p := c~'T7 of E satisfying 


ITs = 6x, 
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that is, an e-th root of the element 29 := ¢ of K. This proves (11), since E = 
K(I1o) by F3 in Chapter 24. 

Assume further that E/K is Galois. The polynomial X ° — zp is irreducible over 
K and splits into e distinct linear factors over E. Thus F contains a primitive e-th 
root of unity, which must already lie in K, because of (9) and the equality E = K 
(see again Theorem 4 in Chapter 24). Hence, in view of (10), G(E/K) is cyclic 
(see Fl in Chapter 14, vol. I). 


Theorem 5. Every Galois extension E/K of local fields has a solvable Galois group. 


Proof. Since G(C/R) = Z/2, we only have to worry about the nonarchimedean 
case. Consider the maximal intermediate field L of E/K that is unramified over 
K (Chapter 24, Theorem 3). The extension £/ZL is purely ramified and G(L/K) 
is cyclic (Chapter 24, Theorem 4). Thus we can restrict ourself for the rest of the 
proof to the case that E/K is purely ramified. 

Let H be a Sylow p-group of G = G(E/K), where p = char K. Denote by 
F the corresponding intermediate field. Since F: K = G: H 4 0 mod p, we can 
apply F5 to deduce that F = K(/r), where z is a prime of K ande = F':: K. The 
polynomial X° — z is irreducible over K and splits over E into e distinct linear 
factors (since E/ K is normal); thus E contains a primitive e-th root of unity. Again, 
because E'/K is purely ramified and p does not divide e, this root must already lie 
in K. Hence F/K is Galois, and by F5 its Galois group is cyclic. Thus, to prove 
that G is solvable, we need only show the solvability of H; but this just comes from 
HT being a p-group. 


Remarks. (1) In the proof of Theorem 5 we obtained something beyond the mere 
solvability of G = G(E/K): we have established canonical initial elements of a 
principal series 


(13) GDTDVD-::--D1 


for G, namely 7, corresponding to the largest intermediate field E/K unramified 
over K, and V, corresponding to the largest tamely ramified one. (Note that V 
is normal in G since it is the unique Sylow p-group of T.) One can define the 
remaining terms of (13) canonically as well, but we won’t get into this matter or 
into the interesting properties of this principal series; however, see at least §24.10 
on page 314. 


(2) It also deserves to be mentioned that the structure of the solvable group G(E/K) 
must in any case obey a sharply restrictive condition: The group T in (13) is the 
semidirect product of its normal Sylow p-group V with a cyclic subgroup C: 


T=CV, CNV=t. 


To derive the existence of such a subgroup C, observe that 7'/V is cyclic, with 
order relatively prime to p. 
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Whereas the field Q, for example, has infinitely many extensions of degree 2, 
local fields of characteristic zero are more restrained: 


Theorem 6. A local field K of characteristic 0 admits (inside a fixed algebraic 
closure) only finitely many extensions of a given degree. 


Proof. We can assume that K is nonarchimedean and fix a prime element z of K. 
In view of Theorems 3 and 4 of Chapter 24, we need only concern ourselves with 
purely ramified extensions E/K of prescribed degree n = E:: K. By Chapter 24, F3, 
any such extension arises by the adjunction of a root of an Eisenstein polynomial 


(14) f(X) =X" + ep-1 XX" ++++4+ 109 


of degree n over K, where the c; all belong to the valuation ring R and co, in 
addition, lies in the group of units U = R*. Conversely, one can associate to each 
n-tuple c = (Co, ¢C1,---,Cn—1) in 


(15) Ux Rx---x R=Ux R™! 


the corresponding polynomial (14), and thus form finitely many extensions of degree 
n over K by adjoining (individually) the roots of that polynomial. Now, as can be 
seen easily from Theorem 3, each n-tuple c in (15) has a small enough neighborhood 
all of whose elements determine the same (finitely many) extensions as c. The set 
(15) being compact, there exist overall only finitely many purely ramified extensions 
E/K with E: K =n. 


Remark. It is easy to see that the statement of Theorem 6 also holds in nonzero 
characteristic if only those extensions E/K such that e(E/K) is not divisible by 
char K are allowed. 


4. In this last section we investigate more closely the structure of the multiplica- 
tive group Of a local field. For the reals, the logarithm function transforms R50 
isomorphically into the additive group R. Thus 


R* = {+1} x Rao ~ Z/2xR. 


For C, using the exponential function e?7!* 


, one gets 
(16) CX =Rsyox S' ~ RxR/Z. 


Now let K be a nonarchimedean local field with normalized valuation wx, 
valuation ring R = Rx, valuation ideal p = px and residue field K = R/p. Take 


(17) g= qk =Card(K) and p=charK. 


Denote by | |x the canonical absolute value of K, given by 


1 \vx (@) 
(18) lale = (-) for alla e K. 
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In the group of units U = Ux = RX = {ae K | wx(a) = 0} of K, there is for 
every n €N a subgroup 


(19) U® =U =14p"={xeR | x =1 mod p"}; 


its elements are called the n-units of K. The decreasing sequence formed by the 
U™ amounts to an open neighborhood basis of 1 in K™. 
Set U i = Ux. Also, for each natural number m, denote by 


(20) Wn 


the group of m-th roots of unity in the algebraic closure of K, and set W,,(K) = 
Wn OK. 


F6. Choose a prime element x of K. The group K~™ has a direct product decompo- 
sition 
(21) K* = (x) x Ug = (x) x Wy x UU? 


(in the topological sense as well). The group W'(K) of all roots of unity of K with 
order relatively prime to p satisfies W'(K) = Wg-1. There is an isomorphism 


(22) Ux /UW ~ K™, 
and for every n = | the factor group 
(23) Oe aK 


is isomorphic to the additive group of the residue field K, and hence an elementary 
abelian p-group of order q. 


Proof. Every a € K* has a decomposition 
a=n"K@y withu e Ug, 


which is canonical (once z is chosen). We already know (Chapter 24, Theorem 4) 
that W’(K) = W,-1, and W,_1 is isomorphically mapped to K™ via the residue 
class homomorphism 


(24) ae 
x we X. 
The kernel of (24) is obviously U(. It follows that 
(25) Ux = Wy1xUQ”, 
proving (22) . There remains to justify (23). The map U he ) _, K defined by 
l+an" » @:=amodp 


is easily found to be a homomorphism from U 2 onto K, and its kernel is U Ny eh 
This yields (23). 
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The composition of the multiplicative group K* of a local field K is only 
roughly described by (21). From there on, the matter rests with the structure of 
the group of 1-units U“). Regarding the latter, (23) gives nonetheless a certain 
amount of information. 


We now investigate the obvious question of whether, for every natural number m, 
the index 


(26) KK 


of the subgroup K”*” = {x’ | x € K*} of m-th powers in K* can be calculated. 
The answer is easy for K = R and K =C: For the reals it is 2 if m is even and 1 if 
odd; for K = C it is always 1. So assume again that K is nonarchimedean. Using 
F6 and considering the homomorphism x +> x” on each of the subgroups involved, 
one easily checks that 


K*:K*x™ Us” pi. 


27 ie 
27) Card Wn(K)  CardWm(K) Card WU) 


where Wn(U™) = Wn OU. So far, so good. But in a certain way things are 
not as simple as one might expect: 


F7. If K is a local field of characteristic p > 0, then 
(28) K*: K*P =o0. 


Proof. We have K = Fg((X)); see F2. Assume that K*: K*? is finite; then (27) 
implies that U : U” too is finite. Now, since U is compact, so is U”; in particular, 
UP is closed. Since U : U” is finite, this implies that U? is also open. For large 
enough n, then, we must have 


14+X"e€U? CK? =F,(X")); 


but this is impossible if p does not divide n. 
An alternative argument: Since char K = p, the set K? is a subfield of K, and 
since K = K?(X) we obviously have 


K: K? =p<o. 


But for a nontrivial finite field extension K/k with k infinite, the quotient K*/k* 
can never be finite (see Problem §1.6 in vol. I). 


Theorem 7. Let K be any local field. For every natural number m, 
K*: Kk m 


29 Cad Wak). lmale: 
(29) Card Win(K) — |\mllx 


(Here || ||xk =| |x except when K = C; see the Remark following F2. Note also 
that in nonzero characteristic, say char K = p = char K, the denominator on the 
right vanishes if p divides m and the equality must be read as saying that K* : K*” 
is infinite in this case.) 
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Proof. For K = R,C the assertion is clear; therefore let K be nonarchimedean. 
First suppose that m is prime to p = char K; then U“) = U™, as can be seen by 
applying F13 in Chapter 23 (see also §23.13). Thus the conclusion can be read off 
from F6 and equality (27). 

One checks equally easily that both sides of (29) behave multiplicatively for 
m =m M2, with m,,mz relatively prime. Altogether, then, we need only verify 
the formula for m = 2, where p = char K. If K, too, has characteristic p, this is 
taken care of by F7. 

We are left with the case char K = 0. Here we resort to the structure of the 
group of 1-units U“), which can be exactly determined in this case: as proved in 
Theorem 9 below, 


(30) UW) ~ Wyoo(K) x 2%, 


where W,-0(K) is the group of roots of unity in K whose order is a power of p, 
and n is the degree of K/Q,. From (30) we get 


(1) (1)m 
Uz,’ :U 
x i =Z,:mZ,;. 


31 Te 
oy) Card W,(U ) P 


Since Z5/mZ), = (Zp/mZp)" = (Zp/p* Zp)" has order (p*)" = p™ = pre) — 
|m| x (see (5)), the desired equality (29) follows from (27). 


F8. Take aeé€ ue and x € Zp. For every sequence (Xn)n of integers converging 
p-adically to x, the sequence (a*" )y converges in K. The element 


(32) a~ = lim a“ 
noo 


is independent of the choice of the sequence (Xn)n, so the map (x,a) +> aX is well 
defined; this makes uy into a Zp-module. 


Proof. First note that b « U - ) implies b? eU pan in view of (23). More generally, 
therefore, we have for each z € Z: 


(33) jeu = Ferre 


Applying this to ae U (1) we obtain for any sequence (Z,), in Z the implication 
(34) limz,=0 => lima” =1. 

Now let (x,)n be an arbitrary p-adic Cauchy sequence in Z. By (34), the sequence 
with entries 


qyntl —q* = aX" (aXnti-*n = 1) 


converges to 0 in K. Hence (a*”), is a Cauchy sequence in K and so converges. 
Its limit lies in U oy since this set is closed. Given x € Zp, there is certainly a 
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sequence (X,), in Z converging p-adically to x. If (vn)n is another such sequence, 
the sequence with entries 


qr" —q* — aX" (ann a 1) 


is, again by (34), a null sequence in K. Thus a* is well defined by (32).' Since the 
usual power laws (a*)¥ =a*”, a° = 1, (ab)* =a*b*, and a**¥ =a*a” obviously 


hold, we have indeed made U le into a Zy-module. 
In R, as we know, we have, for a > 0: 
at —1 


loga = lim 
e h->0 h 


Imitating the same pattern, we define, for every a € U ae 


pe _ 1 
(35) loga= lim : 


n—oo p" 


> 


where we must assume char K = 0 in view of the denominator. 


Theorem 8. Suppose char K = 0. For everya€ ul ) the vale of log a (also denoted 
logx 4 or log, a) is well defined by (35). The map log : Ux () _. K is continuous and 
satisfies 


(36) log(ab) = loga + log b; 


it is therefore a homomorphism. Its kernel is the group Wpx(K) of all roots of unity 
in K whose order is a power of p. 
Let e=wx(p) > 0 be the ramification index of K/Qy. For every natural number 
e 


p-l 


(37) r> 


the log function induces an isomorphism from us ) onto the additive group Pr, 
which is also a homeomorphism (that is, bicontinous). This isomorphism 


(38) UO ~pe, forr> ot 


is also an isomorphism of Zp-modules. 


Proof. For a € UY we already know that aP™ eum™, by (33). Since 


na—m 


a?” —] _ i (aP”")P —1 


p" = p™ pe 


’ 


we can restrict our attention to some U Qn) | with m > | arbitrary. 


' Tn fact, the map x +> a is continuous, because Wp(x) >= i implies a* € uae), 
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Lemma. With the preceding notations, we have, for a € oe 
(39) wx(a—1)>e/p-l = wx(a?—-1)=wx(a-1) +e. 


Under the assumption wx (a —1) = e/p—l, we have in any case wx (a? — 1) = 
wx(a—1)+e. 


Proof. Set a = 1+ y. The conclusions of the lemma can be read off from the 
equation 


p-l 
P\ k 
a (i+ y) tot (7) +y 


since each (2) is divisible by p = p® and the summand y? satisfies wx(y?) = 
Pwx(y) = (p—l)wx(y) + wx(y). 


We resume the proof of Theorem 8, taking a € U™ with m > e/p—1. The 
lemma implies a?” = 1 mod p+”; hence 


hn 
a? —\ 


n 


(40) 


=0 mod p”. 


To prove that the elements z, on the left form a Cauchy sequence, consider that 


lta tae 4... 4 qe-De" 
Zn+1—Zn = Zn ———-_ +. —--——— 4 ‘ 


Since a?" = 1 mod p”*”°, the numerator of the fraction in parentheses is congruent 
to p modulo p+”, so the fraction itself is equivalent to 1 modulo p"™t@—Ve, 
Therefore the terms z,+1 — Zn, form a null sequence, proving the existence of the 
limit in (35). In view of the equality 


(ab)P"=1 _ yon a” —] pr" —] 
p" p" p" 
and the fact that b?” converges to 1, it is now clear that log is a homomorphism. 
According to (40) we have 


(41) logaep” foraeU™ with m> e/p-—l. 


In particular, log is continuous at a = 1, and in view of (36) also at every a€ U“). 
Now suppose r > e/ p—l and take a€ U”). By the lemma, then, wx (a?" —1)= 
wx(a—1)+ne = wx(a—1)+ wx(p”). Then (35) implies 


(42) wx(loga)=wx(a—-1) for wx(a—1)>e/p-l. 


To prove that log: U“ —> p” is an isomorphism, it obviously suffices to show that, 
for each n, the induced map 


(43) uO;ger ay p'/prts 
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arising from log is an isomorphism (since log is continuous and U) is compact). 
Because of (23), both groups in (43) have order q”, so all that remains to show is 
that (43) is injective. But this is clear from (42). 

For a € U"), given a” = 1, we obtain nloga = loga” = 0, so loga = 0. 
Conversely, suppose log a = 0. For r > e/ p—1 as in (37) we have a?’ €U), From 
loga?’ = p" loga = 0 there now follows a?’ = 1. We obtain 


(44) ker log = Wp~(K) = Wpr (K), 


where r is the smallest natural number satisfying (37). Notice in this connection that 
a root of unity of order a power of p necessarily lies in U“) (see F6, for example). 

We still have to DIDS the last sentence of the theorem. In fact we show, more 
generally, that log: ue )_ Kisa homomorphism of Z,-modules. Indeed, applying 
the log function to (32) we get, by continuity, 


(45) loga* = limloga*" = lim(x, loga) = x loga. 


Remarks. Let the situation be as in Theorem 8. We spell out some consequences: 


(1) The only roots of unity contained in U“ are those whose order is a p-power; 
more precisely, 


(46) W(U(?) = Wyoo( K) = Wor (K), 


where r > e/ p—1. For such an r, U“ contains no root of unity apart from 1. 


(2) For r >e/p—l, the inverse of log: VU) — p” is a continuous map exp: p” > U” 
satisfying exp(x + y) = expx exp y. We also write exp x = e*. For every ac U”? 
and x € Zp, then, (45) yields 


(47) See, 


(Note that this equality holds only for wx(a—1) > e/ p—1, so it does not suffice 
for defining a Z»-module structure on U Oy) 
The log and exp functions satisfy the usual power series developments 


(48) log(1 — x) = — 2 = exp(x) = =a 


The former converges for wx (x) > 0 and the latter for wx (x) > e/p-—l. 


F9. Suppose char K = 0, hence e:= wx(p) €N. For r > —: the map x +> xP 
is an isomorphism form U” to U@+®), In particular, P 


(49) r= reel, 


Proof. An application of log reduces the problem to showing that y+» py gives an 
isomorphism between p” and p’*¢ = pp”. But this is obvious. 
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This result can also be justified by an appropriate use of Hensel’s Lemma (F13 
in Chapter 23). In turn, Theorem 7 can be proved using F9. 


Theorem 9. For char K = 0, the group ona of 1-units has, as a Zp-module (and a 
fortiori as an abelian group), the structure 


(50) UL ~ Wooo(K) x Z", where n = K : Qy. 


Proof. Suppose r > e/p—1. The Zp-submodule U) of U™ is isomorphic to 
p’ =2" Rx ~ Rx. Atthe same time, the Z)-module Rx has a basis withn = K: Qp 
elements (see Chapter 24, proof of Theorem 1, and also Problem §24.6). Hence 


(51) epee ae 


Because U“!)/U is finite, the Zy-module U is in any case finitely generated. 
By the classification of finitely generated modules over a principal ideal domain 
(see vol. I, p. 164), we obtain 


UM =TxF, 


where T is the torsion submodule of U and F is a free Z,-submodule, say 


F ~ Z). Being a finitely generated Zp-torsion module, T is a finite p-group, and 
so coincides with the group Wp (K) of roots of unity of U ©), Hence 


UW ~ Wyoo(K) x 2, 


and all that’s left to show is that m =n. To do this, set B = um, A=U"), 
Because it is torsion-free, the submodule A ~ ZS of B is isomorphic to a submodule 
of B/T~ Fx Z,. This implies n < m, again by the arguments of Chapter 14 in 
vol. I (see in particular page 162). 
By the finiteness of B/A and T, there exists s € N such that sB C A and sT = 0. 
Therefore, since 
Ly Si Ssh asB CAS TZ, 


Z;, is isomorphic to a submodule of Z,. Consequently m <n as needed. 


Note that in spite of the isomorphisms (50) and (51), it need not be the case that 
UD = Wyoo(K) x UL, 


F10. As above, let K/Qp have degree n = ef, so un joeT is a Z/ pZ-vector 
space of dimension n (see (23) in F6). Assume moreover that r > e/p—\. Any 
family b,,...,bn of elements of ue? that projects to a basis of the Z/ pZ-vector 
space uy foe. is a basis of the Zp-module Up F 


Proof. We work the proof so as to obtain another derivation of (51) at the same time. 
For economy we set M = U“’ and switch to additive notation for the Zy-module 
M. We must show that the map 


n 
(Kiss x25. Xp) b> >) xb; 
i=1 
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from N = Z) to M is an isomorphism. For each i € N, this map gives rise to a 
commutative diagram 


pN/pttn — piM/p'*!M 


| | 


N/p't!N = => M/p'*!M 


| | 


N/p'N M/p'M 


The assumption, together with F9, shows that the top map across is an isomorphism. 
From this it follows inductively that the bottom map is injective for every i and hence 
also an isomorphism. This obviously implies the claim. 


Applying F10 to the special case K = Q,, we obtain: 


F11. Suppose p # 2. The multiplicative group of Qp has the form 


Q,= <p> x Wp-1 «yd 


with 

(52) UY = (1+ py”; 

everyae Q; has a unique representation of the form 

(53) a=p"F(1+p)*, with €€W,-1 and x € Zp. 
For p = 2 we have QX = (2) x UM = (2) x {41} x U™, with 
(54) vs (44)? = 5%; 

every a € Q> has a unique representation of the form 

(55) a=2"¢5*, with e=+land x €Zp. 


We see from (21) and (50) that the structural decomposition (16) for C has 
counterparts for p-adic fields K. In particular, for K = Q, there is a nice analogy 
between the representations (53) and (55) for a € Q; and the representation z = 


re2™* forz EC. 


26 
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1. We now wish to discuss more systematically a question that was briefly broached 
in Chapter 24 (see F2 on page 67 and the observations following its proof.) 


Fl. Let K be complete with respect to a discrete valuation w. Assume that the 
corresponding residue field K has characteristic zero: char K = char K = 0. There 
exists an additively and multiplicatively closed set S of representatives of K. In other 
words, the valuation ring R of w contains a field k = S that maps isomorphically 
onto K under the quotient map. Thus K = k((X)) is the field of formal Laurent 
series over k (see F2 in Chapter 24 and the example following it). 


Proof. In view of the assumption char K = char K, Zorn’s Lemma guarantees the 
existence of a maximal subfield k of R. Let k be its image under the quotient map. 
The proposition will be proved if we can show that k = K. 7 

Suppose there exists ¢ € R such that f is transcendental over k. Then, when 
restricted to the subring k[t] of R, the residue class homomorphism is injective. It 
follows that k(t) C R, contradicting the maximality of k. Thus K/k is certainly 
algebraic. Suppose there exists a € R such that a ¢ k. Let f be the minimal 
polynomial of @ over k (with f € R[X] normalized of degree n > 1). By Hensel’s 
Lemma (F13 in Chapter 23), there exists some a € R such that f(a) = 0 and @ =a. 
Since k(a) = k[a] C R, we again obtain a contradiction with the maximality of k. 


Remark. In F1, the field k is uniquely determined by its characterizing property 
only in the case that K is algebraic over its prime field. 


The conclusion of F1 also holds when we merely assume char K = char K (“case 
of equal characteristic”). If K is perfect, this follows from Theorem | immediately 
below. If K is not perfect, we refer to the nice argument given in Zariski and 
Samuel, Commutative algebra, vol. II, p. 306. 


Theorem 1. Let K be complete with respect to a discrete valuation w. Assume that 
the associated residue field K is perfect of characteristic p > 0. Then there exists a 
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unique set S of representatives of K satisfying 
(1) 57 =S. 


This set is multiplicatively closed. An element a of the valuation ring R of w lies in 
S if and only if a is a p"-th power in R for every n = 0. If char K = p, this set S is 
also additively closed. 


Proof. Let x be a prime element of w. For a, 6 € R andi => 1 we have 
(2) a=Bmoda' = a? =p? moda'*!, 


as can be seen by writing a? — B? = (w— B)(a?~! + a? 7B +--+ B?!), for 
instance. Now fix a € K. For every n, let a, € R be a representative of a? se 3 & 


By definition we have a? 41 =n mod 7, and together with (2) this implies 
pith yn n+l 
41, =O, modz 
Thus there is a limit 
(3) (a) := lim a?" 
noo 


in K. Any other choice of the a, leads to the same limit, because of (2). Since all 
terms in the sequence (3) lie in the residue class a, the same is true of the limit; thus 
<a> is a representative of a. It is easy to see from the definition that we also have 


(4) <a?) = <a)?. 


Altogether, we see that the image So of the map a+ <a) is a set of representatives 
for K having property (1). Let S be another such set and take a € S. If a is the 
residue class of a and we choose a, in S, we must have 


(5) aP =a, 


because of (1), and then (3) yields <a) = a. It follows that S C Spo and hence 
S = So. One checks directly that <ab) = <a) <b), that is, S is multiplicatively 
closed. (In particular, 0 and 1 lie in S.) If a € R is a p”-th power in R for every 
n, one can choose the @y so that (5) is satisfied, and we get <a) =a as above, and 
hence a € S. From this we get also the last assertion of the theorem: If a, 6 are 
p”-th powers, we have, when char K = p, 


a+ Bp=eP tn =(E+n)?. 


The preceding results go back three quarters of a century, to F. K. Schmidt, 
Helmut Hasse and Oswald Teichmiiller. The elements of the uniquely determined 
set S described in Theorem | are called the Teichmiiller representatives of K. 

If we assume in Theorem | that char K = char K, then k := S is a field, and 
K = k((X)) is the field of formal Laurent series over k. Since k ~ K, it follows 
that the isomorphism type of K is fully determined by the isomorphism type of its 
residue field. 
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2. In the Situation of Theorem 1, we now consider the case 
(6) char K = 0 


(“case of unequal characteristics”). We assume w normalized and we call the nat- 
ural number e := w(p) the (absolute) ramification index of K. Now, in general, 
the structure of K is not wholly determined by that of the residue field K plus 
the ramification index e. We would expect it to be wholly determined if K is 
(absolutely) unramified, that is, if p is a prime of K; for then every a € K has a 
unique representation of the form 


(7) a=) > (ai p', 
i=0 


where a +> <a) gives the Teichmiiller representatives. But how are the algebraic 
operations of K reflected in the coefficient sequences in K? Take for instance 
addition: 


(8) > aid pi + D0 bd pi = Do dad pI. 


Each ¢; is determined by all the a; and 5; jointly. What kind of a dependence is it? 
If we take equation (8) modulo p, we obtain <a9) + <bo> = <co> mod p, so 


(9) Co = 40 + bo. 
Now considering (8) modulo p?, we obtain 

<ao) + <bo) + (Kai) + <1) p = <co) + <c1) p mod p?. 
In light of (9) this yields 


<do» + <bo> — <ao + bo> 
i a eee m 
Dp 


(10) {cy = (a) + <b> + od p 


-1 -1 -1 -1 
Now, <ag >+ <be = ae +b9 >» mod p. Taking p-th powers leads to 
(<ao)? | + <bo>?')? = <ay +.) mod p?, 
since <x?) = <x) ?; see also (2). Substituting this in (10), we obtain 


(ao) + <boy — (Kao)? + <0? )? 
Dp 


Rie =A SO) mod p. 
Thus we have found a polynomial s;(Xo0, Yo) € Z[Xo, Yo] such that 


der) = ay) + <b1) +.51(<a0)? , <b?) mod p. 
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After passing to residue classes, this becomes 


1 


= | = 
cq=a,t+h, +51 (a) bg ), 

and taking p-th powers yields 

(11) cP =a? +b? +51 (ao, bo) =: S\ (do, bo,a?, bP). 


Up to raising to the p-th power, then, c; is the value of a well defined integer 
polynomial in dao, bo, a,, by. One can make similar calculations modulo Pp; p* and 
so on, and this informally justifies our next result: 


Theorem 2. Jn the situation of Theorem |, suppose K is unramified. There exist 
universal polynomials Sy, € Z[Xo, X1,..., Xn, Yo, Y1,--+; Yn] (independent of K) 
such that (8) holds if and only if, for alln = 0,1,2,..., the equations 


(12) cP" = Si(Goia) .ciaf , bo, b?,..., bP") 


are satisfied. An analogous statement holds regarding (subtraction and) multiplica- 
tion in K. 


From Theorem 2 we derive that the structure of an unramified field K is fully 
determined by the associated residue field K, if the latter is perfect. In particular, 
for the p-adic numbers, the theorem contains the remarkable fact that the field 
operations on @, are expressible in terms of nothing but rational operations in the 
field F, = Z/pZ (note that x? = x in F,, so the exponent p” in (12) can be omitted). 

In proving Theorem 2 it is obviously desirable to bypass a morass of calculation 
by the use of the right formalism. This is what E. Witt (in J. Reine Angew. Math. 
176 (1937), 126-140) managed to achieve. The calculus of Witt vectors, which he 
pioneered, is the appropriate tool for the task, and we turn our attention to it now. 
Conceptually, his technique is simple enough to allow a thorough understanding of 
its initial stages, yet so richly intricate that its manipulative potentialities extend far 
indeed. 


3. In our discussion we will take a fixed prime number p as given. We work in 
the polynomial ring Z[Xo, Yo, X1, Y1,..., Xn. Yn,...] in countably many variables 
Xj, Y; over Z. If necessary we allow p-powers as denominators in the coefficients, 
that is, we adopt as our ring of coefficients the ring Z’ = Z[5] instead of Z. We 
consider “vectors” Z = (Zo, Z1,...) with components Z; in Z[Xo, Yo, X1, Y1,...]. 
For n = 0,1,2,... we define 


(13) ZO a ZP pL?” pie p "Zp, 
The vector (Zo, Z1,..., Zn,...) is completely determined by its ghost compo- 
nents Z (0) VA ,Z (1) | ... thus defined (in German Nebenkomponenten, “side 


components”). Indeed, by recursion, each Z, can be recovered as a well defined 
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polynomial expression in Z, Z™,..., Z, with coefficients in Z’. By applying 
the Frobenius operator F defined by 


(14) Pb A tissa Aa) SAF ts 
one obtains the recursions formulas 


(15) Z™) = (FZ)°-) + p"Z,, ZO = Zo. 


Thus, for example, 


1 1 
(16) Z, = —ZY) — — ZO? 
Dp 7 
Now if * denotes one of the operations +,-,—, let’s define ¥ * Y, where X¥ = 


(Xo, X1,...) and Y = (V%, Yj,...), by means of the ghost components as follows: 
(17) (Xe VY) = XM xy, 


The components (XY * Y), of X * Y are likewise polynomials in Xo, Yo,..., Xn, Yn 
with coefficients in Z’. We have 


(18) (X+Y)o=X0+Yo, (XY )o = XoYo, 
and using (16) we obtain, for example, 


(X+Y)1= wet yyo— ak +Y)P= we +¥M)— 5 (Ko 4%)? 


= SAE + PX + YQ + PY) 7 (Xo+ Yo)”, 


that is, 
1 
(19) (K+V = M+ + (XG + Yo — (Xo + Yo)”). 


Compare this with (11). With a similar calculation we get 
(20) (X-Y)1 = pXiN+XPN4F MY. 


In these example calculations all the p-power denominators have vanished. It is a 
fact of capital importance that this phenomenon always takes place: 


Lemma 1. For each n, the polynomial (X * Y), only has integer coefficients: 
(X * Y)n €Z[X0, Yo,..., Xn, Yul. 
We will write this polynomial also as 
(21) eY y= SY) HS, Xo; Yo503 Ans Ede 


The proof of the lemma is deferred until a necessary stepping stone is in place: 
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Lemma 2. Let integers r => 1 andn = 0 be given. If A = (Ao, Aj,...) and 
B = (Bo, B,...) are vectors with components in Z|Xo, Yo, X1, Y1,...], the con- 
gruences 


(22) A; = B; mod p’ (0 <i <n) 
hold if and only if the corresponding ghost components satisfy 
(23) A® = B® mod p’t? = (<i <n) 
among ghost components are satisfied. 


Proof. We apply induction on n. For n = 0 the statement is correct. Take n > 0. By 
the induction hypothesis we can assume that congruences (22) and (23) both hold 
for all i <n—1. By raising to the p-th power one then clearly gets 


A? = BP mod p’*! fori <n—-1. 
Again by the induction assumption it follows that 

(FA)°-) = (FB)’—-» mod p’*”, 
But by (15) we have 


A® = (FA)°-) + p"A,, B® = (FB)°-” + p" By. 


Hence congruences (22) and (23) are equivalent for 7 = 7 as well. 


We now carry out the proof of Lemma | by induction on n. For n = 0 the 
assertion is clear; see (18). Take n > 0. Set Z := X * Y. In view of (15) what we 
must show is that 


(24) Z™ = (FZ)°-” mod p". 


Since integer polynomials modulo p can be raised to the power p termwise, the 
induction assumption yields 


(FZ); = ((FX) *(FY)); mod p fori <n—-1. 
From Lemma 2 we then get 
(25) (FZ)@—) = (FX) * (FY))"~? mod p”. 
We have the congruences X¥ = (FX)@-) and Y™ = (FY)°— mod p”, so 


Z™ = XO xY@ = (FX)°-) « (FY) = (FX) * (FY))™? mod p”. 


Comparing this with (25) we obtain (24). 
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By analogy with (17), the operations * can be extended naturally to arbitrary vectors 
A=(Ao, Aj,...) and B=(Bo, Bi,...) with components in Z[X0, Yo, X1, %1,...], 
as follows: Let A * B the vector whose ghost components are 


(26) (A « BY = AM » B™, 


By substituting the variables Xo, X1,... and Yo, Y1,... as appropriate in Lemma 1, 
one sees that 


(27) (A * B)n = Sp (Ao, Bo,---, An, Bn), 
so the (A * B), are integer polynomial expressions in Ao, Bo,..., An, Bn. 


Remark. For vectors of the form A = (Ao,0,0,...), the ghost components are 
given simply by 


(28) AM = AP” 
Thus, to multiply by vectors of this form, we can use the rule 
(29) (Ao,0,0,...)- (Bo, Bi,..-,Bns--.) = (Ao Bo, A? Bi,..., 4?” Bny.-.)s 


which is easily checked through a comparison of ghost components. It follows in 
the very same way that the vectors 


(30) 0=(0,0,...) and 1=(1,0,0,...) 
satisfy (for any vector B) the equations 

(31) B+0=8, B-0=0, B-1=B. 
Finally, one checks without difficulty the “decomposition rule” 


(32) BE Bins cg Ba 00 2ce VO cals Bota Boxasces): 


For later applications it will be important to examine the p-fold sum 
(33) px =X+X4+:4+X 


of X = (Xo, X1,...) with itself, under the addition defined by (26). By definition, 
pX is the vector whose ghost components are given by 


(34) Gr apx™. 


Besides the Frobenius operator (14) it is convenient to use the shift operator V, 
defined by 


(35) Vi Bis. VSB Bice). 
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We claim the congruence 
(36) pX =VFX mod p; 


to see this, we must show for every 7 that (pX)n = (VFX), mod p. Taking into 
account Lemma 2 and (34), what’s left to check is the congruence 


pX = (VFX)™ mod p"*!, 
for every n, Since FV = VF, the recursive formula (15) does yield 
(VFX) = (FVX)™ = (VX)@ = pX™ mod p"*!, 


as desired. Incidentally, the shift operator V behaves additively: V(A + B) = 
VA+ VB. This is because V(A + B)™ = VA™ + VB™ for all n (note that 
(V2) = pz 


4. To apply the tools developed in the previous section, let A be for the mo- 
ment any commutative ring with unity, and denote by ‘W(A) the set of all “vectors” 
X = (X0,X1,X2,...) with components x; in A. In imitation of (13), let the ghost 
components of x be defined by 


n n—1 
(37) x) xP 4 pxP poet pl" Xn. 


In this setting the ghost components no longer necessarily determine x; take for in- 
stance a field of characteristic p for A (this case will be relevant later). Nonetheless 
one can introduce the algebraic operations * = +,- on W(A) by means of the 
structure polynomials S* from Lemma 1: 

For x = (Xo, X1,...) and x = (yo, 1,...) in W(A), we define x *« y by 


(38) (x * V)n = S, (X05 20s 81s Viges +) Sav Vn) = Si (x, y). 


This makes ‘W(A) into a commutative ring with unity. 

The validity of the calculation rules for ‘W(A) can be justified as follows: Con- 
sider first the case of a polynomial ring A over Z in sufficiently many variables. 
Since in this case the vectors in ‘W(A) are determined by their ghost components, 
the calculation rules for W(A) follow from those for A, and they can be regarded as 
systems of integer polynomial identities. By substitution one obtains the validity of 
the calculation rules on ‘W(A). The vector 0 = (0,0,0,...) is the additive identity 
of WA) and 


(39) 1=(1,0,0,...) 
is the multiplicative identity of W(A). We call W(A) the ring of Witt vectors over A. 


The terminology “ghost components” is justified by the facts expounded above. 
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Now suppose that 
k is a perfect field of characteristic p. 


Since the structure polynomials S* have integer coefficients, we have 
(40) F(x * y) = Fx * Fy 

in W(k), where F is the Frobenius operator on W(k): 

(41) Pea asowk 

If V is the shift operator on W(k), so that 

(42) Vx = (0,x0,%1,---); 

then the congruence (36) becomes from now on the equation 

(43) PES EV SON, ovens 


for every x € W(k). Since k = k?, therefore, the ideal pW(k) of W(k) consists of 
precisely those vectors of W(k) whose 0-th components vanish. Thus this ideal is 
the kernel of the homomorphism 


Wik) > k, 


(44) x KX. 


More generally, the ideal p”°W'(A) consists of those vectors in W(k) whose n first 
components equal 0. Thus if we set 

(45) w(x) = min{i | x; 4 0}, 

we obtain a map w : W(k) > ZU {oo} with w(x) = 00 only for x = 0. Then: 

(i) Every x #0 in W(k) has a unique representation of the form 

(46) x= p'u withuo #0; 

moreover r = w(x). 


Taking into account the homomorphism (44), we easily deduce from (i) that 
(47) w(xy) = w(x) + w(y) 


for every x, y € W(k). As a consequence: 


(ii) W(k) has no zero-divisors, and is therefore an integral domain. 
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The fraction field of ‘W(k) will be denoted by 

(48) O(k). 

Because of (i) we also have 

(49) w(x + y) = min(w(x), w(y)). 


Extending w in the usual way to the fraction field Q(k) of W(k), we obtain a 
discrete valuation on the field Q(k). As usual we maintain the notation w for this 
extension. Its valuation group is Z, and p is a prime element for w. We don’t know 
yet whether the valuation ring R of w coincides with ‘W(k). But (i) implies, at any 
rate, that every element of Q(‘) has the form 


p" a with u,v € W(k) and w(u) = w(v) = 0. 
v 
Since W(k)/ pW(k) ~k is a field, it follows that W(k) C R induces an isomorphism 
from W(k)/pW(k) onto the residue field R/pR of w. Now consider the map 
k + W(k) defined by 
(50) at> (a,0,0,...) =: {a}. 


Its image S is, in view of (44), a full set of representatives for W(k)/pW(k), and 
hence also for the residue field of w. Because of (29), the set S' is multiplicatively 
closed. We claim that 


(51) x= SotxP ppl 
i=0 


for every x = (Xo, X1,...) € W(k). Indeed, by (32) and (i), we have 
xX = (Xo,...,%n,0,0,...) mod p"*!, 


and repeated application of (32) and (43) yields 
n 6 
(X0,-.-,Xn,0,0,...)= ye Lp’. 
i=0 


Let R be the valuation ring of the w-completion of Q(k). Applying F2 of Chapter 
24 we see that each x € R must also have a representation of the form (51). Thus 
R=Wv(k), showing that Q(k) is w-complete and R = ‘W(k) is the valuation ring 
of w. 


One more fact before we review what we have accomplished: 


(iii) O(k) has characteristic zero. 
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For suppose 7 = 0 in ‘W(k) for some prime n. Then n = 0 in k; see (44). Since 
char k = p and n is prime, it follows that n = p. 


Theorem 3. Let a perfect field k of characteristic p be given. There exists, up to 
isomorphism, a unique complete, unramified, discrete valued field (of characteristic 
zero) having k as its residue field, namely, the fraction field of the ring W(k) of Witt 
vectors over k. 


The existence part of Theorem 3 has already been shown. As for uniqueness, 
we will soon prove something sharper: 


Theorem 4. Let K be a field of characteristic 0, complete with respect to a discrete 
valuation w and having a perfect field k of characteristic p as its residue field. Let R 
be the valuation ring of w and e = w(p) the ramification index. There exists exactly 
one homomorphism o from Q(k) = Frac ‘W(k) into K that maps ‘W(k) into R and 
makes the diagram 


oO 


R 


W(k) 
k 


commute; here ~o denotes the map (44) and @ the quotient map relative to w. The 
image Ko of o is the unique unramified subfield of K having the same residue field 
k. The extension K/Ko is purely ramified of degree e. 


Proof. As above, let { } : k — W(k) describe the Teichmiiller representatives of 
Q(k) and <>) :k — R those of K; let S be the set of the latter. For 0 we obviously 
have no choice but to assign to each element 


co . 
X = (X0,%1,---) = > ip" 
i=0 
of W(x) the element 
[o,@) = ; 
(52) Ox = > ‘xp > p 
i=0 


of R. We must show that o so defined is a homomorphism. Once this is proved, 
the image Ko of Q(x) under o will consist of all elements of K of the form 


(93) y s;p! with s; € S, 
i>>—o0o 


and the set of such elements is a subfield of K, which is unramified and has k 
as its residue field. The remaining assertions of the theorem will also follow (see 
Theorem | in Chapter 24). 
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Thus the crucial step in the proof is the verification that o preserves the opera- 
tions * = +,-. Suppose that 


(54) pops, 


for x, y,z in W(k). Because of (40) we have, for every n = 0, 


(55) FY~rxxeF "y= Fz, 
To shorten the notation, set 
(xX) = (KX0), (X1),---) 


and likewise for <y>) and <z). The components of these vectors lie in S C R. 
Let z be a prime element of K. Since the componentwise validity of (55) is 
conveyed in terms of integer polynomial identities, one can conclude from (55) 
that the congruences 


(Fix) & Fh) ye = UF * in ed 


hold for all m= 0,1,.... Then, using (2), we easily see that the n-th ghost com- 
ponents satisfy 


(FO (x) * FO" yy) = (FO <2) ) mod x"! 
and therefore also 
(56) (FO (x) © & (FO (yy) = (FO 2) )™ mod x"t!, 


since (F-" <x) * F-" ¢y) y@) =F -cx y@) * (FO cy) yo), But, by definition — 
see (13) and (37) — the n-th partial sum of ox in (52) equals 


(F-" (xy) = xo + pix tet phan?” , 
and likewise for y and z. One can thus pass to the limit in (56), reaching, as needed, 


Ox *Oy =OZ. 


(Of course we also needed here the fact that the set S is multiplicative.) 


Incidentally, the conclusion of Theorem 2 also follows easily from the arguments 
just given. 

From Theorem 4 it follows in particular that the ring of Witt vectors over the 
field F, coincides with the ring Z, of p-adic integers, that is, with the valuation ring 
of the field Q,: 


(57) W(Fp) = Zp. 


One can interpret Zp as being defined by (57). Then Qp = Frac Zp is obtained in a 
much more constructive way than through the general completion process adopted 
in Chapter 23. 
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Remark. Let ¢ = p” be a power of p. Every x € W(F,) has a unique representation 
oe) 

(58) x= > sip’ 
i=0 


with s; € S = {0,1,¢,¢7,...,64-7}, where € = ¢,_; denotes a primitive (g—1)-st 
root of unity. It follows that 


(59) W(Eq) = ZplSq-1]. 


By Theorem 4 this means that Z,[¢,—1] is the valuation ring of the uniquely deter- 
mined unramified extension Ky of degree n over Qp. At the same time we recover 
the equality Ky = Qp(fq-1). 


5. We now turn our attention to another nice application of the Witt calculus, namely, 
the description of the abelian extensions of exponent p" of a field of characteristic 
p. (This too appeared in the Witt article mentioned earlier). 

For now, let A be any commutative ring with unity, and take any n € N. Letting 
V be the shift operator on W(A), consider the set V”°W(A) of all vectors of the form 
(0,...,0, Xn, X%n41,...) in W(A). Since each polynomial S* in (21) corresponding 
to one of the operations * = +,- on ‘W(A) contains only variables of index at 
most 1, the subset V”°W(A) is an ideal of °W(A). Now consider the quotient ring 


(60) Wn(A) = W(A)/V"W(A). 


By (32), the elements of ‘W,,(A) can be regarded simply as vectors (Xo,...,Xn—1) 
of length n; for this reason ‘W,(A) is called the ring of Witt vectors of length n. 
(Note that ‘W,(A) cannot be taken as a subring of ‘W(A); this can already be seen 
in the case n = 1, where ‘W (A) = A leads back to the ring A itself.) The shift 
operator V is additive and so gives rise, for n > 1, to a well defined additive map 


(61) V :Wr—1(A) > Wa(A). 


Now let A be a field of characteristic p. The Frobenius operator F defined by (14) 
is an endomorphism of the ring ‘W(A); since FV = VF, this map passes down to an 
endomorphism F of the ring ‘W,(A). Now consider the map 9 : W»(A) > Wy(A) 
defined by 


(62) §(x) = Fx—-x. 


Clearly go is additive, and so is an endomorphism of the abelian group W (A). 
For n = | we have g(x) = x? —x in A = ‘Wy (A); in this case, therefore, go is 
the familiar map from the Artin—Schreier theory of extensions of exponent p (see 
Chapter 14, Theorem 3 in vol. I). For arbitrary n € N, the kernel of © consists of 
precisely those vectors (xo,...,Xn—1) € Wy(A) such that acd = x;, that is, those for 
which x; lies in the prime field F, of A. Therefore ker go = ‘W), (Fp). In particular, 
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the unit element e = (1,0,...,0) of ‘W,(A) belongs to ker g. Since px = FVx, the 
product p”e vanishes, but p’e is nonzero for i <n. Thus the subgroup generated 
by e has order p", and we see that 


(63) Wnr(Fp) = ker 9 = Z/ p"Z. 


F2. Let K be a field of characteristic p, C an algebraic closure of K, and K* the 
separable closure of K in C. Then go: Wy(K*) > W,(K°%) is surjective. 


Proof. Take a = (ao,...,@n—1) € Wy(K*). There exists x € C such that go(x) = 
x? —x =dg. Hence x € K*. Also we have 


(Giicva stant) =O 0 <.4, OV (0 Bieta) 


for appropriate a, € K*. Since is additive, it suffices to show that every vector of 
the form a = (0, 41,...,@n—1) lies in fs W,,(K*). By induction on x there exists first 
an a € W,-1(K*) such that (a1,...,@,—-1) = 9a; applying V we geta = Vp(a) = 
p(Va). 


In the situation of F2, let a € W,(K) be given. We claim that any a € W,(C) 
such that o(@) =a lies in ‘W,(K*). Indeed, by F2 there exists 8 € W,,(K*) satisfying 
9(B) =a. Now p(a—B)=0,soa=6+y with y €kerpg =Wi(F) SC Wir(K), 
and it follows that a € W,(K*). Thus, if we set K(a) := K(qo,...,Q@y,—1), the 
extension K(a)/K is algebraic and separable. 

More generally, let W be any subset of ‘W,(K). Denote by s~!W the set 
of a € W,(C) such that pa € W. If K(g~!W) is the field obtained from K by 
adjoining all the a € 9! W, the extension K(g9~! W) /K is algebraic and separable. 
It is also normal, because for any o € G(K*/K) we have (oa) = o~(a) = a. 

If we replace W by the subgroup generated by W and oW,(K), our extension 
remains unchanged. For this reason we can assume from now on that W is a sub- 
group of W,(K) containing o°W,(K). Let G be the Galois group of K(g~!W)/K. 
There is a natural pairing 


G x W/pwr(K) > Wil), 


(64) 
(o, amod PWr(K))H Xalo), 

defined as follows: Given o € G and a € W, choose a € »!W and set xg(o) = 
oa—a. Since p(oa) = o”(a) = g(a), the difference ow — a lies in kergo = 
Wnh(Ep). If g(a’) = a for some other a’, that is to say if a’—a@ € ker, we get 
oa’—oa = 0(a’—a) = a’—a. Thus xq(c) is well defined. In case a € pW, (K) 
we have xq(o) = 0. For a fixed o the map a+ xq(o) is clearly additive, so xa(o) 
only depends on a mod pW,(K). Since xq(o) lies in W,(F,), and so is invariant 
under all t € G, we have also xq(to) = Xa(t) + Xa(O). 


F3. Let W be a subgroup of W,(K) containing 9W),(K), and denote by G the 
Galois group of the Galois extension K(g~~!W)/K. The canonical group pairing 
(64) is nondegenerate, so K(¢9~!W) /K is an abelian extension of exponent p". 
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Proof. Take o € G and suppose that x,(o0) = 0 for all a € W; equivalently, that 
oa—a =0 for alla €g~!W. Then o =1; that is, (64) is nondegenerate with respect 
to the first variable. Now let (a) =a € W be given. Thenoa—a =0 for every 0 €G 
if and only if @ lies in W,,(K); that is, if and only if a= g(a) € pW, (K). Thus (64) 
is also nondegenerate with respect to the second variable. Being a nondegenerate 
group pairing, (64) gives rise to injective group homomorphisms 


(65) G > Hom(W/pWr(K), Wn(Fp)), 
(66) W/pWr(K) > Hom(G, Wn (F)). 


Taking the isomorphism ‘W,(F,) ~ Z/p”Z into account, this implies that G and 
W/gW,CK) are abelian groups of exponent p". Further: G is finite if and only 
if W/gpW,(K) is, and in this case (65) and (66) are isomorphisms. From this we 
easily deduce that (65) is an isomorphism also when W is arbitrary. The same 
is true of (66), with the convention that Hom(G, W,,(F,)) there denotes the group 
of continuous homomorphisms from the compact group G into the discrete group 
Walp). 


In particular, if W/W, (K) is cyclic (and so finite), the same holds for G. This 
immediately leads to part (i) of the next theorem: 


Theorem 5. Let K be a field if characteristic p. 


(i) Take a = (ao,...,4n—1) € Wy(K) and let C be as in F2. Ifa € Wy(C) is a 
solution of the equation —(a) = a and if we set L = K(a) = K(ao,...,Qn—1), 
the extension L/K is cyclic of exponent p". 
(ii) Conversely, every cyclic extension L/K of exponent p” can be obtained in this 
way. 
(iii) For L as in (i), we have L: K = p" if and only if ao € oK. 


Proof. We must show (ii) and (iii). Let L/K be as in (ii) and G := G(L/K) = (o>. 
Then L: K = p”™, with m <n. Applying the trace Try/x toc:= p” "e €Wp(Fp) 
Wh(K) we obtain Trz/x(c) = p”e = 0. Thus, by F8 in Chapter 13 in vol. I (see 
also the addendum on p. 108 below), there exists a € °W),(L) satisfying c =oa—a. 
Since ofo(a@) — (a) = gvo(c) = 0, the image a := go(a) lies in W,(K). Moreover 
o*a =a+kc. Since c has order p”, the equality oa = a can only hold when 
p” divides k, or equivalently when o* = 1. Thus L = K(a), proving (ii). 

By F3, the cyclic groups G and W/g°W,(K) have the same order. Thus L: K < 
p” if and only if p”~!a € @W,(K). Note that p”~!a = g(p""!a). Since ker g is 
contained in W,,(K), we conclude that 


ly Ee Wr(K) <=> af" EK <> aeK 


= 40 = P(a0) € P>Wr(K), 


p” 'ae pwr(K) => p" 


proving (iii). 
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Theorem 6 (Kummer theory of abelian extensions of exponent p” in characteris- 
tic p). Let K be a field of characteristic p and n a natural number. Then, with the 
notations above, the map 


(67) Wi K(p"'W) 


is a bijection between the set of subgroups W of Wy(K) containing 9°Wy(K) and 
the set of subfields E of C for which E/K is abelian of exponent p". The groups 
G = G(K(@7!W)/W) and W/§W,(K) stand in full duality; that is, each of them 
is canonically isomorphic to the (topological) group of characters of the other. 


Proof. We need only show that the correspondence (67) is bijective; everything else 
is covered by F3 and the subsequent remarks. Let E'/K be an abelian extension of 
exponent p”. Setting W := pW,(E)NW,(K) we get K(p-!W) C E. To prove 
equality it suffices to show that L C K(g@~!W) for every cyclic subextension L/K 
of E/K. By part (ii) of Theorem 5 there exists a € ‘W,(L) such that L = K(a) and 
(a) € W,n(K). Hence a € 9! W and therefore L C K(g~'!W). 

Next we show that (67) is injective. Let E/K be abelian of exponent p” and 
set G = G(E/K). For each W such that E = K(o~!W) we have the canonical 
homomorphism (66) arising from the map a+ xq derived from (64); but since this 
is actually an isomorphism, W is unique. 


Addendum. At one point in the proof of Theorem 5 we were a bit too cursory 
and merely hinted at the justification of the following fact: If L/K is cyclic, with 
G(L/K) = <0), and if c € W,(L) satisfies Trrjx(c) = 0, there exists a € W,(L) 
such thatc =oa—a. 


Here of course the trace Try /x (c) of an element c € ‘W’, (L) is defined as the sum 
of the elements tc € ‘W’,(L), where t runs through G(L/K). To justify the claim, 
take c = (co, ¢1,...,Cn—-1) € Wy(L). Then Sc = (Sco,...), where S = Trz/x. 
Thus the condition Sc = 0 implies that Sco = 0; that is, there exists (by F8 in 
Chapter 13 of vol. I) an element bo € L satisfying co = obo — bo. Then 


(68) (Co; 615.0025 Geni) == 1) Oop) HO. 6 5G) 


for certain elements c} € L. Applying S we get S(0,c},...,¢,_,) =0. Since SV = 
VS this implies S(c\,...,¢,_,) = 0. By induction, then, there exists B € W,(L) 


n=l 
satisfying (c\,....¢),_,) = (@ — 1B, and we reach the equality 


(0, ¢4,---.G-1) = Vo — DB) = (o — 1) VB). 


Together with (68) this shows that c € (o — 1)W,(Z), proving the claim. 
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The Tsen Rank of a Field 


1. In a sense, the cornerstone fact of elementary linear algebra is that, over a field, 
any homogeneous system of linear equations in more unknowns than equations 
admits a nontrivial solution. We now want to consider more general systems of 
equations over a field K, of the form 


Filing Xn) =0, 
t2o(MX,..., Xn) = 9, 


(1) 

Im(X1,..., Xn) = 0, 
where there are m equations in nm unknowns and /{,..., fn € K[X1,..., Xn] are 
polynomials in 1 variables over K; we also assume these polynomials have no 
constant term, so (1) always admits the trivial solution 0 = (0,...,0) ¢ K”. We ask 


whether there are other solutions to (1). This is of course a fundamental question 
in algebra, and an extended analysis of it belongs to the vast discipline known as 
algebraic geometry. But it turns out that one can reach very quickly and directly 
some results that, although elementary, are interesting and remarkable. They are 
due to C. Tsen, and first appeared in Tsen’s article “Zur Stufentheorie und der 
Quasi-Algebraisch-Abgeschlossenheit kommutativer K6rper’, J. Chinese Math. Soc. 
1 (1936), 81-92. Astonishingly, in spite of their elementary nature, these results 
have hardly ever found their way into algebra textbooks. To make matters worse, 
even the article just mentioned is seldom cited. 


Roughly speaking, what Tsen discovered was the existence of whole series of 
fields over which a system of the form (1) always has a nontrivial solution, so 
long as the number of variables is high enough with respect to the degrees of the 
polynomials involved. 


Definition 1. Let i > 0 be an integer. We call a field K a T7;-field if the following 
condition holds: A system of polynomial equations (1) over K, involving m equa- 
tions in 1 variables and whose polynomials have no constant term, always has a 
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nontrivial solution in K” if the degrees dx of the polynomials /; satisfy! 
(2) n>djtdj+---+d). 


Since for i < j any 7;-field K is trivially also a 7j-field, we can consider the 
smallest 7 such that K is a 7;-field. We call this number the Tsen rank of K. Here 
we must allow the value i = oo, of course: for instance, a formally real field cannot 
have a finite Tsen rank, because over such a field the equation 


n 
Lr =8 
i=1 


never has a nontrivial solution for any n. 


To attest that the preceding definition is not pointless, we exhibit two theorems, 
whose proof we postpone till Sections 4 and 5. Incidentally, it should be noted that 
Tsen allowed arbitrary reals to play the role of 7 in Definition 1, but no fields of 
noninteger Tsen rank have been found so far. 


Theorem 1. Any algebraically closed field has Tsen rank 0. In other words: if 


Sis---s fm © K[M1,..., Xn] are polynomials in n variables over an algebraically 
closed field K, satisfying f;(0,...,0) = 0 for all 1 < j <™m, there is a nontrivial 
common root of fi,..., fm in K", so long asn >m. 


A proof of a weaker version of Theorem 1 —under the assumption that the fj 
are all homogeneous (of strictly positive degree) — was sketched in problem §19.8 
of vol. I. We recall this terminology: 

Every polynomial f ¢ K[X1,..., Xn] over a commutative ring K has the form 


(3) = SS Ga eat 


The degree of f is defined as the maximum degree of the monomials X i 'X, . ee 6 
occurring in /: 


(4) deg f = max {vy +--- +n | cy FOF. 


If all these monomials have the same degree, f is called homogeneous. By intro- 
ducing an additional variable Y, one can obviously state this equivalently by saying 
that a polynomial f € K[X1,..., Xn] is homogeneous of degree d if and only if 


(5) FON Tete FRIES FG a 


Remark. The converse of Theorem | is also true and easy to prove: A field K 
of Tsen rank 0 is algebraically closed. Indeed, given any polynomial f(X) = 


! Tn this setting we tacitly assume all the /;, to be nonzero, so the case dy = —oo is excluded. 
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X" + an X""! +++++ a9 € K[X] of degree n > 1, we look at the homogeneous 
polynomial 


(6) ae ¢ Yja=xX" tap XO bee gv" 


in K[X, Y]. By assumption, this has a root (a,b) 40 in K*; then b must be nonzero, 
and a/b is aroot of f in K. 


The second promised result confirms a conjecture that goes back to E. Artin. 
Theorem 2 (Chevalley 1936). Any finite field K has Tsen rank 1. 


Simple and elegant as their statements become when expressed in terms of the 
Tsen rank, the preceding results might not by themselves warrant the introduction of 
Definition |. But the case is altered when one considers the method used by Tsen to 
prove Theorem 3 immediately below. Note that unlike Theorem 1, we cannot assert 
a converse of Theorem 2; Tsen’s fecund observation was precisely that, besides 
finite fields, there are fields of Tsen rank | arising in a very different way: 


Theorem 3 (Tsen 1933). Every rational function field K(X) in one variable over 
an algebraically closed ground field K has Tsen rank 1. 


Tsen’s methods actually yield a more general statement (Theorem 4), from which 
Theorem 3 follows immediately since algebraically closed fields have Tsen rank zero 
(Theorem 1). 


Theorem 4 (Tsen 1936). If K is a T;-field, the rational function field K(X) in one 
variable over K is a T;+4-field. In other words, if K has Tsen rank i, then K(X) 
has Tsen rank at most i+1. 


Proof. Consider a system of m polynomial equations in n unknowns over K(X): 
(7) Su(X%,...,Xn) =0, wherel<p<m. 


Assume that all the f,, vanish at the point 0 € K”, and that 
m 
(8) ay ae aie 
p=1 


where d,, is the degree of /,,. By clearing denominators we can assume also that 
the coefficients of each /;, lie in K[X]. 

The idea is to concoct a system of polynomials over K to which we can apply 
the 7;-property. To this end we restrict our search of solutions of the original system 
(7) to n-tuples of polynomials in KX] having degree at most s in XY, the choice of 
s remaining open for now. We can then express each original unknown X,, as 


(9) Xy = Xvo + Xvi X + xy2X* Hee + xy XS, 
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where (Xyo) vo is a family of independent unknowns over K(X). (The easiest way to 
persuade oneself that this step is valid is through a transcendence degree argument.) 
By substituting (9) into /,, and sorting by powers of X, we obtain 


(10) Su = Suot fur X + fu2X? ++ fut, X™, 


with well defined polynomials /,,, in the n(s+1) variables x), over K, and with 
powers of XY having exponent at most 


(11) te=r+sdy, 


where X” is the highest power that occurs in the coefficients of the f,,. Now, if we 
can ensure that the system of polynomial equations 


(12) Jur =9, with 1S wm and0<t<h& 


(whose coefficients are in K!) admits a nontrivial solution in K"G6+)_ we can work 
our way back, via (9) and (10), to a nontrivial solution in K[X]” of the given system 
(7). By assumption, K is a T;-field; since f,,.(0) = 0 and deg fur < dy, all that’s 
left to show is that the inequality 


(13) n(st1)> Yo (r+sdy+1)d} 


u=1 


holds for an appropriate choice of s. After rearrangement, inequality (13) becomes 
m m 
(n> a) Sra 1) pS a =e 
w=1 p= 


Because of assumption (8), this is obviously true if s is large enough. This proves 
Theorem 4. 


It is reasonable to expect that the “at most” in the conclusion of Theorem 4 is 
superfluous, and that the Tsen rank of a field does go up by 1 upon adjunction of a 
transcendental element. Later we will indeed establish this, but under an additional 
assumption (see F4). 

When we adjoin an algebraic element, by contrast, the Tsen rank can decrease 
in certain situations; for instance, R has infinite Tsen rank, yet C = R(Z), being 
algebraically closed, has Tsen rank 0. But it’s not possible for it to go up, as proved 
again by Tsen: 


Theorem 5. /f a field K has Tsen rank i, any algebraic extension E of K has Tsen 
rank at most 1. 


Proof. Since the coefficients of a given system over E all lie in some finite extension 
over K, we may as well take E/K to be finite. So let a system 


Su(X,...,Xn) =0, with 1<ux<m, 
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be given over F, and suppose that 
m 
(14) n>) dj. 
u=1 


where d, = deg f,. If b1,...,5, form a K-basis of E, we can create as in the 
preceding proof a new family (Xyp)y,» of independent variables over E, in such a 
way that 

Xy = Xy1by + Xy2b2 + +++ + Xvrby 


for | < v <n. Substituting these expressions into each /,, and collecting terms 
together, we obtain an equation 


(15) Su = furor t+ fu2b2 +-+°+ Surbr, 


with well defined polynomials /,,. over K in the variables x,,. Then proving the 
theorem boils down to showing that the system over K given by 


Sup =9, with 1<<m and l1<p<r, 


with mr equations in nr unknowns, has a nontrivial solution. By assumption, K is 
a T;-field; since fj, (0) = 0 and deg fu < dy, it is enough to ensure that 


m 

i 

nr > FG 
B=1 


But this is clear because of condition (14). 


Clearly Theorems 4 and 5 can be combined as follows (in this connection see 
the remarks after Definition 4 in Chapter 18, vol. I): 


Theorem 6. /f K has Tsen rank i and E'/K is an extension of transcendence degree 
J, the Tsen rank of E is at mosti + /. 


Remark. The Tsen rank is sometimes called the Tsen level, but it should not be 
confused with the /evel of a field, a distinct notion that plays a role in the theory 
of quadratic forms: this is defined as the smallest natural number s such that —1 is 
a sum of s squares in the field (or oo). See FR Lorenz, Quadratische Formen iiber 
Ko6rpern, Lecture Notes in Mathematics 130, Springer, 1970. 

Speaking of quadratic forms, Theorem 6 has a nice application to them (ibid., 
§12). As an example of it we mention a theorem: Jf F is a function field of tran- 
scendence degree n over a real-closed ground field R, every sum of squares in F is a 
sum of at most 2” squares. We thus get a quantitative sharpening of Artin’s solution 
to Hilbert’s Seventeenth Problem (Chapter 21, Theorem 1, with K = R). 
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2. We will now look for simple conditions under which the Tsen rank of a field can 
be bounded from below. 


Definition 2. Let i > 0 be an integer, and let f € K[X1,..., Xn] be a homogeneous 
polynomial of degree d #0 over K. Such an / is also called a form of degree d in 
n variables over K (in the case d = 2, a quadratic form). We call f a norm form 
of leveli if the number of variables n and the degree d of f are related by n = d! 
and f only has the trivial root in K”; we also demand that d be greater than 1, thus 
excluding forms of the form aX (and only them). 


A field K that admits a norm form of level 7+1 is certainly not a 7;-field —at 
best it’s a 7j+1-field. Are there norm forms on any field? The next result addresses 
the question: 


F1. If K is an extension E of finite degree n > 1, the norm map Ng /x of E/K is a 
norm form of level 1 and degree n over K. 


Proof. If b1,..., by is a K-basis of E, we have 
n 
bjbj = > Cijk Oks 
k=1 


with the c;;; € K uniquely determined. Hence, for an arbitrary element x = > xj; 


in E, 
xb; = ¥. (x cnx) 
k i 
Thus, in the polynomial ring K[X1,..., Xn], the homogeneous polynomial defined 
over K by 
F(X. Xn) = aet(( cin) ) 
i ik 


of degree d =n, satisfies f(x1,...,%n) = Nz/x(x) for every x = }° x;b;, by the 
definition of the norm Nz/x. But Nz/x (x) only vanishes for x = 0. 


From Fl we can deduce that a field K that is not algebraically closed admits 
norm forms of level 1 and arbitrarily high degree: If the algebraic closure of K 
is an infinite extension over K then K has algebraic extensions of arbitrarily high 
degree, and if it is finite we are in the case of a real-closed field K (see Chapter 20, 
Theorem 8), for which —as for any real field —a form with the desired properties 
is trivially constructed. In a different and wholly elementary way one can actually 
reach a more general result: 


F2. A field K that has a norm form of level i has norm forms of level i of arbitrarily 
high degree. 
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Proof. Let f, g be norm forms of level 7 over K, in m and n variables respectively, 
having degrees e and d. With an array of mn independent variables X;; over K we 
can consider the form 


F(g(Xi,.-., Xin), g(Xo1,..-, Xan).0++, F(X... Xmn)). 


We also notate this as 


Te |e |e |B): 


In this way we obtain a form of degree ed in mn variables over K, which is 
obviously a norm form of level 7. Thus by starting with 


(16) f° =70 | Fl17) 


and recursively setting f% = f/-D(f | f |---| f), we obtain norm forms f”) 
of level i and increasingly high degrees d’*!. 


F3. If a field K admits a norm form of level i, the rational function field K(X) in 
one variable over K admits a norm form of level i +1. 


Proof. Let f be a norm form of level i over K, and let n = d' be its number of 
variables. Taking an array of dn independent variables Xs, over K we can define 


ts = f(X%51, X52,..-,X5n) for0O<b<d-1, 
and then consider over K(X) the form 
f* = fot AX + fox? tet farXe. 


It has degree d, and nd = d'*! variables. Thus it suffices to show that /* has no 
nontrivial root over K(X). Suppose that (ps,)s,, were such a root. Because f* 
is homogeneous, we can suppose that the ps, lie in KX] but are not all divisible 
by X. Because 


(17) Jolfus «<4 Bin) Fi Pits s<> 9 Pin) x Pe = 
we first conclude that fo(po1,---; Pon) = 0 mod _X, and hence that 
(18) Pov =0 mod X forall O<v<n, 


since the root (~o1(0),..., Pon(0)) of fo in K” is trivial, by our assumption on 
f. Now, by virtue of (18)—and because fo is homogeneous of degree d — we 
actually have 

fo(Po1,-+-+ Pon) = 0 mod X%. 


Thus we obtain, using (17), the congruence /{(pi1,..., Pin) = 0 mod_X, and as 
above this implies that p1, = 0 mod X. Pushing forward we eventually get the 
result that all the ps, are divisible by X, a contradiction. 
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F4. If K has Tsen rank i and admits a norm form of level i, the rational function 
field K(X) in one variable over K has Tsen rank i + 1. 


Proof. We already know from Theorem 4 that K(X) has Tsen rank at most i + 1. 
But F3 says that K(X) is not a 7;-field, so the Tsen rank of K(X’) must exceed /. 


FS. For every integer i = 0 there are fields of Tsen rank i. 


Proof. By Theorem 1, algebraically closed fields have Tsen rank 0. Now take 
any field K of rank 1—say, a finite field (Theorem 2) or the field of rational 
functions in one variable over an algebraically closed field (Theorem 3). Take a 
purely transcendental extension 


(19) Ky = KG, Mas 


of K with transcendence degree i—1. Since K is not algebraically closed (it has 
Tsen rank 1), it admits a level-1 norm form by Fl. We then conclude by induction, 
using F4 and F3, that K; has Tsen rank 7. 


3. In Definition 1, in formulating the 7;-property of fields, we considered whole 
systems of equations. It might have seemed simpler to start with the following 
concept instead: 


Definition 3 (Lang 1952). We call K a C;-field if any form of degree d in n 
variables over K has a nontrivial root in K” so long as 


(20) n>d'. 


If such a condition is met not only for forms but also for arbitrary polynomials 
having no constant term, we call K a strict C;-field or SC; -field. 


The various properties introduced so far are obviously ranked in the order 
1; => SGP=> C;. 


Since a Co-field is algebraically closed (see right after Theorem 1), we conclude 
from Theorem | that Co => To, that is, Co <=> 7o. Whether a similar equivalence 
holds for some i > | as well is, as far as we know, an open question; counterexamples 
seem hard to come by. But at least we can say this: 


F6 (Tsen). Let K be a C;-field admitting a norm form of leveli. A system of m forms 
fi,-++s fm over K, all of degree d and inn variables, has a nontrivial root over K 
provided that 

n>md'., 


A parallel statement holds for polynomials with no constant term, if we start with the 
assumption that K is an S'C;-field. 
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Proof. The case i = 0 is covered by Theorem |. Suppose, then, that i > 1. By 
assumption, K admits a norm form N of level i. We can assume by F2 that the 
degree e of N is sufficiently high— specifically, here we want e’ > m. We form 
the polynomial 


Qi WS Niece | Pisocon den 22" Finance Fe Oe); 


where after each vertical bar n new variables are meant to be used as arguments to 
the f,,, as often as a full m-tuple of /,,’s can be accommodated. Thus we obtain a 
polynomial N“ in n[e!/m] variables. If we can show that N“ has a nontrivial 
root over K we will be done, because, by the assumption that N is a norm form, 
the only way the right-hand side of (21) can vanish is if all the arguments vanish, 
and then some n-tuple of coordinates in the root of N“) will provide a nontrivial 
common root of all the /,. 

N®) has no constant term, and is homogeneous if the /, are; moreover its 
degree is de, because N has no nontrivial roots. So we can apply the defining 
condition of a C;-field or SC;-field if the inequality 


n B > (de)! 
m 
n =| >md' ({<] + i} ; 


since e' <m ([e'/m]+ 1). And the last displayed inequality is fulfilled for e large, 
because i > 0 and n > md’ by assumption. 


holds. It certainly does if 


F7 (Tsen). Let K be a C;-field admitting level-i norm forms of arbitrary degree. A 
system of m forms fi,..., fm of degrees d\,...,dm inn variables over K has a 
nontrivial root over K provided that 


(22) n>di+di+---+di. 


A parallel statement holds for polynomials with no constant term, if we start with the 
assumption that K is an S'C;-field; in this case, therefore, K has Tsen rank i. 


Proof. Set D = d\dz...dm. For 1 < ju <m, there exists by assumption a norm 
form N,, of level i with degree D/d, =: Dy. (Here we depart from the convention 
established in Definition 2 and allow the forms aX). Next we fix a set of nD! 
independent variables Y; over K and consider the following m systems of equations, 
each with the same variables Y;: 


M(flfil--|A) =% MAA | A) =0 ..... ; 
No(f2| fol---| fz) =0, Mo(frol fel---| fe) =0, ..... ; 


Nm(fm | fin |-++ | fin) = 9, Nm(fn | fin | +++ | fn) = 9, eee é 
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Here the j-th line contains d i equations, and the nD! variables Y; are apportioned 
among these equations in order, so that in fact alln Dd’ =nD' variables do occur. 
Now consider (23) as a single system of equations in nD! variables; each equation 
on the j-th line of (23) has degree Dud, = D, so all d) +d} +---+d,, equations 
in (23) have the same degree D. Because of (22) we have 


nD! > (di+djt+---+di)D', 


and if K is assumed to be a C;-field or SCj-field, F6 says that (23) has a nontrivial 
solution over K. Since the N; only have trivial roots, we see directly that the system 
fi =9, fo =90,..., fm = 0 also has a nontrivial solution. 


As mentioned earlier, it would be interesting to know whether in F7 we can 
make do without the pesky assumption of existence of norm forms. But for F6, at 
least, this is possible: 


F6’ (Lang—Nagata). The statement of F6 is true even without the assumption that K 
has a norm form of level i. 


Proof. The case i = 0 is taken care of by the classical Theorem 1, thank goodness. 
Hence from now on we assume that K is not algebraically closed. By FI and F2, 
K admits a norm form N of level 7 = | and arbitrarily high degree e. We now start 
off exactly as in the proof of F6, but by necessity we set 7 = 1 everywhere. Then if 
we write 


NEN fi sicen dn | Jusiy fal? | Piers da | Oca) 
the number of variables n[e/m] =: 1, and the degree ed =: d, of N“ satisfy 
ny >d, 


for e large. If N ( has a nontrivial root, so does our system fi,..., fm. Therefore, 
under the assumption that K is a C,- or SC;-field, as the case may be, the conclusion 
follows. 

To deal with the case i > 1, we resort to a recursive definition: 


NOD = NOW, 
If n,; is the number of variables of N (") and d, its degree, we have 


(24) Np-y =N [= and drs; =d,-d =ed"*! 


(since we can assume without loss of generality that NV“? only has the trivial root). 
So if we can arrange for the inequality 


i 
Nypt+1 > dys 


to hold for e large enough but fixed, we are done. 
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By (24) we have, first of all, 


Mp n|n;/m| ~ Mr n 


hae didi ~ mdid 


Mr+t 0 (5 “i m ) 
i i\qi eidir J 
Gye, md? \d} e'd 
By using the corresponding inequalities for y—1, r—2, and down to 1, we conclude 
by recursion, after an easy calculation, that 


sO 


Nr+1 ( n y mn mn 1 (4)"-1 
di,, \md*) di etm di@+) (4)-1° 


Now plug in the starting values nj = n[e/m] and d, = ed. Rearranging terms, we 
are led to 


( ) eid! e§m ditt) m” n—m 
Ce ee 
(a) 


rt+l (e—m m? “6 
e! e!(n—m) 


n \?+1 (e—m)(n—m)—m? 
Ga). gga 


e!(n—m) 


Fix e large enough that (e—m)(n—m) — m? > 0; the preceding expression then 
gets arbitrarily large as r grows, because n/(md') > 1. The proposition follows. 


The result just proved allows us to complement Theorem 6 with the following: 


Theorem 7. /f K is a C;-field and E/K is an extension with transcendence degree 
J. then E is a C;+ ;-field. 


Proof. We cannot derive Theorem 7 as a simple logical consequence of Theorem 6, 
because one of the assumptions has been weakened. But in any case it is enough to 
consider two cases: 

(a) E/K is purely transcendental of transcendence degree 1. 

(b) E/K is algebraic. 
For case (a) we proceed exactly as in the proof of Theorem 4 (page 116). Moreover 
now we only have to deal with a single equation f(X1,..., Xn) = 0, and f is 
assumed homogeneous of degree d > 0. Then, by homogenity, all (nontrivial) 
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coefficients in (10) are homogeneous of same degree d = deg f. Thus instead of 
the T;-property of K we need (by F6’) only the C;-property in this case. 

The argument for case (b) also follows along earlier lines; see the proof of 
Theorem 5. Here what one needs to check is that all the nonzero coefficients in (15) 
are homogeneous of same degree d. 


4. In this section and the next we carry out the proof of the two theorems stated at 
the beginning of the chapter, starting with Theorem 2. So suppose that 


(25) Kis a finite field with g elements. 
Take the ideal 
(26) a= (Xf -X, XJ -X2,..., XP —Xn) 


of K[X1,..., Xn]. Obviously every polynomial in a vanishes at every point of K”. 
We will show that, conversely, any f € K[X1,..., Xn] vanishing on all of K” lies 
in a. First we introduce a bit of shorthand: A polynomial g € K[X1,..., Xn] will 
be called reduced if each variable appears in it only with exponents less than q. 
Clearly for every f € K[X1,..., Xn] there exists a reduced polynomial / such that 


(27) f =f» moda and deg f, < deg f. 
To obtain f from /, simply replace factors X, is by X; until this is no longer possible. 


Lemma 1. [fa reduced polynomial g € K[X,,..., Xn] vanishes at all points of K", 
then g = 0. 


Proof. We work by induction on n. For n = 0 there is nothing to show. Suppose 
n= 1. A reduced polynomial g has a representation 


q-1 
a(X1,..., Xn) = > gi(X1,... Xn) XG 
i=0 


where the g; € K[X1,..., X,—1] are also reduced. Take any (x1,...,Xn—1)€.K”!. 
By assumption, the element g(x1,...,Xn-1, Xn) of K[Xy] vanishes at every x € K. 
From degree considerations we then see that 


Zi(X1,...,Xn-1)=0 for0O<i<q-l. 


This holds for every (X1,...,Xn—1) € K"—!) so the induction assumption implies 
that g;(X1,..., Xn—-1) =0 for 0 <i <q-—1; that is, g is indeed the zero polynomial. 


Lemma 2. Given f € K[X1,..., Xn], there exists a unique reduced polynomial f* 
such that 


(28) f = f* moda. 
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Moreover f* satisfies 
(29) deg f* < deg f. 
If f vanishes on K", then f lies in the ideal a. 


Proof. We already know that there exists a reduced polynomial f, such that f = f. 
mod a and deg f, < deg f. Suppose f* is another reduced polynomial satisfying 
(28). Then f* — f is also a reduced polynomial, and it lies in a; thus, it vanishes 
at all points of K”. But then Lemma | says that f* — fs =0, so f* and f, are the 
same. 

If f vanishes on K”, so does f*, by (28). Again by Lemma | we know that 
f* =0, and hence that f € a. 


Lemma 3. /fu € K[X,..., Xn] is reduced, vanishes at every point of K" ~ {0}, 
and takes the value \ at the point 0, it must equal 


(30) “=(-XF )d-Xf')...-—x2-. 


Proof. The polynomial on the right-hand side of (30) — call it v — satisfies the same 
assumptions as u. Now apply Lemma | to g = u — v to obtain u = v. 


After these preliminary bits of elementary spadework, the proof of Theorem 2 
becomes remarkably simple. It all hinges closely on the fact that all nonzero ele- 
ments of a finite field satisfy 

ye, 


if g is the field’s cardinality. Let’s spell out the statement of Theorem 2: 


Theorem 2 (Chevalley). Let K be a finite field, and let f\,..., fm be (nonzero) 
polynomials in K[X1,..., Xn], all vanishing at the point 0 € K". Suppose the sum 
of their degrees dy, is less than the number n of variables. Then f\,..., fm have a 
common root in K" distinct from 0. 


Proof. As before, let g be the cardinality of K. The polynomial 


(31) Pata 0-7 105) 
has degree 
m 
(32) deg f =(q-1) 0 du < q-I)n. 
p=1 
Now suppose /fi,..., fm do not have a common nonzero root in K”. Then f 


vanishes at each point of K” \ {0}, but takes the value | at 0. The same is true of 
the reduced representative f* of f (see Lemma 2). So by Lemma 3 we must have 


f 20-27 0S Sal = 2, 


It follows that deg f* = (¢—1)n; but this contradicts (32), because deg f* < deg f 
by (29). 
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A remarkable sharpening of Chevalley’s Theorem was found by E. Warning 
(“Bemerkung zur vorstehenden Arbeit von Herrn Chevalley”, Abh. Math. Sem. Univ. 
Hamburg 11 (1936), 76-83). Here it what it says: 


Theorem 2* (Chevalley—Warning). Let K be a finite field, and let f\,..., fm be 
(nonzero) polynomials in K[X1,..., Xn]. Suppose the sum of their degrees dy, is less 
than the number n of variables. Then the number N of common roots of f\,..., fm 
in K" satisfies the congruence 


(33) N =0mod p, 


where p = char K. In particular, if f\,..., fim do have a common root in K", there 
exist at least p — 1 more points in K" where all m polynomials vanish. 


Proof. For f € K[X1,..., Xn] arbitrary, set 


(34) SS)= >) f£@). 
xeK" 
Let V be the set of common roots of /{,..., fm in K”. As before, we construct 
the polynomial 
(35) f=(-ff )0-ff")...0-ff"). 


For x € V we have f(x) = 1, whereas f(x) = 0 for x € V. For x ¢ V, there is 
at least one nonzero /,(x), so f(x) = 0. Thus the polynomial / in (35) evaluates 
to the characteristic function of V on K", and consequently the value S(f) in (34) 
gives the count of elements of V, albeit as an element Nx of K: 


(36) Nx = S(f). 


Thus the congruence (33) will be proved if we show that S(f) = 0. Now, f is a 
linear combination of monomials of the form 


a a n 
My AG see, ; 
where, by (32), 
(37) a, +d. +---+an < (q—IW)n. 
For each such monomial, 


SOF yack) = ( > =) ( >? xt) na ( ‘> i). 
xeK 


xeK xeK 


Because of (37), there is at least one a; such that 
aj<q-l. 


The the proof is completed by resorting to the next lemma: 
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Lemma 4. Let K be a finite field with q elements and let a = 0 be an integer. If a is 
zero or is not divisible by q—1, then 


(38) yo xt =0. 
xe Kk 


If, contrarywise, a is nonzero and divisible by q—|, the sum on the left has value —1. 


Proof. For a = 0, all terms in the sum equal 1, so the sum is worth g- 1, which 
vanishes since q is a power of the characteristic. Suppose a = 1. Then 0° = 0, and 
we are left with a sum over the elements of the multiplicative group K”: 


(39) S@= >> x*. 
xeK~™ 
If g —1 divides a, we have x* = 1 for every x € K* and hence S(a) =g-—1=-1. 


On the other hand, if a is not divisible by g — 1, take z € K* of order g—1; then 
z* £1, But we can write 


z*S(a)= ~ (zx)? = a y* = S(a), 


xek~* yek* 


which, given that z* 1, is only possible if S(a@) = 0. This completes the proof of 
Lemma 4 and of the Chevalley—Warning Theorem. 


Remark. Using rather more sophisticated methods it can be shown that we can 
replace p in the congruence (33) by the cardinality g of K. In fact something 
stronger is true: If for some integer b > 0 we have n > b )°)_, dy, then 


(40) N =0 mod q?. 


See J. Ax, “Zeros of polynomials over finite fields”, Amer J. Math. 86 (1964), 
255-261. 


5. We now turn to the proof of Theorem 1. Assume that 
(41) K is an algebraically closed field. 


We will draw on the algebraic geometry background and terminology of Chapter 19 
(vol. I), rounding it off with some additional observations. In outline, we will prove 
that adding one polynomial to the system (1) reduces the dimension of the set of 
common zeros by at most 1: see Theorem 1* on the next page and its corollary. 
Let V be a K-variety in K” (an irreducible algebraic K-set of K”), and let 


a:= $(V) C K[X,..., Xn] 


be its ideal. The affine K-algebra K[V] = K[X1,..., Xn]/a = K[™1,...,Xn] is an 
integral domain, because a is a prime ideal (V is irreducible). Here x1,...,X, are 
the images of X1,..., X in K[V] under the quotient homomorphism. 
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Let fA be a polynomial in K[X1,..., X,] that does not vanish on (all of) V. 
Since h € a we can form the extension K[x,,...,X%y,1/h(x1,...,Xn)], which is 
still an integral domain. Now consider the affine K-algebra 


KX, ase Xn, Xn+11/(a, AXn+1 = 1) = Kiy1, sais Vn> Vn+i)- 


There is obviously a unique surjective homomorphism of K-algebras 


(42) Kly1,---.¥ns nti] > K | Miycncy ties L/h hoes x n) | 

with yj x; for 1 <i <n and yyy, b> 1/A(Xy,...,X). From g(x1,...,X) =0 
for g € K[X1,..., Xn] there follows g € a, so g(11,...,Jn) = 0. Hence (42) 
is injective on K[y1,...,¥n] and so injective overall, because every element of 


K[y1,---s¥n» Yn+1] has the form g(y1,...,¥n)/A(1...-.¥n)* for some element 
g(1,---;)n) of K[y1,.--, Vn]. 


Hence (42) is an isomorphism. The zero set 


(43) Vi = N(a, X41 —1) 


of the ideal (a, 4Xn+1 —1) of K[X1,...,Xn+1] is therefore a K-variety of K"*!, 
with affine K-algebra 


K[Vi] = K[y1,---, ns nti) 2 KR <aig hay L/P ts, vicg Mn) | 


In particular we have TrDeg(K(V;,)/K) = TrDeg(K(V)/K), and hence 


(44) dim V;, = dim V. 

As a subset of K”*!, by definition, V;, consists of all (a1,...,dn,@n41) in K"*! 
such that 

(45) (a1,.--,4n)E€V and ayy ,h(ay,...,dn) = 1. 


We thus have a natural embedding V;, — V, through which Vj; can be identified 
with the set 


(46) {aEV|h(a)FONCY. 
After all this preparation we can tackle the proof of a fundamental result: 


Theorem 1* (Krull). Let K be an algebraically closed field and let V C K" bea 
K-variety. Suppose the polynomial f € K|X1,..., Xn] does not vanish at all points 
of V. Then all the irreducible K-components of the algebraic K-set 


(47) VaN(S) ={aeV| f(a) =0} 


have dimension r — 1, where r = dim V . 
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Proof. (i) We can assume that VM N(f) #4 @. In fact, we can assume without 
loss of generality that VM N(/) is irreducible (has a single component), as we 
now proceed to show. Let W be any component of VM N(/). There is certainly a 
polynomial / that vanishes on all components of VN N(f) aside from W, but not 
on W. We then construct V;, and Wj, as above and derive from (45) that 


Vn N(f) = Wa. 


Since V;, and W, are irreducible and since, thanks to (44), the dimensions satisfy 
dim V = dim V;, and dim W = dim Wj, we have acheived the desired reduction to 
the case of a single component. 


(ii) Let A = K[V] be the affine K-algebra associated to V. We regard f as an 
element of A. By assumption, f 4 0. Since we are now assuming that VN N(/) 
is irreducible, the radical of the ideal (/) of A must be prime, say 


(48) V(f) =P. 


First we treat the special case V = K”. Then A = K[X1,..., Xn] is a unique 
factorization domain, so p in (48) can only be a principal ideal: p = (1). But it’s 
easy to check (see proof of Lemma 3 in Chapter 19, vol. I) that the affine K-algebra 


K[X1,..., Xn] /(f) 
corresponding to VN N(f) = N(/) has transcendence degree n—1. 


(111) We now reduce the general case to the special case just treated. By Noether’s 
Normalization Theorem (Chapter 18, Theorem 4 in vol. I), there is a subalgebra of 
A that is a polynomial algebra 


(49) R=K[x1,...,%r] 


in r variables x;,...,X,;, and such that A/R is integral. Being a UFD, the ring R 
is integrally closed in its fraction field F := Frac R. If we set E := Frac A, the field 
extension E'/F is finite, and we can consider the element 


(50) So:= Ne/F(/). 


This element lies in R (Chapter 16, F9 in vol. I), because A/R is integral, R 
is integrally closed and f € A. More is true: The minimal polynomial X” + 
dn-1X"! +++++ ao of f over F only has coefficients in R. Taking (48) into 
consideration we see that f” + dy—1 | ee +--+-+d 9 = 0 implies ao € p, and hence 
also fo € p (since Nz/x(f) equals a power of do, up to a sign). We claim that fo 
has radical 


1) V(fo)=pOR 


in R. As already seen, fo lies in pM R; thus we already know that ,/( fo) CpN R. 
Conversely, let g be any element of pM R. In view of (48), some power g* of g 
has the representation 

g=feh, with hea. 
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Since g € R, an application of the norm N = Ng/Fr yields 
N(g*) = N(g)' = glFB = N(S)N(h) = foho, 


with fo € R. It follows that g € ./(/o), as claimed. 

From (51) the assertion of the theorem follows: Indeed, A := A/p is integral 
over R:= R/pO R, so TrDeg(A/K) = TrDeg(R/K). Taking (48) and (51) into 
account, we conclude that 


dim(V 0 N(f)) = dim N'(fo). 


But as established earlier, the hypersurface (fo) of K” has dimension r — 1, and 
r was the dimension of V. 


Corollary. Suppose that K is an algebraically closed field, and let fi,..., fm € 
K[X1,..., Xn] be polynomials in n variables over K. Then each component W of 
N(fi,---, fm) has dimension at least n —m. 


Proof. We apply induction on m. The case m = 0 being obvious, assume that 
m = 1. Being an irreducible subset of N(/1,..., fm—1), the set W is contained 
in an irreducible component V of N(/{,..., fm—1). Since W CV AN(fm) © 
N(fi,---, fm), W is an irreducible component of V ON( fm). By induction we get 


dim V >n-—(m-—1). 
But by Theorem 1* we have 


dim W > dim V — 1. 


Altogether we get dim W >n—-—™m. 


If, in the situation of the corollary, we assume in addition that all the /; vanish 
at the point 0 of K”, we get N(fi,..., fm) # @, so there exists an irreducible 
component W of N(/i,..., fm). If > m, therefore, we have dim W > 1, and so 
W cannot contain only one point. This proves Theorem 1. 


Remark. For a more general appreciation of Theorem 1* in the context of commu- 
tative algebra, see p. 112 of Atiyah and Macdonald’s Introduction to Commutative 
Algebra, Addison-Wesley 1969. 
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Fundamentals of Modules 


1. In this chapter R will always denote a commutative ring with unity. We start 
with some recapitulation: 


Definition 1. By an R-algebra A we mean a ring A with unity that is at the same 
time an R-module, so that the equalities 


(1) a(ab) = (aa)b = a(ab) 
hold for every a € R anda,be A. 


Remarks. (i) In the literature a more general definition is sometimes used: namely, 
an R-algebra is an R-module A endowed with a bilinear map 


AxA-A, (a,b) ab. 


In that case an R-algebra in our sense is called an associative R-algebra with unity. 


(ii) One generally denotes both the unit element of R and that of A with 1. If 
necessary one can use the notation |r and 14. The map 


(2) araly, 


is aring homomorphism from R onto the R-subalgebra R14 of A. This subalgebra 
is always central, that is, it lies in the center 


Z(A) = {ae A|ax = xa for every x € A} 


of A. The center Z(A) is always an R-subalgebra of A. 


(ii) If A is a ring with unity, any ring homomorphism g from R into the center of 
A makes A into an R-algebra: wa = g(a)a. 


(iv) If the map (2) is injective, we can identify R with the subalgebra R14. 
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(v) In many general statements about R-algebras, the underlying ring R plays no 
role. As a rule we will forgo the reference to R and use the plain term algebra. 
In this case, when we talk of an algebra homomorphism g : A — B, it is tacitly 
assumed that A and B are algebras over the same R. An algebra homomorphism 
A — B is required to carry 14 to 1g. Likewise we want a subalgebra C of an 
algebra A to contain the unity of A, so the inclusion C — A is a homomorphism 
of algebras. 


(vi) It is worth mentioning explicitly that every ring with unity is a Z-algebra, so 
the study of rings (with unity) is no more general than the study of algebras. 


(vii) An ideal of an algebra A will always be for us a two-sided ideal of the ring A, 
that is, a subset J of A such that 7+/7 CJ and AT =] =TA. Then J is automatically 
an R-submodule of A, and the quotient map A — A/J is a homomorphism of R- 
algebras, with kernel J. 


(viii) A subset N of an algebra A satisfying N + N C N and AN = N will be 
called a left ideal of A. (This collides with other habitual conventions, but we put 
up with that nonetheless, for the sake of unambiguous terminology.) 


(ix) An algebra A 4 {0} is called a division algebra if every nonzero element in A 
is invertible in A. When necessary to draw attention to the underlying ring R, one 
talks of R-division algebras. Aside from having an R-module structure, a division 
algebra satisfies, multiplicatively, all the axioms of a field other than commutativity; 
for this reason division rings are also called skew fields. It is immediately seen that 
the center of a division algebra is a field. If D is a division algebra, a D-module is 
also called a vector space over D. 


(x) Many results about algebras later on will require the underlying ring of scalars 
to be a field K. When we talk about a K-algebra A, the convention that 


(3) K is a field 


will always be in effect, and moreover we will assume tacitly that A 4 {0}, that is, 
14 4 0. Then (2) is injective, so K can be regarded as a subalgebra of A. 

A K-algebra is, in particular, a K-vector space. The dimension of a K-vector 
space V will always be denoted by 


V:K. 
The vector space structure of a K-algebra A is fully determined by A: K. 


(xi) If M is an R-module, the set Endr(M) of all R-module endomorphisms of 
M has a natural R-algebra structure. This provides a class of natural examples of 
algebras. 


More generally: 
F1. Let A be an R-algebra and let M, N be A-modules. The set 


Hom,4(M, NV) 
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of all A-module homomorphisms f :M — N from M to N has a natural structure 
as an R-module. The R-module End4(M) = Hom,(M, M) of all A-module endo- 
morphisms of M has a natural R-algebra structure; we call this the endomorphism 
algebra of the A-module M. 


Proof, For f,g € Hom4(M, N) and a € R, define f + g and af by setting 
(f+ 8)%) = f(x)+8@), @/)) =af(). 
When M = N, the product fg is defined by composition: 
(fg)(x) = f(g). 


Clearly f+ g anda/f do lie in Hom4(M, NV), and fg lies in End4(M) if M = N. 
It is easy to check that the operations just defined make Hom,(M, NV) into an 
R-module and End4(/) into an R-algebra. (The reader should explore why 
Hom,(M, NV) is not by the same token an A-module if A is not commutative.) 


Obviously End4(M) is a subalgebra of the R-algebra Endr(M). M can be 
regarded naturally as a module over the algebra Endr(M), hence also as a module 
over any subalgebra of Endr(M). In particular, M is an End4(M)-module in a 
natural way. 


Definition 2. Let A be any R-algebra. 


(i) By virtue of the multiplication law A x A — A, we can regard A as an A-module 
as well; this module is denoted by 
Aj. 


The submodules of the A-module Aj are precisely the left ideals of A. 


(ii) If we give the R-module A the reverse multiplication law (a,b) aob:= ba, 
we get an R-algebra, denoted by 
A° 


and called the opposite algebra of A. 


(iii) We denote by A; the A°-module (A°);; thus multiplication by scalars in A, 
is given by (a,x) xa. The submodules of Ay are precisely the right ideals of A. 


(iv) For a given A-module M we have an algebra homomorphism 
(4) A — Endr(M) 


assigning to each a € A the endomorphism a,, of M defined by left multiplication 
by a: dy (x) = ax. 


(v) For M = A this defines a natural homomorphism 


(5) X:A— Endr(A) 
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which is an isomorphism onto its image: A ~ A(A). Similarly, To every a € A we 
can associate the endomorphism ,a of right multiplication by a: ,a(x) = xa. We 
thus obtain an algebra homomorphism 


(6) p: A° >Endr(A), 
and again A° ~ p(A) canonically. 


F2. p(A) coincides with the subalgebra End4(A;) of Endr(A); similarly, (A) is 
the subalgebra End4o(A;) of Endr(A). 


Proof. It is clear that each ,a lies in End4(A7), because for every b, x € A we have 
Au(bx) = (bx)a = b(xa) = b(,a(x)). Conversely, suppose f € End4(A7). Then 


f(x) = fxl)=xfC) forall xe A. 


Setting a:= f(1), we have f = ,a, right multiplication by a. This proves the 
assertion about p(A). The proof for 4(A) is completely analogous; alternatively, 
the equalities (A°)° = A and p(A°) = A(A) provide a reduction to the half already 
proved. 


Trivial as the result in F2 may seem, it is of great importance. We want to stress 
again what we have proved: 


F3. By associating to each element of an algebra A the endomorphism of right or 
left multiplication by a, one obtains natural isomorphisms 


(7) A° ~End4(4;), Ax Endygo(A;). 
Remark. Let A be an R-algebra, and for n € N let 
My,(A) 


be the set of 7 xn matrices with coefficients in A. Clearly M,(A) has an R-module 
structure. The usual multiplication of matrices, obtained by defining the product ab 
ofa= (aij )i,j and b = (bij )i,j as 


(8) ab = ( > aixbus) 
k=1 


makes M,,(A) into an R-algebra, called the (full) algebra of n x n-matrices over 
A. This will be most easily justified by identifying the elements of M,(A) with 
those of the algebra End4o(A”) of endomorphisms of the A°-module A” = A’, 
and checking that the addition and multiplication on End4e(A”) are described by 
matrix addition and multiplication. The matrix a = (d;s);,5 associated to a map 
f €End,e(A") is the one for which the equations 


(9) fei= So ejaji 
J 


i,j 
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are satisfied, where e;,...,@, form the canonical basis of A”. (An equation y = fx 
is seen to translate to the coordinate equations 
(10) y=) as 

J 


just as in elementary linear algebra; only a certain amount of attention is required 
since A is not assumed to be commutative.) We obtain in this way a canonical 
isomorphism 


(11) End4o(A”) ~ M,(A). 
For the endomorphism algebra End4(A”) of the A-module A” = A?’ we then get 
(12) End4(A”) ~ M,,(A°). 


The occurence of the opposite algebra A° of A in these relations is part of the 
nature of things, and cannot be avoided through (say) a cleverer choice of notation. 


The first assertion of the next result is a generalization of (12): 


F4. Let N be an A-module and consider the A-module N", withn € N. There is a 
natural isomorphism 


(13) End4(N") > Mp(End4(N)), fi (fisis, 
satisfying for every element x = (x;); € N” the relation 
(14) {x= (= fi) ; 


With the abbreviations N' = N", C = End4(N), C’ = End4(N’), the natural 
embedding Endg (N) — Endc (N’) gives rise to an isomorphism 


(15) Endc(N) > Endc(N’). 


Proof. Let 1; :N”" — N be the projections and 1; : N — N” the injections for the 
decomposition N’ = N”. They satisfy the relations 


(16) wl; = bij, Wires: =; 
k 


where 6;; = 0,1 € C = End4() depending on whether 7 # j or i = j. For every 
f €End4(N’'), the maps 


(17) fy =m fy 
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are A-endomorphisms of NV. Using (16) one confirms easily that the map in (13) 

is an isomorphism and satisfies (14): just note that 2; fguj = I (Ye Uk) ej = 

Vi Sik sej and; 5 i fig = ij GT fay = f, while 1, (Y0; | Sis Hj) bs = Srs- 
Now take g € Endc(NV). Via 


(18) EX = (gxi)i 
we regard g as an element of Endc(N’), and show first that we do have 
gf =fg forall feC’ =Endy(N’). 


Indeed, because of (14), gfx = g(d fisxi); = (dS gtijxj), = (Si fij8x;); = 
fgx. All that remains unproved is the surjectivity of (15). So take A € Endc/(N’); 
we must show that 


(19) mht; =O and xjhij =ajhy 


for every i # j. By assumption, / commutes (in particular) with f = 1;7;, so 
hij = hij (iti) = Aya )u = (7) hu, and hence 


hij = uj aihty. 


Left multiplication by 2; and z; leads to (19). 


We can apply F4 to the A-module A; and obtain an isomorphism 
End, (A7) —> M, (End4 (A))). 


But End4(A;) is canonically isomorphic to A°, by F3; we thus get a canonical 
isomorphism 


(20) End4(A”) > M,(A°). 


If we consider A” as an M,,(A°)-module by means of this isomorphism, expression 
(14) gives, for a = (aj;)i,; € Mn(A®) and x = (x;); € A”, 


(21) ax = (Sa) 
Jj 


relative to this module structure, and incidentally we recover again the isomorphism 
(12). If we replace A by A°, we obtain the natural isomorphism 


i 


(22) End4o(A") > M,(A). 


The M,,(A)-module structure thus defined on A” is then given by 


(23) ax = (Sax) ; 
J 


i 


which is the usual multiplication rule for an m x n matrix a by a column vector x. 
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F5. For any algebra A, the maps (20) and (15) give rise to natural isomorphisms 


(24) End4(A") ~ M,,(A°), 
(25) Aw Endgna,(4”)(A”), 
(26) A° ~ Endy, (4)(A"). 


Since the canonical isomorphisms (25) and (26) associate to a € A respectively left 
and right multiplication by a, we conclude that the algebras in (24) have centers 


(27) Z(End4(A")) = Z(A) idan, Z(Mn(A)) = Z(A) En, 
where Ey, is the n xn identity matrix in M),(A). 


Proof. The isomorphism (24) has already been explained. We consider (15) in the 
case N = A;. By F2 we can write C = End4(A;) = pA, and since End, 4(A)) = 
Endy4e(A;) x A by F3, we obtain the isomorphism (25) as required. Switching over 
to A° we obtain (26), taking into account the isomorphism (22). 

Finally, suppose f € End4(A”) commutes with every element of End4(A”). 
Then f belongs to the algebra in the right-hand side of (25), and so is of the form 
J = 44n, for a € A. But in view of (25), since f lies in End4(A”) it commutes 
with c "qn for every c € A. Therefore ac = ca for every c € A. 


Remark. As can easily be checked, the map a + “a taking each matrix into its 
transpose ‘a establishes an isomorphism 


(28) M,(A)° =~ Mn (A*). 


2. In this section when we talk about a module, we mean an A-module over an 
R-algebra A. 


Definition 3. A module N # 0 is called simple if 0 and N are the only submodules 
of N. Note that the zero module is excluded. 

A module M is called semisimple if it is a direct sum of simple submodules 
of M. 


Recall that saying that a module M is a direct sum of submodules Mj (i € J), 
or that M = @Qj<, Mj, means that the natural homomorphism @,-; M; > M is 
bijective; in other words, M is the sum of the Mj, and a finite sum of elements 
from distinct submodules Mj; can only vanish if all the elements vanish. 


Remarks. (1) Simple modules are also called irreducible, and semisimple modules 
completely reducible. 


(2) A left ideal N of an algebra A is a simple A-module if and only if it is a minimal 
left ideal of A—that is, if N is minimal among nonzero left ideals of A. Of course, 
an algebra need not have any minimal left ideals: just think of Z. 
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(3) A submodule L of a module M is maximal (among submodules of M distinct 
from M) if and only if the quotient module M/Z is simple. Regarding the question 
whether maximal submodules must exist, we have: 


F6. Let M be a finitely generated module. If Mo is any submodule of M distinct 
from M, there exists a maximal submodule of M containing Mo. 


Proof. Consider the set X of all submodules N of M such that Mo C N 4 M. If 
Y is anonempty totally ordered subset of XY, the union U of all N € Y is obviously 
a submodule of MM. We show that U # M. Indeed, has a finite set of generators 


X1,...,Xy. If M and U coincided, each x; would lie in some N; € Y. But Y 
is totally ordered, so the generators would lie in some single Nj, contradicting 
Nj #M. 


The result now follows through an application of Zorn’s Lemma. 


F7. Let N be a nonzero A-module. There is equivalence between: 
(i) N is simple. 
(ii) Every element x #0 of N generates N; that is, N = Ax. 
(iii) There exists a maximal left ideal L of A such that N =~ A/L. 


Proof. (i) => (ii): For every x 4 0, the set Ax is a nonzero submodule of N. 


(ii) => (i): Every nonzero submodule of NV contains a submodule of the form Ax, 
with x #0. 


(i) > (ii): By assumption, N has a nonzero element x. The map a@+> ax is a 
surjective module homomorphism from A into N; its kernel L is a left ideal of 
A, and A/L is isomorphic to N. Since N is simple, L is maximal, by Remark 3 
following Definition 3. 


(iii) = (i) follows immediately from Remark 3 to Definition 3. 


F8. Let V be an n-dimensional vector space over a division algebra D, and let 
A:=Endp(V) be its algebra of endomorphisms. We regard V as an A-module. 

(a) V is asimple A-module. 

(b) Aj ~ V"”. In particular, the A-module A, is semisimple. 


Proof. (a) Every nonzero x in V can be taken as an element of a basis of the D- 
vector space V. Hence, for every y € V, there exists a € A = Endp(V) such that 
ax = y. Therefore V = Ax; by F7, then, V is a simple A-module. 

(b) Let b;,...,5, form a basis of V over D. The map at> (aby,..., aby) is a ho- 
momorphism of A-modules from A; into V”. Because of our choice of b;,...,5n, 
our map is both injective and surjective. 


The last assertion in F8 is our cue for the introduction of a fundamental notion, 
albeit one which we will turn to in earnest only later: 


Definition 4. An algebra A is called semisimple if the A-module A; is semisimple. 
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Remark. In analogy with this, one might contemplate defining a simple algebra A 
as one such that A; is a simple A-module. This is not the practice, and instead the 
expression is reserved, with good reason, for a more general notion to be introduced 
in Chapter 29 (Definition 1). In any case it’s clear that the A-module A; is simple if 
and only if every nonzero x € A is invertible —in other words, when A is a division 
algebra. 


F9 (Schur’s Lemma). Let M and N be A-modules. 

(a) If M is simple, every nonzero f in Homa4(M, N) is injective. If N is simple, 

every nonzero f in Hom,4(M, N) is surjective. 

(b) If M and N are both simple, either M =~ N or Homg4(M, N) = 0. 

(c) If M is simple, End4(M) is a division algebra. 
Proof. (a) The kernel of f is a submodule of /; the image of f is a submodule of 
N. For f £0 we have ker f 4 M and im f 4 0. If M is simple, this implies ker 
f = 0, and if N is simple, it implies im f = N. 
(b) It follows from (a) that any nonzero f € Hom,4(M, N) is an isomorphism. 


(c) Since M is simple, every nonzero f € End4(M) is an isomorphism, and hence 
has an inverse in End4(M). Since M 4 0, we conclude that idyy 4 0. 


To investigate semisimple modules, we need this result: 


Lemma. Suppose a module M is a sum of a family (Ni)jier of simple submodules 
N;. If N is any submodule of M, there exists a subset J of I such that 


(29) M=N® (2 mi). 


ieJ 


Proof. By Zorn’s Lemma, we can choose a maximal subset J of J among those 


that satisfy 
N+) 0; -ve(@y). 


jet jet 
Let M’ be this sum for the chosen J. For every i € J, then, the sum M’+ N; is not 
direct, and so M’M N; 4 0. Since N; is simple, M’™ N; = N;; that is, Nj C M’. 
Therefore M = M’, proving the claim. 


F10. [f M is a module, the follow conditions are equivalent: 
i) M is a sum of simple submodules. 
(ii) M is semisimple. 
(iii) Every submodule of M is a direct summand in M. 
Proof. (i) = (ii): Just apply the lemma to N = 0. 


(ii) = (iii): This also follows immediately from the lemma. 
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(111) = (i): Given any nonzero x € M, consider the submodule C = Ax generated 
by x. By F6, C contains a submodule L such that C/L is simple. Thanks to (iii), 
L has a complementary submodule VN: M=L@N. Since L C C, therefore, 
C=L@(NNC). Hence NNC x C/L, that is, N NC is a simple submodule of 
C. So far we have shown that under assumption (iii), every nonzero submodule of 
M contains a simple submodule. 

Now, again using (iii), take a complement M” of the sum M’ of all simple 
submodules of M. If M” were nonzero, it would contain a simple submodule, 
which would also lie in M’ by construction, contradicting the complementarity 
condition M'N M” = 0. Therefore M” = 0 and M’= M. 


F11. Suppose a module M is the sum of a family (Nj )ier of simple submodules. 


(a) If M’ is a submodule of M or a quotient module of M, there exists a subset J 
of I such that the sum )~,.., Nj is direct and isomorphic to M’. 


(b) Every simple submodule of M is isomorphic to one of the Nj. 


Proof. Part (b) follows immediately from (a). By F10, every submodule of is 
a direct summand of M, and so isomorphic to a quotient module of MM. Hence it 
suffices to prove (a) for the case of a quotient M’ = M/N. 

By the lemma, there exists a subset J of 7 such that the sum L := ies N; is 
direct and M = N @ L. Therefore M’ = M/N is isomorphic to L. 


It is worth pointing out explicitly a consequence of part (a) (for the second 
sentence, consider condition (iil) of F7). 


F12. Any submodule and quotient module of a semisimple module is semisimple. 
If A is a semisimple algebra, every simple A-module is isomorphic to a submodule 
of Aj, and so is isomorphic to a minimal left ideal of A. 
F13. For an algebra A, there is equivalence between: 

(i) A is semisimple. 

(ii) Every A-module is semisimple. 
Proof. By definition, A is semisimple if the A-module A; is semisimple. But any 


A-module M is isomorphic to a quotient of a direct sum of copies of A; (indexed, 
say, by some set of generators of 17). The result now follows from F12. 


Definition 5. For a given algebra A, let 7 = T(A) be the set of isomorphism 
classes of all simple A-modules (7 is not “too large’: see property (iii) in F7). 
Take t € T and let S be a simple A-module of type t. For M an A-module, denote 
by M, the sum of all submodules of VW isomorphic to S. We call M, the isogenous 
component of M of type t. (If M has no submodule isomorphic to S, then M; = 0.) 
If M, = M we say that M is isogenous (of type T). 


F14. Let M be a semisimple module. 


(a) M is the direct sum of its isogenous components M,. 
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(b) Every submodule N of M is the direct sum of the modules N ) M,. 


Proof. (a) Since M is semisimple, we necessarily have M = >°, M,. Fort €T, 
let M{ be the sum of all M, such that o £ t. We need to show that MV; M] =0. 
Being a submodule of /, the intersection M,N M} is also semisimple (F12), so if 
nonzero, it would contain a simple submodule S. By F11(b), then, S would have 
both type t and type o. Contradiction! 


(b) N is semisimple because it is a submodule of MW. Part (a) then allows us to 
write N = QQ, N,. By definition, N; C M,N. Being a submodule of M;, the 


intersection /, M N is the sum of simple modules of type t (part (a) of F11), and 
soM,NNCN,. 


F15. If f: M > N isa homomorphism of A-modules and t is an isomorphism class 
of simple A-modules, the isogenous components M, and N, satisfy f (Mz) © Nz. 


Proof. Because {(M,) is a homomorphic image of M;, it is isogenous of type T, 
by part (a) of Fl1. Hence it is contained in N;. 


F16. Let M be a semisimple A-module. If U is a submodule of M, the following 
conditions are equivalent: 


(i) f(U) CU for every f € End4(M). 


(ii) U is a (direct) sum of isogenous components of M. 


Proof. The implication (ii) = (i) is clear from FI5. Now suppose (i) is satisfied 
and let S' be a simple submodule of U. We must show that every simple submodule 
S’ of M that is isomorphic to S is also contained in U. So let p be a projection 
from M onto S and let g: S — M be a homomorphism with image S’. Setting 
f =g0 p €End4(M) we get f(S) = S’. By condition (i) we then have S’ C U, 
as needed. 


F17. Let the algebra A be semisimple. If U is a subset of A, the following conditions 
are equivalent: 

(i) U is an ideal of A. 

(ii) U is a (direct) sum of isogenous components of the A-module A}. 
Proof. The ideals of A are precisely the submodules of A; that, under right multi- 


plication by any element of A, that is, under any map f € End4(A/), are mapped to 
themselves (see F3). With this characterization, F17 is just F16 applied to M = A). 


F18. Let A be a semisimple algebra. 


(a) The isogenous components of A, are precisely the minimal ideals of A, and 
every ideal of A is a direct sum of minimal ideals of A. 


(b) A has only finitely many minimal ideals. 
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Proof. (a) follows from F17 in view of F14. Since the A-module A; is generated 
by 1, it has only finitely many nonzero isogenous components, again by F14. This 
leads from (a) to (b). 


F19 and Definition 6. Let M be a semisimple A-module, and suppose 


(30) M=QM™ and M=QN, 


iel jet 


where Nj, Nj are simple submodules of M. There exists a bijection o : I — J with 
Ni X Ni iy for alli € I; in particular, I and J have the same cardinality. We call 
this cardinality the length of the semisimple module M, and denote it by 


i(M) = 14(M). 


The length of a semisimple algebra A is 1(A) :=/(A/). For a simple A-module N 
of type T, 
M:N=M:t 


denotes the length of the isogenous component M/, of M. 


Proof. By grouping together simple modules of the same isomorphism type, we 
recognize that it suffices to work with the case where all the N; and N; are 
isomorphic to a single simple module N. Let D®° be the division algebra of 
endomorphisms of NV. If M is any A-module, Hom4(N,M) can be regarded 
in a natural way as a D-vector space: For f € Hom4(N,™M) and d € D = 
End4(NV)°, set df = fod. If M and M’ are isomorphic, Hom,4(N, /) and 
Homy4(N, M’) as isomorphic as D-vector spaces, and for M = @;<, M; the nat- 
ural map @;<, Homa(N, M;) > Hom,4(N, M) is an isomorphism (note that V 
is finitely generated). Hence one gets from assumption (30) the D-isomorphisms 
D© ~ @;-; Hom(N, Ni) ~ Hom4(N, M); thus the cardinality || of I satisfies 


(31) || = dimp Hom,(N, M). 


The same holds for the cardinality of J, so the length of A is well defined. 


Remarks. (1) With the notations above, we have 


(32) M:N =dimp Homa(N, M) = Hom,(N, M) : D 
and 
(33) I(M) = 0M :t. 


The preceding argument is based, of course, on the well-definedness of the dimen- 
sion of a D-vector space. We assume this as known (and readers can check it by 
following the same pattern we used in introducing the transcendence degree: see 
Section 18.1 in vol. I). 
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(2) One could also prove F19 more directly, without relying on the D-vector space 
Homy(N, M)— except that the interpretation of M : N in (32) has its own utility. In 
any case F19 follows, in the (essential) case that J is finite, from other fundamental 
theorems in algebra: see Theorems | and 2 in the next section. 


We conclude this section with the so-called Jacobson Density Theorem, which, 
although perhaps initially overvalued by algebraists, is nonetheless a simple and 
useful fact in linear algebra. 


F20 (Jacobson Density Theorem). Let M be a semisimple A-module and C = 
End4(M) its algebra of endomorphisms. Consider the natural homomorphism 


(34) A—Endc(M). 


The image of A under (34) is dense in Endc(M) in the following sense: Given 
f €Endc(M) and finitely many elements x1,...,Xy in M, there exists necessarily 
some a € A such that 


(35) fxi=axi for \<ik<n. 
If M is finitely generated as a C-module, then (34) is in fact surjective. 


Proof. Consider the A-module M’ = M” and in M’ the element x = (x;);. Now M’ 
is semisimple because M is, so Ax is a direct summand of M’; let p: M’ > M’ be 
a projector onto Ax. Then p lies in C’ := End4(M"). Looking at f in the standard 
way as a map from M’ into itself, so 


fy=(fyi)i for y= (i): ¢ M' = M", 


we see by F4 that f is a C’-homomorphism of M’. Hence fp = pf. There follows 
fx = fpx = pfx € Ax, so there exists a € A such as 


fx =ax, 


which is (35). 


Remark. Let / be a simple A-module and D := End4(/) its division algebra of 


endomorphisms. Viewing M as a D-vector space, let x1,...,X, € M be linearly 
independent. Then, for every y1,...,¥y, in M, there exists a € A such that 
axj = ji- 


Indeed, since the x; are linearly independent, we can find f € Endp(M) such that 
xi = yi. Then F20 says there exists a € A such that ax; = fx; = yj. 


3. We next introduce two important finiteness properties that a module can possess. 
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Definition 7. A module M is called noetherian if every nonempty set of submodules 
of M has a maximal element. M is called artinian if every such set has a minimal 
element. An algebra A is noetherian or artinian if the A-module A; is. 


Remarks. The validity of statements (1) through (6) below is best checked inde- 
pendently by the reader. 


(1) A module M is noetherian if and only if every increasing sequence of sub- 
modules (the term ascending chain is often used) is stationary, in the sense 
that all terms are equal after a certain point. M is artinian if and only if every 
decreasing sequence (or descending chain) of submodules is stationary. 


(2) For a vector space over a division ring D, the following conditions are equiv- 
alent: (i) V is noetherian; (ii) V is finite-dimensional; (ii) V is artinian. 

(3) Suppose M = ier M;. If J is infinite and all the M; are nonzero, M is 
neither artinian nor noetherian. 

(4) Z is noetherian (since it is a principal ideal domain), but not artinian. 

(5) If M is a Z-module and p is a prime number, let M, denote the p-component 
of M (vol. I, p. 155). Let W be the group of all roots of unity in C. Then the 
Z-module W, is artinian but not noetherian. 

(6) In view of (2), a finite-dimensional K-algebra is both noetherian and artinian 
(and so is its opposite!). 

(7) But it is not hard to find an example of a noetherian and artinian K-algebra 
whose opposite has neither property; see §28.2 in the Appendix. 


(8) We will see in F41 that every artinian algebra is in fact noetherian. 


F21. An A-module M is noetherian if and only if every submodule M is finitely 
generated. 


Proof. Let N be a submodule of M and let X be the set of finitely generated 
submodules of NV. If MW is noetherian, XY has a maximal element L. For any x ¢ N 
we have L+ Ax € X¥,so L+Ax=L and hence x € L. It follows thatN = Le X, 
so N is finitely generated. 

To prove the converse, let (N,), be an increasing sequence of submodules of 
M. Then N =|) N, is a submodule of M. If x1,..., Xm is a finite set of generators 
of N, there exists k € N such that all the x; lie in N;. Hence N = Nz and N, = Nz 
for everyn =k. 


F22. Let M be a module and N a submodule. M is noetherian if and only if N and 
M/N are. M is artinian if and only if N and M/N are. 


Proof. Clearly N inherits either property if WM has it. Let 7: M —> M/N be 
the quotient map. The correspondence T +> T’ = x~!(T) between submodules 
T of M/N and submodules T’ of M containing N is one-to-one and preserves 
inclusion. Hence M/N is noetherian or artinian if M is. 

Conversely, assume NV and M/W are noetherian (the proof for artinian modules 
is analogous). Let X be a nonempty set of submodules of M/. Since M/N is 
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noetherian, the set 7X := {mT | T € X} has a maximal element 27. Then the set 
Y={TON|T €X, tT =1To} has a maximal element 7; N, because N is also 
noetherian. We will show that 7; is a maximal element of X. Suppose 7; C T for 
TeéX. Thenz79 =xT, CxT, and it follows that 77 =27,. Hence T C7,+N; 
but because TJ; C 7, this implies TC 7, +(TON)=7)4+(%NN)=7T7;. 


F23. Suppose M = @j_, Mi. Then M is noetherian or artinian if and only if each 
M; has the same property. 


Proof. Since M/M, ~ M, ®---® My-1, this follows by induction from F22. 


F24. If an algebra A is noetherian or artinian, every finitely generated A-module 
M has the same property. 


Proof. Let x1,...,Xn be generators of the A-module M, and let N be the kernel 
of the homomorphism of A-modules A? — M sending the canonical basis vectors 
of Al to X1,...,X,. Then M ~ Ar/N, and the assertion follows from F23 and 
F22. 


F25. For a semisimple module M, there is equivalence between: 
Gi) M is finitely generated. 
(ii) M is a direct sum of finitely many simple submodules. 

(iii) M is artinian. 

(iv) M is noetherian. 


Proof. Since M is semisimple, we can write M = @,., N; for appropriate simple 
submodules N; of M. If J is infinite, MW is neither noetherian nor artinian; see 
Remark 3 after Definition 7. If 7 is finite, F23 says that M is both artinian and 
noetherian, since simple modules are trivially seen to have both properties. This 
proves (iii) <> (ii) <> (iv). The implication (iv) = (i) is clear: see F21. To prove 
(i) => (ii), fix a finite set of generators for /. Each generator lies in a sum of 
finitely many N;; hence J is finite. 


F26. Every semisimple algebra is artinian and noetherian. 


Proof. This follows trivially from F25, since the A-module A; is finitely generated: 
Aj, =A-l. 


F27. If M is an A-module, there is equivalence between: 
(i) M is both artinian and noetherian. 


(ii) M has a composition series, that is, a chain 
0=MooM, C::-CM,=M 


of submodules Mj, such that each M; /M;-, is simple. 
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Proof. The implication (ii) = (i) follows inductively from F22. For the converse, 
let M be artinian and noetherian, and consider all submodules N of M for which 
there is a chain 

N=MoCM,C::-CM,=M 


of submodules M; of M with M;/M;~_, simple for all i. Since M is artinian, there 
is a minimal submodule N with this property. If N = 0, we are done, so assume 
N #0. Since M is noetherian, there is a maximal submodule of NV among those 
distinct from N; call it L. Then N/L is simple, and we reach a contradiction with 
the minimality of NV. 


Definition 8. If 7 is an artinian and noetherian module, the length 1(M) of M is 
the length of a composition series of M (compare F27). 


Remarks. (i) The well-definedness of the length is guaranteed by the next theorem, 
which says that all composition series of M have the same length. 


(ii) An artinian and noetherian module is also called a module of finite length. 


(iii) For a semisimple module M (of finite length), the definition of /(M) is clearly 
in agreement with the earlier Definition 6 (see also F25). Thus, if M = N,@---®Nnp, 
where the N; are simple submodules, M has length n. 


(iv) If N is a submodule of a module M, we have (taking F22 into account) 

(36) 1(M)=1(N)+1(M/N), 

since one can combine composition series for N and M/N in the obvious way. 

Theorem 1 (Jordan—H6lder Theorem for modules). /f 
0O=MoCMC::-CM,=M and 0=LyCLl,C::-CLy=M 


are composition series of the same module M , thenm =n, and there is a permutation 
o € Sy such that L;/Li-1 ~ Mo(i)/Mo)-1 for each i. 


Proof. Consider the sequences 


(37) 0 = Lo NO My-1 G++ S Lim O My-1 = Mp-1, 
(38) Mn-1 = Lo+ Mn-1 +++ S Lim + Mn-1 = Mn. 


For each j we have an exact sequence 
0 LINMy—1 /Lj-10My—1 > Lj /Lj—-1 > Lj+Mn-1/Lj-1+Mn-1 > 0. 
Since L;/Lj—1 is simple, this implies that, of the quotient modules 


Lj AMy af jal My and Lj+Mn—1/Lj-1+Mn-1, 
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precisely one is 0, and the other is isomorphic to L;/Lj;—1. But because M,/Mny—1 
is simple, the chain (38) has precisely one “jump”; hence there exists an 7 such that 
Li/Li-1 ~ Mn/Mn-1, 
Li 0 Mp-1 = Li-1 1 Mn-1, 
Lj Mn=i [Lj-10My—1 & Lj /L j= for j Ai. 


In particular, 


Lo Mn-1 © ++) © Lip Mya © Li41 Mp1 © +++ © Lm ON My-1 


is a composition series of M,-;. By induction, then, we obtain a bijection o : 
{Lijec i—l,i+l,...,m}— {1,...,m—1} such that Lj;/Lj-1 ~ Mo(j)/Moj)-1- 
If we extend o to a permutation on n elements by setting o(i) =n, the theorem is 
proved. 


Remark. The Jordan—Hélder Theorem holds, more generally, for groups with op- 
erators (see, for instance, Bertram Huppert, Endliche Gruppen I, pages 55 and 63); 
in fact, the proof above translates without hindrance to this more general setting. 


Definition 9. A module N ¥ 0 is called indecomposable if 0 and N are the only 
direct summands that N has. 


F28. If a module M is noetherian or artinian, it is a direct sum of finitely many 
indecomposable submodules. 


Proof. Observe that M, if nonzero, must have a nonzero indecomposable direct 
summand: for M artinian, any minimal nonzero direct summand will do; for WM 
noetherian, take a complement of any maximal direct summand distinct from VM. 

For the proof proper, first let M be noetherian and consider a maximal direct 
summand N among those with the property of being finite direct sums of indecom- 
posable submodules. Write M = N @ M’. Since M’ is noetherian, the preceding 
observation implies M’ = 0. 

The reasoning for M artinian is analogous: we take a minimal direct summand 
of M among those with the property that the complement is a finite direct sum of 
indecomposable modules. 


Theorem 2 (Krull-Remak—Schmidt). Let M be an artinian and noetherian A- 
module. Then M is a direct sum of finitely many indecomposable submodules (com- 
pare F'28). If 


(39) M=N,®-:-®Nn =N,O@---ONy, 


where the N; and the Nj are indecomposable, then m =n and, after appropriate 
reindexing, N; = Nj for all1 <i <n. 
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Proof. Let 1; : M — N; be the projections and 1; : N; — M the injections associated 
with the direct decomposition M = N; ®---@ Nm. The endomorphisms p; := (; 77; 
of M are called the projectors of the decomposition. They satisfy 


m 
Di = Di Pipj =9 fori 4 j, \> pi = 1 = idm. 
i=1 


Let p; be the projectors for the decomposition M = N;/ ®---@N,,. When restricted 
to Ny, the sum p; = )~/_, pip; is the identity. Since the restrictions of the pj p; are 
endomorphisms of N;, which is indecomposable, at least one of these restrictions 
must be an automorphism of N; (see §28.5); it may as well be taken to be that of 
Pip. Now consider the endomorphism 


(40) f=Pipit pot---+ pm =1- pit pips 


of M. If f(x) = 0, then 0 = p; f(x) = (p1p})(p1X) = 0, so pi (x) = 0, and we 
get x = 0. This shows /f is injective, and hence surjective, because an injective 
endomorphism of a module of finite length is an automorphism (§28.3). In view of 
(40) we have f(Ni) C Nj, and since M = fM = fN, ®---® fNm we see that 


Ny = faMye (nin s(n). 


But Nj is indecomposable, so Nj = f(N;). It follows that M/N; ~ fM/fN, ~ 
M/N;, and so from (39) 
(41) Nz ®---® Nm =~ Nz @---O@ Ny. 


The theorem follows by induction; just observe that (41) implies Nj ®---@ N/ = 
Ny @---@ Ny, with Ni! ~ Nj. 


Remark. The Krull-Remak—Schmidt Theorem, too, can be generalized to the case 
of groups with operators (see Huppert, Endliche Gruppen I, pages 65 and following). 
See also §28.6. 


4. Although later we will be focusing our attention on semisimple algebras, in this 
section we discuss also the notion of radical, because of its importance in algebra. 


Definition 10. Let A be an algebra and M an A-module. The intersection %(M) of 
all maximal submodules of M is called the (Jacobson) radical of M. By Remark 3 
following Definition 3, R(1Z) consists of those elements of M that are mapped to 
0 under any homomorphism from / into a simple module. 

The radical of the A-module A;, that is, the intersection of all maximal left 
ideals of A, is called the (Jacobson) radical of A and is denoted by SR(A). The 
qualifier “Jacobson” is used when it is necessary to differentiate this notion from 
other notions of radical, such as that in vol. I, p. 218. 
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Remarks. We collect here some simple formal properties of the radical: 


(a) For every homomorphism f : N — M of A-modules, f((N)) C R(M). 
Indeed, if g : M — S is a homomorphism from M into a simple module S, we 
have g( fx) = (go f)x =0 for every x € R(N). 


(b) SR(A) is a two-sided ideal of A. This follows from (a) if we set N = M=A 
and let f be right multiplication by an arbitrary a € A. 


(c) For every submodule N of M we have R(N) C R(M). This too is a special 
case of (a), as is the next statement. 


(d) For every submodule N of M we have ®(M/N) > (R(M) + N)/N. Hence 
KR(M/N) = 0 implies R(M) CN. 

(e) Given a submodule N C R(M) we have R(M/N) = K(M)/N. In particular, 
KR(M/KR(M)) = 0. Indeed, if N C R(M), the maximal submodules of M/N are 
in correspondence with those of M. 

(f) R(A/R(A)) = 0, and if R(A/T) = 0 for an ideal I of A, then R(A) C I. Thus 
SR(A) is the smallest ideal I of A such that R(A/T) = 0. This follows easily from (e) 
and (d), because the submodules of the A/J-module (A/J); are in correspondence 
with those of the A-module A4,/TJ. 


(g) R(A)M CR(M). For given x € M, the map a+ ax is an A-module homo- 
morphism from A to M, and so (a) implies that %(A)x C KR(M). It follows that 
(A) M CRM), 

(h) (MM) = 0 if and only if M is isomorphic to a submodule of a direct product 
of simple modules. Let N;, with i € X, be maximal submodules of M such that 
O\icx Ni = X(M). The natural homomorphism f of M into the direct product of 
the simple modules M//N; has kernel (| N; = %(M), so if RUM) = 0, this map 
is injective, proving the forward part. For the converse, let f : M — []S; be an 
injective homomorphism from M into a direct product of simple modules S;, and 
let p; be the corresponding projections. For x € %(M) we then have (pjo f)x =0. 
But pi( fx) = 0 for all 7 implies fx = 0, so, in view of / being injective, we’re 
left with x = 0. 

(i) If M is semisimple, 2(M) = 0. Because then M, being a direct sum of simple 
modules, is also a submodule of a direct product of simple modules, so (h) applies. 


We now show a partial converse to this last result: Any artinian module M with 
K(M) = 0 is semisimple. Indeed, we claim that for such an M there is a finite 
family (Ni)iex of maximal submodules N; whose intersection is zero. Assuming 
this, we see from the first part of the proof of (h) above that M is isomorphic to a 
submodule of the semisimple module [[,; M/N; = QB; M/N;; but semisimplicity 
is hereditary (F12). 

To prove the claim, consider all intersections of finite families of maximal sub- 
modules of 7. Since M is artinian, there is a minimal such intersection, say D. 
For any maximal submodule N of M we have DC DMN, hence DCN. But 
since R(M) = 0, this implies D = 0. 

Taking F25 into account we can also state: 
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F29. M is a finitely generated semisimple module if and only if X%(M) = 0 and M 
is artinian. In particular, an algebra is semisimple if and only if it is artinian and 
has zero radical. 


Everything we will say later about the general character of the elements of the 
radical rests on the following simple fact: 


F30. For a finitely generated module M # 0, the radical R(M) is distinct from M. 


Proof. Indeed, by F6, M has a maximal submodule. 


F31. Suppose a submodule N of the module M satisfies 
(42) N+(M) = M. 
If M is finitely generated (or if just M/N is), then N = M. 


Proof. From (42) we have #%(M/N) = M/N; see Remark (d) after Definition 10. 
If M/N is finitely generated, the result in F30 implies M/N = 0. 


F32 (Nakayama’s Lemma). Suppose a submodule N of the A-module M satisfies 
(43) N+R(A)M = M. 
If M (or just M/N) is finitely generated, then N = M. 


Proof. This is an obvious consequence of F31 and Remark (g) after Definition 10. 


Nakayama’s Lemma also has a (trivial) converse of sorts: 


F33. [fan element x of an A-module M has the property that N + Ax # M forall 
submodules N C M distinct from M, then x lies in R(M). 


Proof. If x € R(M), there is a maximal submodule N of M not containing x. For 
this module, N + Ax = M, so x does not have the property in the hypothesis. 


Taken together, F32 and F33 cast some light on the nature of elements in the 
radical. We can deduce, for instance: 


F34. Let M be an A-module having a finite set of generators X1,...,Xn. Forx eM, 
the following conditions are equivalent: 


(i) x ER(M). 


(il) For any aj,...,@n € A, the elements x; + ajx generate M. 


Proof. Suppose (i) holds and let N be the submodule generated by x; + a;x. Since 
Xi = (xj tajx)—ajx e N+R(M), we have N +R(M) = M, and this immediately 
gives N = M, thanks to F31. 

Conversely, suppose (i) does not hold. Then, by F33, there exists a submodule 
N #M« such that N + Ax = M. In particular, the generators x; have the form 
Xi = Vi —ajx, with yj € N, a; € A. But then all the y; lie in N, and so cannot 
generate M, which is distinct from NV. 
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Theorem 3. The radical of an algebra A consists precisely of the elements x in A 
such that 


(44) l+axeA™ forallaeé A. 


Here A* denotes the group of units, or invertible elements, of A. 


Proof. Apply F34 to the A-module M = Aj), with generator x; = 1. If (44) is 
fulfilled for x € A, every element of the form 1 + ax is a unit in A, hence a 
generator of A;. By F34, then, x belongs to R(A). 

Conversely, take x € (A). By F34, every element of the form | +ax generates 
Aj, and in particular there exists b € A such that 


b(+ax)=1. 


Therefore b = 1 — bax also generates A), by the same argument; that is, b has a 
left inverse, as well as the right inverse 1 + ax. This implies that 1 + ax is the 
(two-sided) inverse of b (why?), and so 1+ ax € A™. 


F35. Let N be a left ideal of an algebra A. Then 


NCR(A = 14x€A* forallx EN. 


Proof. This follows immediately from Theorem 3. 


F36. For every algebra A we have R(A) = K(A°), that is, K(A) is also the inter- 
section of all maximal right ideals of A. (Hence the equivalence in F35 holds for 
every right ideal N of A as well.) 


Proof. We saw in Remark (b) after Definition 10 that the radical of an algebra is 
a two-sided ideal. Since A° and A have the same units, the assertion follows from 
F35. 


F37. If a left or right ideal N of an algebra A contains only nilpotent elements, it 
lies in R(A). 


Proof. In view of F35 and F36 it suffices to show that if x € A is nilpotent, 1 + x 
is invertible in A. So assume x” = 0 for some n € N; then 


(1+x)0 =x 427 =- 4 G1) 12774) = 14 C1)"x" = 1. 


The inverse is clearly two-sided. 


Remarks. (1) One should beware of reading too much into F37, for instance 
that every nilpotent element lies in the radical. For if A is not commutative, the 
nilpotency of a € A does not imply that all elements of Aa are nilpotent: just take 
A= (; "| € M2(K). And in fact, we saw in F8 that the matrix algebra A = M,(K) 
is semisimple, so 84(A) = 0, whereas A has many nilpotents if n > 1. 
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(2) On the other hand, F37 suggests the question whether 9%(A) perhaps consists 
only of nilpotent elements. In general this is not the case (see $28.7); but if A is 
artinian, it is —in fact a much stronger statement is true, given in Theorem 4 just 
below. 


(3) If A is commutative, the nilradical V0 of A (vol. I, p. 218) is always contained 
in the Jacobson radical of A. This is a straightforward consequence of F37, or yet 
of the characterization of the nilradical as the intersection of all prime ideals (vol. I, 
§4.14). In general the nilradical does not equal SR(A) (see again §28.6); but note 
the result in F39 below. 


Theorem 4. /f A is artinian, R(A) is nilpotent, that is, there exists k € N such that 
all k-fold products in (A) vanish —in short, KR(A)* =0. 


Remark on notation. If J is a left ideal of A and M is an A-module, JM denotes 
the submodule of generated by all elements ax withae J andxe M. If M =I’ 
is itself a left ideal of A, we call IJ’ the product ideal of I and I’. For k €N it is 
then clear what to make of the power ideal I*: it consists of all finite sums of k-fold 
products of elements of 7. In particular J* contains all k-th powers of elements 
of J. If J and I’ are two-sided ideals, so is JJ’. 


Proof of Theorem 4. Set I =R(A). Then [°:= ADI! D J? D--- is a descending 
chain of ideals in A. If A is artinian, the chain is stationary after some k, so 


(45) Tk =1*. 


If we knew that J* is finitely generated, Nakayama’s Lemma (F32) would imply 
I¥ = 0 directly. As we will see later, A is in fact noetherian, but in order to prove 
this, we need the content of Theorem 4. So we must proceed by a different route, 
and we do it by contradiction. 

Suppose that /* ¥ 0, and take the set of all nonzero left ideals N of A such that 


(46) IN =N. 


Then /* belongs to this set, and since A is artinian, the set has a minimal element, 
which we denote by N. At the same time, (46) implies JKN = N, so Ikx £0 
for some x € N. In view of the minimality of N and since J(J*x) = I([‘Ax) = 
IF+14x = IkAx = Ix, we get I*x = N, hence N = Ax. Thus N is finitely 
generated, and using Nakayama’s Lemma on (46) we obtain N = 0. This yields 
our contradiction. 


F38. Let N be a left or right ideal of an artinian algebra A. Then 
N CRA) <= _~ N contains only nilpotents. 


Proof. Theorem 4 gives the forward implication. The other direction follows from 
F37 (even absent the assumption that A is artinian). 
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F39. If A is a commutative artinian algebra, K(A) is the set of all nilpotent elements 
of A. In other words, (A) coincides with the nilradical of A. 


Proof. Immediate from F38, since here a € J0 implies Aa © /0 (compare Remark 
1 after F37). 


But note that for every affine K-algebra the two radicals coincide (vol. I, $19.3), 
yet not every such algebra is artinian. 
We conclude the section with a remarkable fact: 


F40. Let A be an artinian algebra. The following properties are equivalent for an 
A-module M: 


(i) M isartinian; (ii) M is noetherian; (iti) M is finitely generated. 


Proof. The implications (ii) = (iii) and (iii) = (4) are clear from F21 and F24. So 
we must show that an artinian module over an artinian algebra A is noetherian. Let 
I =(A) be the radical of A. Since A/J is artinian and its radical is 0 (see Remark 
(f) after Definition 10), we conclude from F29 that 


(47) A/T is semisimple. 
We claim that, for any m € N and any artinian A-module M, 
(48) I"M=0 =>  M is noetherian. 


With this we are done, because Theorem 4 assures us there is 1 such that J” = 0, 
making the left-hand side of (48) true regardless of M. 

We prove the claim by induction. Take m > 1 and assume the claim true for all 
natural numbers less than n. Let M be an artinian A-module such that J"M = 0, 
and take the submodule N = I”"!M of M. Since IN = 0, the induction assump- 
tion implies that N is noetherian. But M/N is also noetherian by the induction 
assumption, because /”~!(M/N) =0. So M is noetherian (we have been making 
liberal use of F22). 

There remains to tackle the case nm = 1. Let M be an artinian A-module with 
IM =0. We can regard M as an A/J-module as well. As such, M is semisimple, 
by (47) and F13. It is easy to see that this makes M semisimple also as an A- 
module. But for semisimple modules we already know from F25 that artinian and 
noetherian are equivalent properties. 


It is worth spelling out a corollary of F40: 


F41. Every artinian algebra is noetherian. Every finitely generated module over an 
artinian algebra has a composition series (see F27). 


29 
Wedderburn Theory 


1. At the center of this chapter stands the Wedderburn structure theorem, according 
to which every simple artinian algebra is isomorphic to a matrix algebra M,(D) 
over some division algebra D, with n and (the isomorphism class of) D uniquely 
determined. A structure result in abstract algebra, and a very satisfying one at that, 
which one can prove through simple methods of linear algebra! (This was first 
done by E. Artin.) It reduces the study of simple artinian algebras to that of division 
algebras and thus represents not only an achievement but also a starting point for 
further investigations, in that it leads us to pursue a classification of division algebras. 
This problem turns out to be tougher than it may appear at first, even after making 
further restrictions; nonetheless we will be able to deal in Chapter 31 with the case 
of local division algebras. 

Because of Wedderburn’s theorem it is natural to call two central-simple algebras 
similar if they are isomorphic to matrix algebras over the same division algebra D. 
The set of such similarity classes is denoted by Br K and constitutes an important 
invariant of the field K. Also of far-reaching importance is that Br K has a natural 
group structure, with multiplication given by the tensor product of algebras. The 
tensor product also plays another key role in the theory: it allows one to pass from a 
central-simple K-algebra A = M,(D) to a central-simple algebra Az over a bigger 
field L, by base change. It is then worth looking in particular for fields L such that 
A, is a matrix algebra over L. Such an L is called splitting field of A. 

We will show that A always has a splitting field L of finite degree over K and 
that the smallest possible value of this degree coincides with the Schur index of A, 
which is the square root of the dimension of D over K. 

These preliminaries will suffice, we hope, to give an idea of what an elegant 
part of algebra our current subject is. 


Definition 1. An algebra A ¥ 0 is called simple if 0 and A are the only ideals of A. 
(Compare Definition 8 in Chapter 4, and the remark on p. 135 of this volume.) 


Without further assumptions, a simple algebra need not be semisimple, as shown 
by §29.1 in the Appendix. However: 
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F1. [f A is a simple algebra, there is equivalence between: 
(i) A is semisimple. 
(ii) A is artinian. 

(111) A possesses a minimal left ideal N . 


Proof. (i) = (ii) is part of F26 in the previous chapter, and the implication (ii) > 
(iii) is trivial. Hence, suppose that (iii) holds. Then 


NA=)° Na 
acA 
is a (two-sided) nonzero ideal of A. Since A is simple, we obtain NA = A. Therefore 
(1) A= > Na. 
acA 


But since N is a simple A-module, so are all nonzero ideals of the form Na, being 
images of N under the A-module homomorphism x +> xa. Thus (1) says that A; 
is a sum of simple submodules, hence semisimple (see F10 in previous chapter). 


In fact we can easily say something more: Since A; is generated by 1, there 
exist finitely many elements d),...,d@, in A such that A = Na; +---+ Nady. By 
the argument just given (and F11 in the previous chapter) we then have 


(2) Apa nN, 


for some m € N. Thus the A-module A; is isogenous (Definition 5 in previous 
chapter). 


F2. If A is a nonzero semisimple algebra, there is equivalence between: 
(i) A is simple. 
(ii) The A-module Aj is isogenous. 


(111) All simple A-modules are isomorphic. 


Proof. We have already settled (i) > (ii) above. Any A-module M is isomorphic 
toa quotient of an A-module of the form ae If A; is isogenous of type T, so 
is A‘ ) and therefore also M (see F1l in preceding chapter). In particular, every 
simple A-module has the same type t. This proves (ii) = (iii). The implication 
(iii) => (ii) is trivial, so we are left with (41) = (i). But this follows easily from F17 
in the last chapter: if (ii) holds, every nonzero ideal U of A equals A. 


F3. If D is a division algebra, M,(D) is a simple artinian algebra for anyn € N. 


Proof. This follows immediately from F2 (and F1), using F8 of the previous chapter. 


Next comes an important property of simple algebras: 
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F4. The center of a simple algebra is a field. 
Proof. The center Z = Z(A) of an algebra A consists of all z € A such that 
(3) za=az foreveryaeA. 


Clearly Z is a commutative subalgebra of A. Hence we must show that if A is 
simple, every nonzero z € Z is invertible in A; the inverse will automatically be in 
Z (why?). So suppose A is simple and z € A is nonzero and central. Then Az is a 
nonzero ideal of A, and so equals A; in particular, z has a left (hence right) inverse 
in A. 


Theorem 1. A nonzero semisimple algebra A has only finitely many distinct minimal 
ideals A,,..., An. Each A; is itself an algebra under the addition and multiplication 
induced from A. Moreover 


(4) A= A,X A2X-+:xX An 


is the direct product of the algebras A;, and each A; is a simple artinian algebra. 
(For this reason the A; are called the simple components of A.) 

Conversely, if A,,..., An are simple artinian algebras, the direct product A of 
Aj,...,An is a semisimple algebra, and the Aj, regarded as subsets of A, are the 
minimal ideals of A. 


Proof. We use F18 from the last chapter, which says that, as a left A-module, A is 
the direct sum of all the (finitely many) distinct minimal ideals A,,..., Ay of A: 


(5) A=A,@®A20:::@Ap. 

Since the A; are two-sided ideals of A, we have A; A; € A; M A;. Hence, by (5), 

(6) A;Aj =0 for iF jf. 

Again by (5), every x € A has a unique representation of the form 
X=Xy,+xXg+---+x, with x; € Aj. 

We call the x; the components of x in A;. By (6) we have 

(7) XY =X1Yi t X2y2 +--+ + XnYn 

for any x, y € A; in particular, the components of the unity e of A satisfy 


Cixi = eCXj = Xj = Xje@ = Xjej.- 


This shows that each A; is an algebra with unity e;. So far we have shown that A 
is the direct product of the algebras A,,..., An. 

Now take a fixed A;. Every left ideal of A; is a left ideal of A, and likewise 
for two-sided ideals. Hence (A;); is artinian (because A; is), and its only ideals are 
itself and 0 (since A; is a minimal ideal of A). Thus A; is a simple artinian algebra 
as claimed. 
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Moving on to the converse: Let A = A; x Az x---x Ay be a finite direct product 
of (for now) arbitrary algebras A;. If T is a subset of A, denote by 7; = p;(T) 
the image of T under the i-th projection p;. If T is a left ideal of A, we can write 
T = T, x T, x---x T,, because for any x € T we have p;(x) = ex, where e; 
denotes the unity of A; (and we regard A; as a subset of A), and therefore 7; C T 
for 1 = 1,2,...,m. Hence, if the A; are simple algebras, the minimal ideals of A 
are the A; and nothing else. If A; is a semisimple algebra, we see easily that it is 
semisimple also as an A-module; but A; is the direct sum of the A-modules A4;, so 
A is semisimple. 


F5. In the situation of Theorem 1, let Kj = Z(Aj;) be the center of the algebra Aj, 
for each i. The center Z = Z(A) of A is then given by 


(8) Z = Ki xX K2x:::X Ky, 


thanks to (4). Thus the center of a semisimple algebra A is the direct product of the 
centers K; of the simple components A; of A. Each K; is a field (see F4). 


If n > 1 in (8), the center of A is obviously not an integral domain, so one can 
also assert, complementing F2: 


F6. A semisimple algebra is simple if and only if its center is a field. 


Being a field, each K; in (8) is a simple artinian algebra. Thus, by Theorem 1, 
Z = Z(A) is itself a semisimple algebra, and its simple components are the fields 
K;. In particular, for A commutative, that is, when Z = A, we obtain: 


F7. An algebra A is a commutative semisimple algebra if and only if A is the direct 
product of finitely many fields: 


(9) A= K, x Kyx::-x Ky. 
The fields K; satisfying this equality are uniquely determined as subsets of A. 
Putting this together with F39 and F29 of the preceding chapter, we obtain: 


Theorem 2. A commutative artinian algebra having no nonzero nilpotent elements 
is semisimple (so F7 applies). 


We state explicitly a straightforward but useful consequence of this theorem: 


F8. A finite-dimensional, commutative K-algebra A having no nonzero nilpotents is 
the direct product of finitely many extension fields K,,..., Kn of K, each of finite 
degree over K. The K; satisfying this condition are uniquely determined as subsets 


of A. 


Remark. In characteristic 0 this result can also be proved more directly; see §29.3. 
See also the related §23.15. 


Theorem 2 can be proved directly as well. One starts by showing that if A is 
an algebra as in the statement and P is a prime ideal of it, A/P is a field. An 
application of the Chinese Remainder Theorem (Chapter 4, F16 in vol. 1) and the 
result in §4.14 conclude the proof. 
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2. According to F3, any matrix algebra M,,(D) over a division algebra D is an 
example of a simple artinian algebra. In reality all simple artinian algebras arise in 
this way: 


Wedderburn’s Theorem. An artinian algebra A is simple if and only if it is isomor- 
phic to a matrix algebra M,(D) over a division algebra D: in symbols, 


(10) Ax M,(D). 
The number n and the isomorphism class of D are uniquely determined. 


As mentioned, F3 takes care of one direction. As for the other, the structural 
isomorphism (10) is a consequence of Theorem 3 below, and the uniqueness will 
be dealt with in F9. So let’s tackle (10), giving a nice and detailed account: 


Theorem 3. Let A be a simple artinian algebra and let N be a simple A-module 
with endomorphism algebra D. 


(1) The natural map A — Endp(N) is an isomorphism. The D-vector space N is 
finite-dimensional, and its dimension coincides with the length r of A. Thus 


(11) A~M,(D°). 


The center of A is a field, isomorphic to the center of D. 


(II) For any nonzero, finitely generated A-module M, the algebra of endomorphisms 
B:= End4(M) is simple and artinian, and we have 


(12) B~ M,(D) 


with the same D as above and withn = M:N. If A is a K-algebra, we have the 
dimension formula 


(13) (M:K)* =(A:K)(B:K), 
and all these dimensions are finite if one of them is. 


Proof. Step 1. A is semisimple because it is a simple artinian algebra (F1). Thus 
every A-module is a direct sum of simple A-modules (F13 in Chapter 28). But 
all simple A-modules are isomorphic (F2), so every A-module M is isomorphic to 
N© for some set I. If M is finitely generated, we have 


(14) M~wN" 
for some n € N. From (14) together with F4 in the last chapter we immediately get 
End4(M) ~ My(End4(N)) = Mn(D), 


which yields (12). In particular, B = End4(M) is a simple artinian algebra. 
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Step 2. We apply step | to the A-module A; and obtain from the isomorphism 
(5) Apa Nn’ 
where r = A;:N =/(A), the isomorphism of algebras 
End4(A7;) ~ M,(D). 
But we know that End4(A;) = A°, so 
(16) A° =~ M,(D). 
It follows that A = (A°)° ~ M,(D)° ~ M,(D°); see (28) in Chapter 28. 


Step 3. Now fix an isomorphism g: A; > N’; it induces a well defined isomorphism 
y* as the bottom row of the following diagram (compare the proof F9 further down): 


A Endp(N) 
(17) | 
y* r 
Endgna4(4,) (Ad) Endgna,(w)(N") 


The remaining maps in (17) are canonical, and the vertical maps are isomorphisms 
(Chapter 28, F3 and F4). It is easily seen that all maps in (17) take left translations 
by elements of A into such; hence (17) is commutative. As claimed, therefore, the 
natural map A — Endp(JV) is also an isomorphism. But then Endp (JV) is artinian, 
and this in turn obviously implies NV : D < oo. The length of Endp(V) is N: D, by 
F8 in the last chapter, so 


(18) N:D=lA)=r. 


That the center of A is a field is true for any simple algebra A, artinian or 
otherwise, by F4. In the present situation we can also justify it as follows: For 
aé Z = Z(A), the element ay lies in End4(N) = D, and so is in fact central 
in D. At the same time, Z(D) is obviously contained in the center of Endp(NV). 
Therefore the isomorphism 


(19) A — Endp(NV) 


gives rise to an isomorphism from Z = Z(A) onto the center Z(D) of the division 
algebra D, which is obviously a field. 


Step 4. From (14) and (18) we now get M:K =n(N:K)=n(N:D)(D:K) = 
nr(D:K). On the other hand, (16) and (12) give, respectively, A: K = r?(D: K) 
and B: K =n?(D:K). It follows that (A: K) (B:K)=r?n?(D: K)*? =(M:K)?, 
which is (13). 
F9. Suppose D, and Dy are division algebras such that M,(D,) ~ M;(D2). Then 
dD, = D2 andr =sS. 


Proof. Step 1. Let N,N’ be A-modules over an algebra A. If N and N’ are 
isomorphic via g : N — N’, we have End4(N) ~ End4(N’), because conjugation 
by @, defined by f t+ yo fog™, is an isomorphism from End4(N) to End4(N’). 
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Step 2. Let f : A— A’ be an isomorphism of simple artinian algebras and N, N’ 
simple modules over A, A’, respectively. By means of f we can regard N’ as an 
A-module: ax = f(a)x. Clearly this A-module is simple. Being a simple artinian 
algebra, A only admits one type of simple A-module, so N ~ N’ as A-modules, 
and by step | this implies that End4(N) ~ End4(N’). But by the definition of 
the A-module structure of N’ we have End4(N’) = Endy/(N’); combining both 
isomorphisms we get End4(N) ~ Endy’ (N’). 


Step 3. If D is a division algebra, D’ is a simple M;(D)-module for every r € N, 
and Endy,.(p)(D”) is isomorphic to D°, by F5 in the preceding chapter. By step 2, 
then, M;,(D,) ~ Ms(D2) implies D? ~ D3, hence D; ~ D>. This proves the first 
part of F9. Since D; ~ D> we also have M;(D,) ~ M;(D2); putting this together 
with M,(D,;) ~ M;(D2) we obtain M,(D,) ~ M;(D;). 


Step 4. There remains to show that if M,(D) ~ M;(D) (where D is a division 
algebra) then r = s. This becomes clear if we recall the notion of length: M;,(D) 
and M;(D) have lengths r and s, and isomorphic semisimple algebras obviously 
have the same length, sor = s. 


Remark. We have presented this proof at such length, dotting the i’s and crossing 
the t’s, because we have found their counterparts in the literature inadequate, or 
at best incomplete. In particular, step 4 is often justified simply by concluding 
from the isomorphism M;(D) ~ M;(D) that the dimensions of the two D-vector 
spaces are equal. But neither does the isomorphism M;,(D) ~ M;(D) have to be 
a D-morphism, nor do two D-vector space structures on the same additive group 
have to have the same D-dimension. We mention en passant that certain technical 
difficulties in the proof of Theorem 3 and F9 do not intervene when one is dealing 
only with finite-dimensional K-algebras. In the applications of the theory in the 
next few chapters we will always restrict ourselves to this case. 


We now spell out some consequences of Wedderburn’s Theorem: 
F10. (a) A simple algebra A is artinian if and only if the opposite algebra A°® is 
artinian, in which case 1(A) = I(A°). 


(b) An algebra A is semisimple if and only if the algebra A° is semisimple, in which 
case 1(A) = 1(A°). 


Proof. (a) The isomorphism A ~ M,(D) implies A° ~ M,,(D)° ~ M,(D°), and 
moreover /(M,(D)) =n =1(M;,(D°)). 


(b) This follows directly from part (a) and Theorem 1. 
From Theorem | we also obtain: 


Theorem 4. An algebra A is semisimple if and only if 


(20) A ~ M,, (D1) x M7, (D2) x-++ x My, (Dn), 
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where the D; are division algebras. On the right-hand side of (20), the number n of 
factors and the isomorphism classes of the D;, as well as the values of r1,...,1n, 
are uniquely determined. 


For ease of later reference, we wish to state explicitly an important special case 
of Wedderburn’s Theorem: 


Theorem 5. A finite-dimensional K-algebra A is simple if and only if it is isomorphic 
to a matrix algebra M,(D) over a K-division algebra D. The number n and the 
isomorphism class of D are uniquely determined by the condition 


(21) A~ M,(D), 
and D: K is finite. K is the center of A if and only if it is the center of D. 


Proof. Since any finite-dimensional K-algebra is artinian, Wedderburn’s Theorem 
applies. The K-isomorphism (21) implies A: K = n?(D:K), so D: K < oo. The 
centers of A and D are K-isomorphic, by Theorem 3. 


Theorem 6. /f K is algebraically closed, every finite-dimensional simple K-algebra 
A is isomorphic to a matrix algebra M,(K) over the field K; in particular, the 
center of A is K and the dimension A: K =n’ is a square. 


Proof. This follows from Theorem 5 and the next lemma. 


Lemma 1. Let D be a finite-dimensional division algebra over a field K. Every 
commutative subalgebra E of D is a field. If K is algebraically closed, D coincides 
with K. 


Proof. E is clearly an integral domain and has finite dimension over K. Therefore 
E is a field, by F2 in Chapter 2 (vol. 1). If K is algebraically closed, EF coincides 
with K. Applying this to the subalgebra E = K[a] of D generated by an arbitrary 
aé D, we conclude that a € K. 


F11. Let A be an algebra over an algebraically closed field K, and let M be a 
simple A-module satisfying M:K < oo. Then K — End4(M) is an isomorphism, 
and A — Endx(M) is surjective. If A is commutative we have M: K = 1. 


Proof. Since the A-module M is assumed simple, the space D := End4(M) is 
a division K-algebra, by Schur’s Lemma (F9 in the previous chapter). But D = 
End,4(M) is also a subalgebra of the K-algebra Endx(M), and finite-dimensional 
at that, because M: K <oo. Now Lemma | implies that D indeed equals K, which 
is the first assertion in Fll. The surjectivity of the natural map A — Endx(M) 
comes most easily out of the Density Theorem (F20 in the previous chapter). If A 
is commutative, so is every homomorphic image Endx(M) ~ M,,(K); but this is 
only possible ifn = M:K=1. 


Wedderburn’s Theorem leads naturally to the following notion: 
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Definition 2. Two simple artinian algebras A and B are called similar —in symbols, 
A~ B— if there exists a division algebra D and natural numbers r,s such 


(22) AX~M,(D), BXM,(D). 


Remark. From Wedderburn’s Theorem— especially the part about uniqueness — 
we get as straightforward consequences the basic properties of the similarity relation 
among simple artinian algebras: 

(a) A ~ B implies A ~ B. 

(b) A~ B and /(A) = /(B) imply A ~ B. 

(c) ~ is an equivalence relation. 

(d) A~ B implies Z(A) ~ Z(B), that is, A and B have isomorphic centers. 


Definition 3. A K-algebra A is called central if K is the center of A. 


Remark. Let A be a simple algebra. By F4, the center of A is a field, say K. Then 
A can be regarded naturally as a central K-algebra, which we denote by A/K. Of 
course A/K is simple, just like A. 


Wedderburn’s Theorem shows that the study of simple artinian algebras is es- 
sentially the study of division algebras. How should we go about investigating the 
latter? It is natural to take together all division algebras whose center is isomorphic 
to one and the same field K, that is, to study all central division algebras D over 
a fixed K. Such a D does not at all need to have finite dimension over K (see 
§29.16); but we will only be able to make further progress when D: K is in fact 
finite. For convenience of expression, we will adhere to ingrained custom and make 
the following definition for this case: 


Definition 4. A simple K-algebra A is called central-simple if it is central and 
finite-dimensional. 


Remark. By Theorem 5, a K-algebra A is central-simple if and only if A~ M,,(D), 
where D is a finite-dimensional and central K-division algebra. 


Definition 5. For a given field K, denote by 
Brk 


the set of all similarity classes of central-simple K-algebras. This set is called the 
Brauer group of K. 


Remarks. (1) First, a word about the set-theoretical admissibility of the definition. 
Since isomorphism implies similarity (see remark after Definition 2) and we are 
working in finite dimensions, we need only justify that it is OK to talk about the set 
of all isomorphism classes of finite-dimensional K-algebras. And this is so: If A is 
an n-dimensional K-algebra, there is a natural monomorphism 


A —-Endx (A), 


given by (5) in Chapter 28. But Endx(A) and M,,(K) are isomorphic, so A is 
isomorphic to a subalgebra of a K-algebra M,(K). 
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(2) The element of Br K determined by a central-simple K-algebra A will be denoted 
by [A]. If A and B are central-simple K-algebras, we have 


AXYB => [A]=[B], 
[A]J=[B] and A:K=B:K = ALB. 


Every element of Br K is of the form [D], for D a finite-dimensional central division 
algebra over K, and D is unique up to isomorphism. 


3. The main goal of this section is to show that the tensor product A @x B of two 
central-simple K-algebras A and B is also a central-simple K-algebra. Then we 
will see in more detail how this allows us to give Br K a natural group structure, 
thus vindicating the term Brauer group for Br K. 


Notation. For a fixed field K, we write the tensor product A @x B of K-algebras 
A and B simply as A @ B, if no misunderstanding is likely. The maps ar a® | 
and b++ 1@5 make A and B into subalgebras of the K-algebra A ® B (see vol. I, 
pp. 61 and following, especially F9; note also §6.14). 


If A is a K-algebra, the K-algebra 
(23) A@xKA° 
is called the enveloping algebra of A. We consider the homomorphisms 
(24) A-—Endx(A) and A°® + Endx(A) 


that associate to each element of A the left and right multiplication by the given 
element. Since a left multiplication commutes with a right one, we obtain in this 
way a natural homomorphism 


(25) A@xKA° — Endx (A), 


by means of which A can be regarded as an A®xA°-module. This module structure, 
therefore, is well defined by the condition 


(26) (a; ®a2)X =a ,Xap. 


The A @x A°-module A is simple if and only if the algebra A is simple. Using F3 in 
the previous chapter, one also checks easily that 


(27) End4@xa°(A) = Z(A). 


Taking Schur’s Lemma into account we recover from (27) the already proved fact 
that the center of a simple K-algebra is a field. 
If B is a subalgebra of a K-algebra A, the set 


(28) ZA(B) = {a€ A|ax = xa for every x € B} 
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is called the centralizer of B in A. Clearly Z4(B) is a subalgebra of A. By restric- 
tion, (25) gives rise to a homomorphism 


(29) B@KAo > Endx (A), 


and we can regard A also as a B ® A°-module. As a generalization of (27) we 
immediately see that 


(30) Endge 4° (A) = ZA(B). 
We call Z4(Z,4(B)) the bicentralizer of B in A. By definition, it contains B. 


F12. Given subalgebras A' and B' of K-algebras A and B, respectively, we have 
(31) Z4@B(A’ ® B’) = Z4(A’) @ Zp(B’), 


where A’ ® B’ and Z4(A’) ® Zp(B’) are regarded as subalgebras of A ® B. In 
particular, the centers are related by 


(32) Z(A® B)= Z(A)® Z(B). 


Proof. Let (aj)ier be a K-basis of A, and take z € Z4@p(A’ @ B’). Like any 
element of A ® B, our z has a unique representation 


=> ap@d; 
i 


with elements ); of B (and b; = 0 for almost all 7). We claim that the b; lie in 
Z p(B’); indeed, for every b € B’ we have 90, a; ®b;b =z(11@b)=1@b)z = 
>>; 4: ® bj, so bjb = bb;. Therefore z lies in A ® Zg(B’). Analogously, z lies in 
ZA4(A’) @ B. However, the intersection of A ® Zp(B’) and Z4(A’) @ B coincides 
with Z4(A’) ® Zp(B’), as one acknowledges easily by choosing for the K-basis of 
A an extension of a K-basis of Z,4(A’). So far, then, we have shown that the left 
side of (31) is contained in the right side. The reverse inclusion is trivial. 


Remark. Let FE and F be extensions of a field K. Then EF ®x F is not a field in 
general (see §6.6 in vol. I). It follows that the tensor product A ®x B of two simple 
K-algebras need not be simple. Nonetheless: 


Theorem 7. Let A, B be simple K-algebras, and suppose A or B is central over K. 
Then A @xB is simple. 


Proof. Let A be a simple and central K-algebra. We will show, more generally, that 
for any K-algebra B every ideal T of A @ B is of the form A @ J, where we have 
set 1 = TM B. Indeed, any ¢ € T can be written as 


n 
t=) > xO yn, with x; € A, yi; € B, 


i=1 
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where the x; can be taken to be linearly independent over K. Because of (27) and 
the assumption Z(A) = K, we have 


End4@ 4° (A) = K, 


An application of the Jacobson Density Theorem (F20 in Chapter 28) to the map 
(25) then yields the existence of elements a; in the algebra A ® A°® satisfying 
ajXi = bij, 


where the right-hand side is Kronecker’s delta. Now A ® B 1s, like A, an A ® A°- 
module, in view of the map a(x @ y) =ax @y forae A@A°, xE A, VEB. 
Since T is a two-sided ideal of A ® B, we have 


aT CT foreveryae AQ@A?*. 


Because ajt = }°; ajx; ® yi = 1@ yj, therefore, we have | ® y; € T. For every 
J, then, we have yj = 1@ yj; ¢€ J = TN B, and altogether we have proved that 
T CA@T. The reverse is trivial since J CT. 


Remark. Given K-algebras A, B, the following facts are obvious: 
(a) If A@xKB is simple, so are A and B. 
(b) If A @xB is artinian, so are A and B. 
In addition: 
(c) If A: K <ooand B is artinian, A ®x B is artinian. 
For ifm = A: K, there is an isomorphism A @®xB ~ K" @xB ~ B" of B-modules, 
and the B-module B” is artinian (see F23 in the last chapter). 


A related result appears in §29.4. 


F13. Let A and B be simple artinian K-algebras. If at least one of A, B is finite- 
dimensional and at least one is central, then A @x B is a simple artinian algebra. 


Proof. A @®xB is simple by Theorem 7, and artinian by item (c) just above. 


We single out a corollary of Theorem 7 and F12: 
Theorem 8. /f A and B are central-simple K-algebras, so is A@xKB. 
Proof. A®@xB is simple, by Theorem 7. By (32) we have 


Z(A @xB) = Z(A) @x Z(B)=K@xK=K, 


so A ®@xB is also central. Finally, (A ®x B): K = (A: K)(B: K) < oo. 


F14. Jf A is a central-simple K-algebra, the natural map A ®x A° — Endx (A) 
of (25) is an isomorphism. By setting n = A: K we obtain 


(33) A@xA° ~ M,(K). 


Tensor products of simple algebras 163 


Proof. By Theorem 8, A ®x A° is simple, so the map is injective. For dimensional 
reasons, then, it is also surjective. 


F15 and Definition 6. Let A be a K-algebra and L an extension of K. The algebra 
(34) Ay :=A@xL 


can be regarded naturally as an L-algebra. The L-algebra Ax, is said to arise from 
K-algebra A by base change. Base change does not affect the dimension: 


(35) Ayp:L=A:K. 


If A is central over K, then Ay is central over L. If the K-algebra A is simple and 
central, so is the L-algebra A. Consequently, Ay is central-simple if A is. (Unless 
stated otherwise, we will always regard Ay as an L-algebra.) 


Proof. As above, we regard L as a subalgebra of A @ L. Since L is obviously 
contained in the center of A @ L, this makes Az into an L-algebra; multiplication 
by scalars from L is defined by 

a(a® B) = (1 @a) (4@ B) =a@af. 


Any K-basis of A is an L-basis of Ax = A @ L, so (35) holds. The remaining 
assertions follow from F12 and Theorem 7. 


It’s worth mentioning that over K the dimension of Az is Ar: K = (A: K)(L:K). 
F16. [f A is a central-simple K-algebra, the dimension A: K is a square. 


Proof. Let C be an algebraic closure of K. By F15, Ac = A @xC is a central- 
simple C-algebra. But since C is algebraically closed, Ac : C = A: K must be a 
square, by Theorem 6. 


F17. If D is a division algebra and K is its center, the dimension of D over K is 
either infinite or a square. 


Definition 7. If D is a division algebra of finite dimension over its center K, the 
natural number s = / D: K is called the Schur index of D. For A a central-simple 
K-algebra such that A ~ D, we can also say that s is the Schur index of A, or of the 
element [A] of Br K. We write s = s(A) = s([A]) and sometimes abbreviate “Schur 
index” to “index” (of A or [A]). 


Remark. Let A be a central-simple K-algebra. The index s of A and the dimension 
A: K =n’ are related by 


(36) Rare, 


where r = /(A) is the length of A: indeed, if A = M,(D) we have r = /(A) and 
A: K =r?(D:K)=r’s?. Hence 


A:K =3? if and only if A is a division algebra. 


Otherwise s is strictly less thann = / A: K (and divides n). We call n the reduced 
degree of A. 
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It is time to officially state our long-heralded result: 


Theorem 9. The set Br K of similarity classes of central-simple K-algebras enjoys 
an abelian group structure provided by the tensor product operation. 


Proof. One must first check that the tensor product is compatible with the similarity 
equivalence relation: 


(37) A~A’, B~B = A@BN~A' OB’. 
Only then is the multiplication in Br K given by 
(38) [A]-[B] = [4 @ B] 


well defined; here we rely of course on the all-important Theorem 8. The proof of 
(37) is by direct calculation, invoking the isomorphisms 


(39) M,(D)~ D@M,(K), Ms(K)@® M,(K) ~ M;s(K). 


The first of these holds for any K-algebra D, and with that the second follows by 
observing that M;(K) ® M,(K) ~ M,(M;(K)) ~ M;s5(K). 

The associativity and commutativity of the multiplication given in (38) are im- 
mediate consequences of the same properties for the tensor product. The multiplica- 
tive identity is [K], since A @ K x A. The inverse of [A] is [A°], as can be seen 
from (33). 


Remarks. (1) As mentioned in Remark 2 after Definition 5, Br K classifies the 
finite-dimensional central division algebras over K. But the tensor product of two 
such algebras need not be a division algebra (see §29.5), so the group structure of 
Br K cannot be described by considering division algebras alone. 


(2) If K is algebraically closed (say K = C), the group Br K is trivial. This follows 
from Theorem 6 or Lemma 1. 


(3) If K is a finite field, Br K is again trivial. This is an alternate form of another 
famous theorem of Wedderburn, to the effect that every finite division algebra is 
commutative, that is, a field. This result will come out fairly easily from consider- 
ations we will make later. 


(4) If K is real-closed (say K = IR), then Br K is cyclic of order 2. This follows 
from a well-known theorem of Frobenius, according to which a real-closed field 
admits only one noncommutative division algebra of finite dimension > 1 over 
itself, namely the algebra of quaternions, introduced by Hamilton. This in turn is a 
straightforward application of the theory of crossed products, which we will discuss 
in the next section; for this reason we refrain from giving a direct proof here. 


F18 and Definition 8. /f L is an extension of K, base change to L yields a homo- 
morphism 


(40) resy/K : Br K > BrL 
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from the Brauer group of K into that of L. This is called restriction with respect 
to L/K, for reasons that will become apparent. When there is no likelihood of 
misunderstanding, we can also write resy or simply res. If F is an intermediate 
field of L/K we have 


(41) resy/F OTCSF/K =TeSL/K . 
The kernel of the homomorphism resz/x will be denoted by Br(L/K), that is, 
(42) Br(L/K) = {[A] € Br K | Az ~ L}. 


If [A] lies in Br(L/K), we say that L is a splitting field of A (or of [A]). Thus L isa 
splitting field of a central-simple K-algebra A if and only if there is an isomorphism 
of L-algebras 


(43) A@xL ~ M,(L), 
with n? = A: K. In this case we also say that A splits over L. 


Proof. Take [D] € Br K, where D is a division algebra. For any central-simple 
K-algebra A ~ M,(D) similar to D there are L-isomorphisms 


A@®LYDOM,(K)@LYDOM,(L) =~ (D@L)@LM,(L), 
and this last L-algebra is similar to D @ L. Hence resy/x is well defined by setting 
4) res /x ([A]) = [4 ® L] = [Az]. 
To see that resy;x is a homomorphism, we write (A ® B)@L~(ASL)@B~ 
(A@L)@_L)®@B~ (ASL) Oz (L®B)~ (ASL) Bz, (BOL). if F is an 


intermediate field of L/K, we have 


(45) (A@xF)@rL ~ A@SKL, 


which yields (41). 


F19. With the preceding notation, the Schur index s(Az) divides s(A). The algebra 
A splits over L if and only if s(AL) = 1. 


Proof. It suffices to prove this for the case when A = D is a division algebra. In 
view of (36), s(Dz)* divides Dp: L = D:K = s(D)*. The second assertion is 
clear: By Definition 7, saying that s(Az) = 1 is the same as saying that Az, ~ L. 


Every [A] € Br K has a splitting field, for instance any algebraic closure of K 
(Theorem 6). But does any A have a splitting field L of finite degree over K? 
Or perhaps even with L : K = s(A)? These questions will be answered in the 
affirmative in the next section but one. 
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4. In this section, of merely informational character, we investigate a question that 
arises of itself in connection with Theorem 7. Let A and B be simple K-algebras. 
If neither A nor B is central over K, the tensor product A @xB is not, in general, a 
simple algebra. But is A @x B at least semisimple, under an appropriate finiteness 
assumption? (See statement (c) in the remark on page 162.) This is not always the 
case, but we do have the following criterion: 


Theorem 10. /f two K-algebras A and B are finite direct products of simple al- 
gebras, their tensor product A ®x B is a finite direct product of simple algebras if 
and only if the tensor product Z(A) ®x Z(B) of the centers of A and B has the 
same property (and therefore is a direct product of finitely many fields). The simple 
components of A @x B are then in natural one-to-one correspondence with those of 


Z(A @xB) = Z(A) @xZ(B). 


Theorem 10 represents a generalization of Theorem 7. But it can also be easily 
derived from Theorem 7 (exercise for the reader). Here we wish to proceed in a 
slightly different direction and start by pointing out the following fact, whose first 
part we have already shown in the proof of Theorem 7: 


Theorem 11. Let A be a simple and central K-algebra. For any K-algebra B, the 
ideals T of A® B are in one-to-one correspondence with the ideals I of B, through 
the assignments T = A@ I andI =TOB. 

Hence, under the same assumptions, A® B is a finite direct product of simple al- 
gebras if the same is true of B; and in this case there is a one-to-one correspondence 
between the simple components of A ® B and those of B. 


Proof. The second part follows from the first and from the following considerations: 
If a K-algebra C = C, x---x C, is the direct product of simple algebras, each ideal 
of C is a direct product of some of the C;. The C; are precisely the minimal ideals of 
C. Conversely, if an algebra C has finitely many minimal ideals C;,..., Cy with the 
property that C is the direct sum of the C;, then the C; are themselves algebras (with 
the addition and multiplication in C), and C equals the direct product C; x---x Cy 
of the algebras C;; in addition, the C; are simple (see the proof of Theorem 1). 


Theorem 11’. Let A be a simple K-algebra. For any K-algebra B, the ideals T of 
A@xkB=A®z 4) (Z(A) @KB) 


are in one-to-one correspondence with the ideals I of the K-algebra Z(A) ®xB, 
through the assignment T = A @®z 4) I. Thus A @x B is a finite direct product of 
simple algebras if and only if the same is true of the algebra Z(A) @xB, and in this 
case there is a one-to-one correspondence between the simple components of A®@ KB 


and those of Z(A) @xB. 


Proof. The center Z(A) of a simple algebra A is a field (by F4), so we just have to 
apply Theorem 11 to the simple and central Z(A)-algebra A and the Z(A)-algebra 
Z(A) ®x B. (When the latter is regarded merely as a K-algebra, the ideals don’t 
change.) 
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Theorem 12. Let A and B be simple K-algebras. The ideals of A ®x B are in one- 
to-one correspondence with those of Z(A) ®x Z(B). Further, A ®x B is a finite 
direct product of simple algebras if and only if the same is true of the tensor product 
Z(A) @KZ(B) of the field extensions Z(A) and Z(B) of K, and in this case there 
is a one-to-one correspondence between the simple components of A® KB and those 
of Z(A) @xZ(B) = Z(A @x B). 


Proof. Theorem 11’ reduces everything to the study of the K-algebra Z(A) @x B. 
Since B is simple, we can apply Theorem 11’ to the algebra B @x Z(A) = 
Z(A) @xB, thus reducing the problem to the algebra 


Z(B) @xZ(A) = Z(A) @xZ(B). 


As a result, the one-to-one correspondence between ideals T of A @x B and 
ideals H of Z(A) ®xZ(B) is given by 


(46) T=A®z (4) H @z(p B. 


The former correspond to the ideals J of Z(A) ®x B via T = A ®z,,) I, and the 
ideals J, in turn, are in correspondence with the ideals H via 1 = H @z,g) B. 


Proof of Theorem 10. If A = [] Aj and B =] B,, with finitely many simple K- 
algebras A; and B;, we immediately obtain A ® B = Tj A; ® B; and Z(A® B)= 
Z(A) ® Z(B) = Ii; Z(A;) ® Z(B;). Now Theorem 10 follows easily from 
Theorem 12. 


In view of the preceding results we should now look into tensor products 
E, ®xE2 of fields. First we establish: 


F20. An algebraic field extension E/K is separable if and only if, for every extension 
F of K, the tensor product E ®x F has no nonzero nilpotent elements. 


Proof. It is easy to see that it suffices to consider the case of E/K finite. 


Step 1. Let E/K be finite and separable. By the Primitive Element Theorem we 
have E ~ K[X]/f, where f € K[X] is an irreducible and separable polynomial. 
Now obviously K[|X]/f ®@x F is isomorphic to F[X]/f (compare §6.6 in vol. I). 
Since f is separable, its prime factorization in FLX] is of the form f= fi fo... fr, 
and thus, by the Chinese Remainder Theorem, 


can) FLX)/f ~ K[X]/fi +++ x K[X]/fr 


is a direct product of fields, and so has no nilpotent elements other than 0. 


Step 2. Let E/K be finite and inseparable. There is then some a in E whose 
minimal equation over K has the form 


(48) do aja? +a,07? +--- +a"? =0, 


with p = char K > O (see F12 in Chapter 7, vol. I). Now there is an extension 
F of K containing elements 5; such that bP = a;. Looking at degrees we see 
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that 1,a,a7,...,@” are linearly independent over K, so the sum t = »: a! @ b; in 
E ®xF is nonzero; on the other hand, we have t? = )° a'? @b? =a’? @aj = 
DLaja'? @1= (Niaja'?) @1=0. 


Thanks to F20, we can extend the notion of separability from algebraic field 
extensions to arbitrary ones: 


Definition 9. A field extension £'/K is called separable if, for every field extension 
F'/K, the tensor product E @xF has no nonzero nilpotents. A semisimple K-algebra 
A is called separable if the components K; of the center of A are all separable 
over K (compare F5). 


Theorem 13. Let A and B be semisimple K-algebras, of which at least one is 
finite-dimensional and at least one is separable. Then the K-algebra A ®x B is 
semisimple and its simple components are in one-to-one correspondence with the 
simple components of the commutative semisimple algebra Z(A) ®xZ(B). 


Proof. Without loss of generality, we can assume in addition that A and B are 
simple (compare the proof of Theorem 10). Then EF := Z(A) and F := Z(B) are 
fields. By statement (c) in the remark on page 162, A ®x B is certainly artinian. 
The theorem’s conclusion then follows from Theorem 12, assuming we can prove 
that FE @x F is semisimple. 

Suppose that A, say, is separable. By definition, the field extension E'/K is also 
separable. If E/K is finite, the semisimplicity of E @xF follows as in step | of the 
proof of F20; see (47). If E/K is not finite—in which case F/K must be finite — 
one must resort to a stronger argument: in any case FE @x F is artinian, and by 
definition E ®x F has no nilpotent elements apart from 0. Now an invocation of 
Theorem 2 shows that EF @x F is semisimple. 


Remark. We will not go more deeply into this newly extended notion of separable 
field extensions, but see §29.22—27 in the Appendix for relevant results. 


5. We now deal with the answers to the important questions posed at the end of 
Section 3. It turns out that the key to the solution is the study of the centralizers of 
simple subalgebras of a central-simple algebra. 


Theorem 14 (Centralizer Theorem). Let A be a simple, artinian and central K- 
algebra, let B be a simple subalgebra of A such that B: K < 00, and let C = Z4(B) 
be its centralizer in A. 


(a) C isa simple artinian subalgebra of A. 
(b) C is similar to B° ®@x A, and in particular Z(C) = Z(B). 


(c) The centralizer of C in A is once again B; that is, B coincides with its bicen- 
tralizer in A: 


(49) ZaA(Z4(B)) = B. 
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(d) The degree C: K is finite if and only A: K is, and moreover 
(50) A:K=(B: K)(C:K). 
(e) If L is the center of B, we have 
(51) B@~_C~A@KL. 
(f) Under the assumption Z(B) = K, there is anatural isomorphism A ~ B®@xKC. 
Proof. We start from the relation 
(52) Endge 4°(A) = Z4(B) =C; 


see (30). We next apply our Theorem 3, with the role of A (a simple artinian algebra) 
in that statement being played by B® A°®, and the role of M/ by the B® A°-module 
A. In view of (52), conclusions (a), (b) and (d) follow immediately. 

Next we prove (e) using (b): 


BQ._C~ B®, (B° @xKA)~(B Oz B°)@OKA~L@OKALYAORL. 


We give the proof of (c) only for the case A: K < oo; for the general case, see 
page 174. Set B’ = Z,4(C). In view of (a) we can apply (d) to C instead of B, 
obtaining 

A:K =(C: K)(B’: K). 


But B C B’, so comparing the last equation with (50) yields B = B’, proving the 
assertion. 

Part (f) is also proved here only for the case A: K < oo (but see §29.9). Since 
the elements of C commute with those of B by definition, we have a natural homo- 
morphism 


(53) B@kC >A. 


But because of the assumption Z(B) = K, the product B @xC is simple, so (53) is 
injective. On dimension grounds — see (50)— we conclude that (53) is surjective 
as well. 


Theorem 15. Let A be an artinian, simple and central K-algebra, and let L be a 
finite-dimensional subalgebra L of A that is a field. There is equivalence between: 


(i) L is a maximal commutative subalgebra of A, that is, Z4(L) = L. 
(ii) The dimensions of A and L satisfy A: K = (L: K)*. 
If either condition is satisfied, Ay and L are similar, that is, L is a splitting field 
of A. 
Proof. We apply Theorem 14 to B = L. If Z4(L) = L we obtain condition (ii), 
using (50). Conversely, if A: K = (L:K )? < 00, by virtue of (50) the inclusion 
LC Z,(L) must be an equality. If (i) is satisfied, we obtain from (b) the similarity 
L~L@KAX AL. 
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Not every central-simple K-algebra A has a subfield L satisfying the equivalent 
conditions in the theorem; just think of A = M,,(K) for K an algebraically closed 
field. However, we do have: 


Theorem 16. Let D be a division algebra having finite dimension over its center K. 
Then D has maximal subfields, and any of them is a splitting field of D. The degree 
L:K of every maximal subfield L of D equals VD: K, the index of D. 


Proof. A maximal subfield L of D is commutative and obviously contains K. By 
Lemma |, every commutative K-subalgebra of D is a subfield of D. Thus being a 
maximal commutative K-subalgebra and a maximal subfield of D mean the same. 
Now the theorem follows immediately from Theorem 15. 


Theorem 17. Every central-simple K-algebra A admits a splitting field L such that 
L:K =s(A). 


Proof. We have A ~ D, with D as Theorem 16. Every maximal subfield L of D is 
a splitting field of D and hence also of A. Such an L satisfies L:K = /D:K = 
5(D) = s(A). 


Splitting fields of a central-simple K-Algebra as in Theorem 17 have the lowest 
possible degree. To show this, we require the following complement to Theorem 15: 


Theorem 18. /f L is a splitting field of a central-simple K-algebra A and L: K is fi- 
nite, there is some algebra A’ similar to A that contains L as amaximal commutative 
subalgebra. 


Proof. Since A splits over L, there is a finite-dimensional L-vector space V such 
that Az = A@xL is isomorphic to the L-algebra Endy (V). We view A as embedded 
in Endy (V) by means of this isomorphism. But Endz(V) is in turn embedded in 
Endx(V), the K-algebra of all K-linear self-maps of V, regarded as a K-vector 
space. We now apply the Centralizer Theorem (page 168) to the simple subalgebra 
A of the central-simple K-algebra Endx (V). The centralizer C of A in Endx(V) 
then satisfies 
C~A° and C:K=(V:K)?/(A:K). 


Since A: K = Ay:L =(V:L)?, we obtain C : K =(L: K)*. But L is contained in 
C, so by Theorem 15 it is a maximal commutative subalgebra of C. The conclusion 
of the theorem is therefore satisfied if we take A’ = C°. 


Theorem 19. Let A be a central-simple K-algebra and s the Schur index of A. 
(a) If L is a splitting field of A, then s divides L: K. 
(b) A has a splitting field L such that L: K =s. 


The splitting fields of A whose degree over K equals s are precisely those that are 
isomorphic as K-algebras to maximal subfields of a division algebra similar to A. 
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Proof. Let D be the division algebra such that A ~ D (it is well defined up to 
isomorphism). Let L be a splitting field of A. Assume L: K is finite. By Theorem 
18, there exists r such that L is isomorphic to a maximal commutative subalgebra 
of M,(D). The K-dimensions of these spaces satisfy (L: K)* = M,(D):K = 
r?(D: K) =r*s?, by Theorem 15, that is to say 


(54) L:K=rs. 


Clearly L: K = is equivalent to r = 1. In view of Theorem 16, this concludes the 
proof. 


Remarks. (1) We see from Theorem 19 that the Schur index of a central-simple 
K-algebra can be characterized as the unique natural number s such that statements 
(a) and (b) in the theorem are satisfied. 


(2) Note the following generalization of conclusion (a) of Theorem 19: If L/K is 
any finite field extension and A is a central-simple K-algebra, 


(55) S(A) divides (L: K) s(Az). 


Indeed, let E be a splitting field of Az satisfying E:L = s(Az). Then E£ is also a 
splitting field of A, so s(A) divides FE: K = (E:L)(L:K)=s(Az)(L:K). 


Since s(Az) divides s(A) (by F19), property (55) implies that 
(56) s(A) =qs(AL) for some factor g of L: K. 
We mention an application of (56): 
(57) If L: K and s(A) are relatively prime, then s(Az) = s(A). 


F21. Let D be a division algebra having finite dimension over its center K. Among 
the maximal subfields L of D there are some such that L/K is separable. Hence, 
every central-simple K-algebra A has a separable splitting field L over K of degree 
L:K=s(A). 


Proof. If char K = 0 there is nothing left to show, so assume p := char K > 0. Let 
L be maximal among the subfields of D that contain K and are separable over K. 
We wish to show that Z coincides with its own centralizer C in D; this is enough 
to prove F21. By Theorem 14, the center of C is L. Clearly C: ZL is finite. Being 
a subalgebra of the finite-dimensional division K-algebra D, however, C is itself a 
division algebra (every nonzero a € C is invertible in K[a]: see Lemma 1). Taking 
into account our choice of ZL and the next lemma, we conclude that C = L. 


Lemma 2. Let D be a division algebra having finite dimension over its center K. If 
no subfield E 2 K of D is separable over K, then D= K. 
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Proof. Let L be a maximal subfield of D. Then, by Theorem 16, 
D:K=n’, with n=L:K. 


In contradiction to the conclusion of the lemma, assume that D #4 K, son > 1. By 
assumption, L/K is purely inseparable, and therefore n is a power of the character- 
istic p > 0 of K (see F17 in Chapter 7, vol. I). Now let F be an algebraic closure 
of K; since D splits over F, we have an isomorphism 


h: D@xKF > M,(F) 


of F-algebras, with the same 7 as before. Let x be an element of D. Since K[x]/K 
is purely inseparable by assumption, and since its degree divides n, we conclude 
that 


x"=a, forsomeae K. 


Let a be an n-th root of a in F. Since n is a power of p, we have 
(Ax —a)"” =hx"” —a" =0 


in M,(F). The matrix hx —a in M,(F) is therefore nilpotent, and thus its trace 
Tr(ix —q) vanishes. But Tr(Ax—a@) = Tr(hx)—na = Tr(hx), because n is divisible 
by p. Thus we have proved that 


(58) Tr(y) =0 for every y=hx EhD. 


In view of the isomorphism /, equation (58) is actually satisfied for all y € Mn(F). 
But this is impossible. 


F22. Every central-simple K-algebra A has a splitting field L such that L/K is a 
Galois extension of finite degree. 


Proof. By F21 there is a splitting field L of A such that L/K is separable of degree 
s(A). Let L’ be the normal closure of L/K. Then L’/K is Galois of finite degree, 
and L’ is a splitting field of A since it contains L. 


Remark. Whether there are, among the splitting fields L of A whose existence is 
guaranteed by F22, any such that L: K = s(A) — that is, whether a division algebra 
D similar to A contains maximal subfields that are Galois over K —is a different 
and more delicate question. In general the answer is negative (see Amitsur, “On 
central division algebras”, Israel J. Math. 12, 408-420), but over certain fields K — 
including all local fields, by F3 in Chapter 31 — it is affirmative. 

But in any case F22 implies that the Brauer group Br K of any field K is the 
union of the subgroups of Br K associated to finite Galois extensions: 


(59) Br K = 'e Br(L/K). 
L/K fin. gal. 


(Here we assume the extensions L are subfields of a fixed algebraic closure of K.) 
The situation described by (59) will be the starting point for the next section and 
subsequent chapters. 
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6. A first gateway to the study of the Brauer group, based on (59), is the fundamental 
result known as the Skolem—Noether Theorem: 


Theorem 20 (Skolem—Noether). Let A and B be simple K-algebras, and suppose 
the center of A coincides with K. Assume further that B has finite dimension over 
K and A is artinian. Then, for any two K-algebra homomorphisms f, g : B > A, 
there exists a unit u of A such that 


(60) g(b)=u'f(b)u_ forevery be B. 
Proof. Consider the simple artinian K-algebra 
A@xKB° 


(see Theorem 7 and statement (c) in the remark thereto). The maps f and g endow 
A with two A ®x B°-module structures: 


(a®b)x =axf(b) and (a@b)x =axg(b). 


We denote these modules by Ay and Ag. Let N be a simple A ®x B°-module. 
Since Ar and Ag are finitely generated, we have 


(61) Ap=N™ and Ag~N", 


with m,n € N (see again Fl, F2, as well as Chapter 28, F13 and F25). Viewed as 
A-modules, Ar and Ag are indistinguishable, that is, N’” and N” are isomorphic 
A-modules; and since they’re also artinian A-modules, a comparison of the lengths 
(Definition 8 in the previous chapter) yields 


(62) m=n. 


But then (61) implies that Ay and Ag are isomorphic as A @x B°-modules. Let 
gy : Ag — Ag be an isomorphism of A ®x B°-modules. Then 


(63) y(al f(b))=ag() g(b) forallae A, bEB. 
Setting u = g(1), we get for g the expression 
g(a)=au_ forallae A, 
and in view of (63) we have, for every b € B, 
(64) f(b)u = ug(b). 


But ¢ is an isomorphism, so u is a unit of A, and (60) follows from (64). 


Definition 10. Let A be an algebra. A map i: A > A of the form 
(65) i(x) =u 'xu, 


where u € A” is a unit of A, is called an inner automorphism of A. 
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The conclusion of Theorem 20 can be restated to say that, under the assumptions 
made, two arbitrary K-algebra homomorphisms /, g: B > A differ only by an inner 
automorphism i of A: g =i 0 f. In particular: 


Theorem 20’. Every automorphism of a central-simple K-algebra A is inner. 


Thus, for every central-simple K-algebra A, the natural map A* — Autx (A) 
taking each unit uv to the inner automorphism of conjugation by wu gives rise to a 
group isomorphism 


(66) A*/K* ~ Autg(A) 


between the quotient A*/K™ and the automorphism group of the K-algebra A. 
More generally, Theorem 20 implies: 


Theorem 20”. Let B be a finite-dimensional simple subalgebra of a central, simple 
and artinian K-algebra A. Denote by N the normalizer of B in A (that is, the set of 
all u € A* such that Bu C uB) and by C = Z,4(B) the centralizer. Then the map 
A* — Autx (A) gives rise to a natural group isomorphism 


(67) N/C* ~ Autx (B). 


The Skolem—Noether Theorem is a result of great importance; it is the foundation 
for the cohomological description of Br K by means of crossed products, which is 
the subject of the next few chapters and our only source of deeper insights. 

But first we want to show how the Centralizer Theorem (Theorem 14) follows 
from Skolem—Noether, which effectively allows us to complete the proof of that 
theorem by shedding the finiteness assumption A: K < oo made back on page 169. 


Alternate proof of Theorem 14. Let B be a finite-dimensional simple subalgebra of a 
simple, artinian, central K-algebra A. We apply Theorem 20 to the simple, artinian, 
central K-algebra 

A’ := A @Endx(B) 


and the K-monomorphisms 
f:b6b6@1 and g:br1@AdA(b) 


from B into A’, where A(b) is left multiplication by b (in B). The conclusion of 
Theorem 20 implies in particular that the centralizers of f(B) and g(B) in A’ are 
isomorphic, so 


(68) Z4(B) ® Endx (B) ~ A @ p(B) 


(see F2 and F3 in the previous chapter). Hence C := Z,4(B) is a simple artinian 
subalgebra of A similar to A ® B°. Now (68) yields, in view of (31) and after 
another application of Theorem 20, 


Za(Z4(B))@K ~ K@A(B), 
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which is to say Z4(Z4(B)) ~ B. Since B C Z4(Z,4(B)) and B: K < ow, we 
conclude that in fact 
Z4(Z4(B)) = B. 


The isomorphism (68) also justifies the equality A: K = (B: K)(C: K). 


As a further application of the Skolem—Noether theorem, we give a proof of the 
following famous theorem of Wedderburn: 


Theorem 21 (Wedderburn). Every finite division algebra is commutative. In other 
words, if a field K is finite, its Brauer group is trivial. 


Proof. Let D be a finite division algebra, with center K. Every element of D lies in 
a maximal subfield of D. By Theorem 16, all maximal subfields of D have the same 
degree. But for a finite field K, all extensions of the same degree are K-isomorphic 
(Theorem 1’ in Chapter 9, vol. I). So if Z is a fixed maximal subfield of D, by the 
Skolem—Noether Theorem every other maximal subfield of D is of the form x! Lx, 
for some nonzero x € D. Putting it all together we get for the multiplicative group 
D~* of D the equality 


(69) Be | Nae 

xeD* 
Now, the number m of distinct maximal subfields of D satisfies 
(70) m= D*:N, 


where N denotes the subgroup {x € D* | x~!L* x = L*} of D*. Suppose D # K, 
som > 1. From (69) and (70) we obtain for the number of elements of D* the bound 


(71) (O21) 2(D* NV 21). 


the inequality being strict because the multiplicative groups of two subfields of D 
always intersect. But now we have a contradiction, because the right-hand side of 
(71) is at most (D* : L*) (L* :1) = (D* = 1). 


7. Let A be a central-simple K-algebra of dimension n”, and L an extension of K. 
A K-algebra homomorphism / : A + M,,(L) is an L-representation of A of degree 
n = /A:K, which here we call simply an L-representation of A. Such an h can 
be uniquely extended to an L-algebra homomorphism 


(72) ht: A@L—>M,\L): 


we sometimes write just 4 instead of hy. Since A® L is simple and both L-algebras 
in (72) have dimension n?, the map fy, is an isomorphism. Conversely, every L- 
algebra homomorphism g: A @ L > M,,(L) is of the form g = hz; to see this, just 
set h(a) = g(a @ 1). For a given L, therefore, an L-representation of A exists if 
and only if LZ is a splitting field of A. 

By means of L-representations the important notions of trace and determinant 
can be transferred from the familiar setting of matrices to that of central-simple 
K-algebras: 
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F23 and Definition 11. Let A be a central-simple K-algebra with A: K =n?. For 
every a € K there exists a unique normalized polynomial 


(73) P®(a) = P°(a; X) € K[X] 


(of degree n) coinciding with the characteristic polynomial of the matrix h(a) € 
M,(L) for any L-representation h of A: 


(74) P°(a) = P(h(a)). 


In particular there exist well defined functions N° : A> K and Tr°: A > K (with 
values in K!) such that 


(75) N°(a)=deth(a) and Tr°(a) =Trh(a), 


where det and Tr refer to the determinant and trace of matrices in M,(L). Hence, if 
P®°(a; X) = X" + cn_1X""! +---+ 00, we have 


(76) Tr°(a) =—en-1, N°(a) = (-1)"0o. 


P°(a) is called the reduced characteristic polynomial, N°(a) the reduced norm 
and Tr°(a) the reduced trace of a. If necessary, we use the more precise notation 


0 0 0 
(77) Tg Noe Poe 


For any a € A, the reduced characteristic polynomial Py / K (4) and the usual 
characteristic polynomial P4/x (a) (that is, the characteristic polynomial of the K- 
endomorphism a4/K : X +> ax) are linked by 


(78) P4jx(@) = P4jx(a)". 
Likewise, the usual normal and trace satisfy 
(79) Najx(@) = Ng) (@)", Trask (@) =n Tr4/x(@). 


If A = M,(K) is a matrix algebra, PaK (a) is none other than the characteristic 
polynomial of the matrix a € M,(K), and likewise Tr4/K (a) and NAlK (a) are just 
the usual matrix trace and determinant of a. 


Proof. Step 1. Let h and g be L-representations of A. The composition fz o oF 
is an L-automorphism of M,,(L), so the version of Skolem—Noether in Theorem 
20’ yields u € M,(L)* conjugating hy and gy, that is, hp (x) = u~!gz(x)u for 
x € Ay. Hence h(a) = u~!g(a)u for every a € A, showing that g(a) and h(a) have 
the same characteristic polynomial. 

If L’ is an extension of L, every L-representation h: A > M,,(L) leads naturally 
to an L’-representation h’ : A —- M,,(L’), and h’(a) has the same characteristic 
polynomial as h(a). This shows that the characteristic polynomial is independent 
of the choice of a splitting field L of A, because any two such fields are contained 
in a common splitting field L’. 
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Step 2. Next we have to show that the coefficients of P°(a; XY) lie in K. Fix a 
splitting field L of A that is a Galois extension of K. Every o € G(L/K) gives 
rise (by coefficientwise action) to a K-automorphism of L[X], and likewise to a 
K-automorphism of M;,(L). We denote both of these by o still. If h: A > M,,(L) 
is an L-representation of A, so is 00h; hence P(h(a)) = P(ah(a)) by step 1, 
which leads to P®°(a) = P(oh(a)) = oP(h(a)) = oP°(a). Thus the coefficients of 
P°(a) are invariant under any element of G(L/K) and must lie in K. 


Step 3. We still need to check that (78) holds. Since 
PajK(@) = Pagr/L(4) = Pu, (1)/L(A(@)), 
we need only show that 
Pm, (L)/L(x) = Pr»jx(x)”" for any matrix x € M,(L). 
But this is clear, because as an M,,(L)-module, 


MAL) ~ L? ®--@L? 


is the n-fold direct sum of the M,,(L)-modules L”. 


Remark. The following rules for the reduced norm and trace are obvious: 
(a) Tr4/K is a K-linear form on A. 
(b) NaiK is multiplicative. 
(c) Foralla,b € A we have Tr4/K (ab) = Trix (ba). 


(d) Fora é K we have N4iK(@) =a" and Try x (@) =nda. 


F24. Let A be a central-simple K-algebra. For every a € A we have P4/K(a) = 
P,4°/K (a); that is, the K-endomorphisms x +> ax and x +> xa of A have the same 
characteristic polynomial. Likewise Tr4;K = Tr4e/K and NajK = Nao/K.- 


Proof. In view of (78) in F23 it suffices to prove that 
(80) P4jx(@) = P4oK (a). 


But this is clear, since the transposition map is an isomorphism M/,(L)° ~ M,,(L) 
preserving characteristic polynomials. 


F25. Let A be acentral-simple K-algebra. An element a € A is invertible in A if and 
only if Na/K (a) is distinct from 0. 


Proof. We know from F3 in Chapter 13 (vol. I) that every for a finite-dimensional 
K-algebra A, there is equivalence between a € A* and N4/x(a) # 0. Now (79) 
completes the proof. 


F26. Let A be a central-simple K-algebra. The reduced trace Try K is nondegener- 
ate, that is, any element a € A such that TrY/K (ax) = 0 for all x € A must vanish. 
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Proof. Let h be an L-representation of A, and suppose a is such that Tr(A(a) y) = 0 
for all y €h(A). The L-vector space M,,(L) is generated by (A), so Tr(A(a)x) =0 
for all x € M,,(L). It follows that h(a) = 0, hence a = 0. 


Let A be a central-simple K-algebra of dimension m = n”, and let e),...,@m 
form a K-basis of A, so each x € A has a unique representation 


(81) X= Xe, +++ +Xmem 


with x; € K. We claim that the coefficients of P(x: X)—and so, in particular, 
N°(x) and Tr°(x) — depend polynomially on the coordinates x;. More precisely: 


Lemma 3. Jn the situation just described, there exist homogeneous polynomials 
F(t,,...,tm), G(h,...,tm), H(t,...,tm, X) of respective degrees 1, n, n, with 
coefficients in K , such that, for every x = X,e, +:++:+Xmem in A, we have 
TrY4/K (x) =F (Xty5.565%m), 
Najx(*) = G(x1,...,%m), 
Poy WEN) = His cies Xie 2). 
Proof. Take an L-representation h: A > M,(L) of A with L/K Galois. Consider 


the field of rational functions L(t) := L(t),..., tm) inm variables t),...,tm over K. 
Setting 


h:A® K(t) > M,(L()) 
x® f(t) fh(x) 
we get an L(t)-representation of the central-simple K(t)-algebra Axi) = A ® K(f). 


The matrix hey Qty +--+ em @tn) = th(e1)+-+-+tnh(em) has characteristic 
polynomial 
det (X En — (t1h(e1) +++: +tmh(em))). 


By expanding the determinant one obtains a homogeneous polynomial 
A(t,...,tm, X) € Lt, X] 


of degree n. But H is, by definition, the reduced characteristic polynomial of the 
element e; ®t) +--+: +m ® tn of A ® K(t), and so lies in K(t)[X]. Therefore 


A(t),...,tm,X) € K[t, X]. 
For x as in (81) we then have 


Pax (Xi X) = det(X En — h(x) = det (XEn — (x1h(e1) + +++ + Xmh(em))) 
= Xi i405 Xn X )s 


Choosing — F(t) and (—1)"G(t) as the second and last coefficients of H(t, X) we 
complete the proof. 
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F27. Suppose the division algebra D is finite-dimensional over its center K, and let 
A = M,(D) be any matrix algebra over D. For every matrix a = (dij) € M;(D) 
we have 


(82) Tr4/x(@) = >> Trdx dis), 
i 

and if a = (dj;) is a triangular matrix, 

(83) Nar (@) = | | Nox di). 
i 


Proof. Let h be an L-representation of D. By assigning to each matrix y = (d;;) in 
M,(D) the block matrix (h(d;;)), we obtain an L-representation of A = M,(D). 
We now use this L-representation to calculate Tr, /K (a) (and NG /K (a) in the case 
of a triangular); this yields (82) and (83). 


Remark. In the situation of F27, formula (82) can be written more elegantly using 
the trace in the matrix algebra M,(D): 


(84) Tr, jK(@) = Ti}, jx (Trp (a). 


But M,(D) also possesses a determinant function detp : M;,(D) > D with values 
in D = (D*/D*') U {0}, where D*/ D*’ denotes the quotient by the commutator 
group of D*. Aside from the codomain change from D to D, detp has all the 
defining properties of the determinant: columnwise multilinearity, invariance when 
one column is added to another, and value | at the identity matrix. Thus by applying 
detp we obtain 


(85) NaiK@) = Npx (detp a) 


for every matrix a in M,(D). Indeed, one can obtain this formula from (83) by 
applying the usual transformation rules for detp and the multiplicativity of N°. 
Note also that the right-hand side of (85) really is well defined, because for elements 


of the form d = d,d,d,'d>' we have Np (4) =i, 


Theorem 22. Let a central-simple K-algebra A contain a field L as a subalgebra. 
Any element c in the centralizer C = Z4(L) satisfies 


(86) Nak) = NrjxNe;_©), Tx (©) = Texx Tre/z (0). 
Proof. By the Centralizer Theorem (page 168) we have 
(87) A: K =(L:K)(C:K). 


Also, C is a central-simple L-algebra. Consider the C-module A. Since C is 
simple, we seem from (87) by comparing dimensions that there is an isomorphism 
of C-modules 


(88) Ax~cHX, 
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Hence, for any c € C, 

(89) Pajx(c) = Pej)". 

Now apply the equalities in §13.1 (vol. I) to the K-algebra C, to obtain 
(90) Pojx (ce; X) = Nupxy/KixyPc/L(c: X). 


The reduced characteristic polynomial re i (c; X) therefore satisfies 


(91) Poyx (cs X) = NupxyeixPey (6 X)", 


with m? = C:L. Recalling that n? = A: K and PajK(c) = PaiK(o)", we obtain 
from (89) and (91) 


(92) Paik xX)" = NiLxy/KLX] Pej c: Rye’ 
On the other hand, n? = A: K = (L: K) (C:K) =(L: K)*(C:L) =(L: K)’m?, so 


n=m(L: K). Since we have been dealing with normalized polynomials throughout, 
equation (92) can only be true in the UFD K[X] if 


(93) Pax (ce; X) = Newry xp Pec X). 


Thus we have found a “nesting formula” for the reduced characteristic polynomial. 
We now derive the equalities (86) from it. Take arbitrary polynomials 


f(X) =X" +p X" | ++ +00, 
g(X) =X" + ay X" | +--+ +.a9 


in K[X] and L[X] respectively, such that 
(94) A(X) = Nop xis (X). 


Consider the endomorphism 


0 —do 
1 0 —d 
(95) u= 1 
0 -—dm-2 
1 -—dm—1 


of the L-vector space L”’. Its characteristic polynomial is precisely g(X). By (94), 
therefore, f is the characteristic polynomial of ux, the K-endomorphism of L” 
determined by u: 

f(X) = Plug; X). 


Reduced norm and trace 181 


(See for example LA II, p. 183, Aufgabe 63.) In particular, we see that cy; = 
—Tr(ux). At the same, because of (95), we have Tr(ux) = —Trz/K(dm-1). Alto- 
gether, then, 


(96) Cn—1 = — Trz/K (am-1). 
Similarly we obtain (—1)"co = detux = Nz/x(detu) = Nz/x((—1)’"ao), so 
(97) (—1)"co = Nzjx((-1)""a0). 


With f = Pa (Cs X)andg= Poy (c; X), equations (96) and (97) say exactly 
what we wished to prove in (86). 


Remark. Take Theorem 22 specifically in the case where A = D is a division 
algebra and L is a maximal subfield of D. Then 


(98) Npyjx (x) = Nxjx (x) and Trip sx (x) = Trex (x) for every x € L. 


Since any element x of D lies in some maximal subfield of D, this brings back 
the reduced norm and trace in D, in a certain sense, to the norm or trace in field 
extensions L. 


Here is a nice application of the notion of reduced norm: 
Theorem 23. /f K is a C,-field (see Definition 3 in Chapter 27), then Br K = 1. 


Proof. Take [D] € Br K, where D is a division algebra with D: K =m =n? > 1. 
The reduced norm N : /K is then given by a homogeneous polynomial of degree n 
in K[X,..., Xm], by Lemma 3 above. If K is a C-field, there exists a nonzero 
x € D such that NV 2 / Ko) = 0. But this cannot be, since x is invertible in D. 


Theorem 23 implies Theorem 21 (Wedderburn), because all finite fields are Cy 
(Theorem 2 in Chapter 27). But Theorem 23 applies more generally: for instance, 
when K is a function field of transcendence degree | over an algebraic closed field 
(see Chapter 27, Theorem 6 together with Theorem 1). Such fields, too, have trivial 
Brauer group. 
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Crossed Products 


1. In this chapter we build up an explicit description of central-simple K-algebras. 
After choosing a Galois splitting field L for a given central-simple K-algebra A, 
one can replace A, up to similarity, by a so-called crossed product. A crossed 
product is characterized as a K-algebra by the specification of certain generators 
and relations (among these generators). The structural description is particularly 
simple and concise in the case of a cyclic Galois extension; although this is a drastic 
assumption, the study of this special case is of fundamental importance, so we will 
look at such cyclic algebras in detail. The simplest case consists of qguaternion 
algebras, which we will exploit as a source of example material. 


Assumptions and notation. In this section, 
L/K denotes a Galois extension with Galois group G. 


For the action of automorphisms o € G on elements 4 € L, we adopt exponential 
notation: 
A° =o0(A), with the convention \°* = (°)°. 


Thus the product ot of two maps o, Tt € G is, contrary to ordinary usage, defined by 
ot(A) = t(o(A)). Correspondingly, in this context we extend exponential notation 
to maps in general: the product (concatenation) fg of maps is to be understood so 


x fe = (xf)F. 


The statements to follow can be regarded as fruit of the work done in the proof 
of Theorem 18 of the preceding chapter for L/K Galois. It is useful to keep this in 
mind. Now 


fix A, a central-simple K-algebra that splits over L. 
Thus there exist an 1-dimensional L-vector space V and an isomorphism 


(1) h: A@xL => Endz(V) 
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of L-algebras. If we wish, we can choose V as the standard n-dimensional vector 
space L”. Note also that n? = A: K. 

Any o € G can be extended in a natural way into a K-linear map from A @x«L 
to itself, again denoted by o, by setting 


(2) (a@a)° =a@d’ foraceA,rEL. 


Via conjugation by the map / from (1), then, o determines a K-algebra endomor- 
phism p, of Endz(V): 


(3) xPo = xh toh 


In other words, po is the one map for which the diagram 


h 


A@L End, (V) 
(4) ; |». 
A®L ———> End; (V) 


commutes. By definition, then, we have for A € L 
(5) APo = jo, 


For o, t € G we obviously have po pr = Por. AS mentioned, po is merely K-linear; 
but more precisely, it is o-semilinear with respect to L, in the sense that 


(6) (Ax)?e = Ao xPe 


for every x € Endy (V) and A € L. Because pg is a ring homomorphism, this prop- 
erty follows immediately from (5). But End, (V) is, as a K-algebra, a subalgebra 
of the K-algebra Endx(V). By the Skolem—Noether Theorem, then, there exists 
Ug € Endx(V)* such that 


(7) xPo = i Nits for every x € Endz(V). 


Here ug is determined up to a factor from L*; indeed, the centralizer of Endz (V) 
in Endx(V) is obviously Z(Endz(V)) = L. 

Imagine that for each o € G we choose some ug € Endx (V)* with property (7). 
How is Ug related to uguz, foro, t €G? Conjugation by each of these two elements 
of Endx (V)* induces on Endz(V) the same inner automorphism poz = Po Pr, SO 
there exists a well defined element cg, in L* such that 


(8) UgUz = UgtCo,t- 
By (5) and (7), conjugation by uv, induces on L precisely the automorphism o: 


u, Aug =A" ford eE L. 
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We can also write this as 
(9) Mug =Ugd°. 


(As a map from V to itself, therefore, ug is o-semilinear.) For uw; one can choose 
u; = 1, but regardless of this choice we always have 


(10) u,eL™. 


We now consider the subalgebra I” of Endx (V) generated by the elements A € L 
and the ug. In view of (8), (9) and (10), we have 


(11) re), web. 


ocG 


What is the relation between I" and the algebra A’, the isomorphic image of A 
under 1? Because of (4), we have x?° = x for all x € At, so the maps ug commute 
with all the elements of A”, by (7). So do all the A € L. Thus I" lies in the centralizer 
C of A” in Endx (V). By the Centralizer Theorem, then, C has dimension C : K = 
(L: K)* over K (see the proof of Theorem 18 in the previous chapter). We will see 
in Theorem | below that I" also has dimension (L: K)? over K, so 


(12) F=c, 
The elements cg,, € L™ determine the structure of ’ = C fully. Since 
(13) AnC, 


the similarity class [A] € Br K of the given algebra A is also fully specified by the 
Coe: 
On the other hand, the c,,; are not determined uniquely by A, because, as already 
mentioned, one can multiply the u_ by arbitrary factors ag € L*. Set ul, = ugdo. 
/ / 


The u/, then give rise to elements c)_, € L* such that uu, =ul,.c,,. Acomparison 


with (8) leads after a simple computation to the transformation equation 


-1 


(14) Ce = Cex (GL ai,.)s 


oO, 


Thus the c/,, differ from the co,r by factors do, of the form do,. = agdrd52- 


Incidentally, a change in / or in V in (1) also leads at most to a change in the cg,z 
according to (14). The proof of this fact, resorting to the Skolem—Noether Theorem, 
is left to the reader as an easy exercise. 


Theorem 1. Let L/K be a finite Galois extension with Galois group G, and let 
be a K-algebra containing L as a subalgebra. Suppose that I" is generated by the 
elements X € L and by certain elements ug (o € G), with uy € L™, these generators 
satisfying the relations 


Aug = UgA’, (15) 


Ugur =Uorlo,r with Cor € L™. (16) 
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Then the ug are linearly independent over L; that is, ': K = (L: K)?. The K- 
algebra I" is central-simple and contains L as a maximal commutative subalgebra. 
The Co,r in (16) satisfy, for every p,o,t in G, the equation 


(17) ch Cot,p = Co,tp Ct,p- 


1 


Proof. (a) For tT =o * we obtain from (16) 


Ugug-1 = UjCo gl . 


Since uw; is assumed to be in L*, therefore, each ug is invertible in I”; in particular, 
Us #0. 
(b) For any p,o,t € G, equations (16) and (15) give on the one hand 


(Ugur )Up = Ugt Co,t Up = Uort Up Coe = Uotp Cot,p ee 
on the other hand, 
Ug (UzUp) = Uo Utp Cr,9 = Uotp Co,tp Ct,p- 


Since multiplication in J” is associative, we get (17) by cancellation: see part (a). 


(c) For 4 € L we consider the map 
Arixthihx 


from I" to itself. Clearly, Ar is an endomorphism of the right L-vector space I’. 
Because of (15), every uo is an eigenvector of Ar, with eigenvalue A°. But there 
exists some A for which all the A°, o € G, are distinct (use the Primitive Element 
Theorem, for example). Hence the claimed linear independence of the ug over L 
follows from the well known fact that eigenvectors belonging to distinct eigenvalues 
are linearly independent. From the assumptions we have = >, Lug = 0, UcL, 
so :K = (L:K)?. 

(d) To prove that I” is simple, we show that every surjective algebra homomorphism 
I’ + I" has zero kernel. But I”’ is generated by the images u/, of the u_ and the 
images A’ of the A € L, and these generators satisfy relations completely analogous 
to (15) and (16). So by part (c) we get 0: K =I’: K. 

(e) We prove that I” is central over K. Let z = )°, UeAq be any element in the 
center of ”. We then have zA = iz for all 4 € L, and hence, by (15), 


SS ghed= ted No: 


Comparing coefficients we obtain AgA = A°Aq for all A e L. For o ¥ 1, then, 
we must have Ag = 0, so z has the form z = A,u, and hence lies in L to begin 
with. But if some z € L commutes with all elements of J", equation (15) gives 
UgZ = ZUg = UgZz°, 80 Zz = Z° forall o € G. It follows that z € K. 
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(f) Finally, from the first part of (e) it is clear that L is a maximal commutative 
subalgebra of [”. This also follows from Theorem 15 in the previous chapter. 


These considerations give rise to the following notions: 


Definition 1. A map (0,tT) +> coz from G x G to L™ satisfying the functional 
equation (17) is called a cocycle or factor system of G (with values in L*). Cocycles 
that differ according to (14) are called equivalent. Given an assignment 0 +> dg € 
L*, the map taking (0, T) to 

(18) a =o, 


T 


is a cocycle; cocycles of this form are said to split. If bg,, and cg,z are cocycles, so 
is their product bg,rCo,r. Thus the cocycles of G with values in L* form a group, 
of which the set of split cocycles is a subgroup. The corresponding quotient group 
is denoted by 


(19) L(G, 2), 


and is called the second cohomology group of G with coefficients in L*. A K- 
algebra I” as in Theorem 1 is called a crossed product of L and G, with cocycle 
C =Cg,r. Because any two such K-algebras are isomorphic, we use the notation 


(20) r =(L,G,0). 


Passing from cg,z to an equivalent cocycle cj, , leaves I unchanged: it amounts to 
a change of basis u/, = Udo, where dg € L™. Thus the crossed product I” depends 
only on the class y = [c] of c in H?(G, L*), and we also write 


(21) r=(L,G,y). 


In this way, every central-simple K-algebra A that splits over L is assigned a well 
defined element y in H?(G, L*), which we denote by 


(22) f(A):=y. 
In view of (13) and (12), then, 
(23) A°~(L,G,y). 
We now state a very satisfying result, which is also of crucial importance: 


Lemma (Multiplication theorem). If A and A’ are two central-simple K-algebras 
that split over L, we have 


(24) SABA) = f(A) f(A). 
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Proof. We first introduce some notation: If M, M’, N, N’ are vector spaces over L 
and gy: M > M', vw: N > N’ are o-semilinear maps (for the same o € G), we 
denote by 


(25) (¢,v):M@_N>M'@,N' 


the (well defined!) o-semilinear map given by x @ yx? @y”. 
Now assign to A and A’ cocycles ¢g,; and ci, as above. We obtain from the 
corresponding commutative diagrams (4) first the commutative diagram 


(A@L)@1(A'@L) &® Endy (V) @r End, (V’) 


(o,0) | | (PoPG) 


(A@L)@L(4'@L) ah Endi(V) ®t Endz(V") 


After making identifications (A @ L) @1 (A’ @ L) = (A @ A’) @L and 
(26) Endy (V) @z Endy (V’) = End (V @z V’) 


the preceding diagram becomes the starting point for the assignment of a cocycle to 
A@ A’. Namely, for each o € G we take the element of Endx (V @z V’)* given by 


Ue = e.it,): 


The inner automorphism arising from Ug coincides on Endy (V) ®z Endz (V’) with 
(Po, pi,), because (Ug, ul)" (x, x')(ue, ul) = (us xu, ux). Hence all 


that’s left to determine is the cocycle corresponding to Uz. We have U,U; = 
(Us, te) (uz, ut) = (Ugur, uu) = (UgrCo,t, Cece) = (or, ul.) (Co,r: Cae) = 
Usr6o,t0G,0> so the product Co,t©G,t is indeed a cocycle corresponding to A @ A’. 


Lemma. Let [A] and [B] be elements of Br(L/K). 
(a) A~ K implies f(A) = 1. 
(b) (4) = f(a 
(c) A~ B implies f(A) = f(B). 


Proof. (a) By assumption, A is isomorphic to some M,(K). We know that 
A@xkL~ M,(K) @xL ~ M,(L) = Endy (L"), 


so we get an isomorphism 4: A @ L — Endz(L") leading to maps pg in (4) that 
just have the form 


(27) MOOS KF = (xF ings 


Here we are regarding each x € Endy (L”) as a matrix x = (xj;);i,; in M,(L), and 
x° arises from x by coefficientwise application of o € G. Then, if wg denotes the 
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map from L” to itself defined by (x;); +> (x?);, we see that ug € Endx (L”)*, and 
for each x € M,(L) we have 


(28) i, Kids =X", 

(To check the equality, just apply both sides to the canonical basis vectors e;.) But 
now, for every 0, t € G, we clearly have ugu; = Ugr, So f(A) = | as needed. 

(b) We have A@ A° ~ K. Using (a) and Lemma | we conclude that 1 = f(A@A°) = 
S(A)f(A*), so f(A) = f(A). 

(c) Suppose B ~ A. Then B® A° ~ A@A®° ~ K, which implies that f( B® A°) = 1, 
by part (a). Then, using Lemma | and part (b), we obtain f(B) f(A)~! = 1, hence 
the assertion f(A) = f(B). 


Part (c) of the lemma says that f(A) only depends on the similarity class of A; 
hence we write f(A) = f([{A]) to obtain a well defined map 


(29) f :Br(L/K) > H?(G, L*), 
also denoted by f/7/x when needed. 
Theorem 2. The map f :Br(L/K)— H*(G, L*) is an isomorphism. For[A]¢ Br K 
and y € H*(G, L*) the following conditions are equivalent: 
(i) [A] € Br(L/K) and f(A) = y7!. 
(ii) A~(L,G, y). 
For any y, y' € H?(G, L*) we have 


(30) (L,G,y) @(L,G,y’) ~ (L,G, yy’). 


Proof. (a) Suppose f(A) = 1. By construction, then, A° ~ I = (L, G, c) for some 
split cocycle c, and we can even assume that cg,, = | for every o,t € G. Then 
CD=0, uoL, with 


(31) Ugur = Uot- 


Now consider the K-linear map I — Endx (ZL) defined by ugA > ok. By (31), 
this is in fact a homomorphism of algebras, since the o’s and A’s satisfy relations 
parallel to those that hold among the wg and 4. Hence A° ~ I’ ~ Endx(L), so A 
splits over K. This shows that f is injective. 

(b) Let a given y € H?(G, L”) be represented by the cocycle ¢g,r. Let V =>, eo L 
be an n-dimensional vector space, wheren = G:1=L: K. Define u; € Endx (V ) by 


(32) (@oA)"* = Corlo,rr” 


for every t € G. Finally, let [” be the subalgebra of Endx(V) generated by L and 
the u;. It is not too hard to check that I" satisfies the assumptions of Theorem 1: 
to show that ugUz = UgrCo,r, Of course, one must use the functional equation (17) 
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for the cocycles cg,r. By Theorem 1, then, J” = (LZ, G,c) is the crossed product of 
L and G with cocycle c. 

Now let A be the centralizer of J” in Endx(V). By the Centralizer Theorem, 
A is simple with center Z(A) = Z(I’) = K, and the various dimensions satisfy 
(A: K) (0: K) =(V:K)*? =(V:L)?(L: K)’, from which we get 


(33) A:K=(V:L) 


since [': K = (L: K)*. Since L CI’, and hence A C End; (V), we obtain a well 
defined homomorphism 
h:A®@®L—-Endz(V) 


with h(a @ A) =ak. This map is injective, because A ® L is simple. By (33), 
is an isomorphism of L-algebras. With this construction for h, the first step in the 
determination of f(A) is finished. 

The pg associated to / are determined by their action on elements of the form 
ak; we have (aA)?° = (aryh 'oh = (a@d)*" = (a@A°)* = ad’. But at the same 
time ie (aA)ug = a(uz Aug) =ad°, so the ug are associated with po in the sense 
of (7). Therefore the equalities uguz = UgrCo,r imply, by definition, 


(34) f(A =y, 


showing that f is surjective. 


(c) As aconsequence of the reasoning in (b), we claim that for each y € H?(G, L*), 
the map / associates to the crossed product = (L,G, y) the value f(”) = y7!: 


(35) HG yer 


Indeed, since [ ~ A° we have f(I”) = f(A)7!, which leads via (34) to f(I”) = 
yo, as desired. 

(d) We now prove the equivalence of (i) and (11). Take [ = (L,G,y). Being a 
maximal commutative subalgebra of J", L is a splitting field of . Every A~ I" 
then splits over L as well; that is, A lies in Br(L/K). Moreover, A ~ I” implies 
f(A) = f(L); thus f(A) = y~!, by (35). Conversely, suppose [A] € Br(L/K) and 
f(A) =y71. In view of (35) and the injectivity of f, we must have A ~ (L,G, y). 
(e) The last statement of the theorem is also clear, being merely an expression of 
the multiplicativity of {, as shown by the preceding discussion (see Lemma 1). 


2. As in the preceding section, L/K will denote a finite Galois extension with 
Galois group G. Further, assume that 


E/K is a Galois subextension of L/K. 


We denote by G = G(E/K) and N = G(L/E) the Galois groups of E/K and 
L/E. Since E/K is Galois, N is a normal subgroup of G. As usual, we identify 
the quotient group G/N with G = G(E/K), so the canonical image & of an element 
o €G corresponds to the automorphism determined by o on E: in symbols, 6 =o¢. 
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Since any K-algebra that splits over F surely splits over the extension L of EF, we 
have 


(36) Br(E/K) CBr(L/K). 
On account of Theorem 2, this inclusion determines a monomorphism 
(37) inf: H?(G, EX) > H?(G, L*), 


the so-called inflation map for L/E/K. When necessary, we write it as infr/¢ or 
even infy/~/K. By definition, inf is the unique map making the diagram 


Br(E/K) 
(38) ferx | | fore 
H?(G, E*) — H?(G, L*) 


Br(L/K) 


commute. The next results gives an explicit description of this map. 


F1. Let the situation be as above. If y € H?(G, E*) is represented by a cocycle 
C1 (0,T) + Cg.z, then inf(y) is represented by the cocycle 
(39) (0, T) -> Cg,z- 
This cocycle is called the inflation of the cocycle c and is denoted by inf(c) = 
inf, /g(c). 
Proof. Take y = f(A), with [A] € Br(£/K). Suppose the determination of f(A) = 
JrE/K(A) has already been carried out. For o € G, take the starting diagram in the 
determination of ps and change the base to L over E, obtaining the commutative 
diagram 

(A® E)@®EL — Endge(V) @EL 

(G,0) (pz.0) 

(A®E)@zEL — Endg(V) SEL 

Here and below we use the notation (25). With the natural isomorphisms 


(A@E)@®gL~Y~A®@L and Endg(V)@gzL~Endz(V @F L), 


we then obtain the commutative diagram 


A®@L End_(V ®=z L) 
o |. 
A@L End (V @g L). 


Then, with the ws in Endx (V), we have, from the definition, 


(A)? = (Ge? 0°) S Ge zig 1”) 
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for x € Endg(V) and A € L. Now define U, € Endx (V ®g L) for o € G by setting 
Ug = (ug, 0). 


Since ug and o are both G-semilinear with respect to E, it is the case that Ug is 
well defined. Moreover 


U>'(x,A) Us = (ug!xug,o0 Ao) = (uz'xuz, A’), 


so the inner automorphism on End, (V @<£ L) of conjugation by U, agrees with 
Po. Since U,U, = (uguz, oT) = (Usece,z,0T) = (Usz,0T) (ca,z, 1) = Uorea,z, 
we conclude that inf(c) is the associated cocycle, as needed. 


We keep the notation L/K for a finite Galois extension with Galois group G. 
Now suppose 


K'/K is any extension. 


We denote by L’ = LK’ the composite of L with K’ (in a common extension of L 
and K’). Consider the diagram of fields 


i an 
_. 


Set H := G(L/LN K’). Now recall the Translation Theorem of Galois Theory 
(vol. I, Chapter 12, Theorem 1): For every o € H there is a unique o’ € G(L'/K’) 
inducing o on L (in symbols, 0, =o), and the map H — G(L'/K’) =: H’ taking 
o to o’ is an isomorphism. For this reason we will as a rule identify the Galois 
group of the Galois extension L’/K’ with the subgroup H of G. 

Because the restriction operation is transitive (F18 in Chapter 29), resx’;x maps 
the subgroup Br(L/K) of Br K into the subgroup Br(L’/K’) of Br K’. Therefore, 
by Theorem 2, the map 


(40) resx’/K : Br(L/K) > Br(L'/K’) 
gives rise to a homomorphism in cohomology, still denoted by resx7/x: 
(41) resx7/x : H?(G, LX) > H?(H’,L”), 


this just being the map such that the following diagram commutes: 


Br(L/K) —<+ Br(L’/K’) 
(42) SLIK | linge 
H?(G,L*) Ben 


TOS K//K 
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The explicit description of the restriction (41) in cohomology is this: 


F2. Let the situation be as above. If y € H*(G, L™) is represented by a cocycle 
C1 (0,T) > Co,z, then res(y) is represented by the cocycle 


(43) (o',t') +> Cot. 


This is called the restriction of the cocycle c and is denoted by res(c) = resx’/K (C). 
Specializing to the case K' C L, where L’ = L and H' = H, we get for res(c) 
literally the restriction of the map c: G x G — L” to the subset H x H. 


Proof. For o € H, consider the starting diagram (4) for the determination of y = 
f(A), with [A] € Br(L/K). By base change we obtain the commutative diagram 


(A@L)@z, L’ — Endy (V) @z L' 
(0,0’) | | (Po:0") 
(A@L)@, L’ — End, (V) @z L’ 


Via the natural isomorphisms (A@ K')@x/ L’ ~ (A@L)®@zL’ and Endy (V)®z, L’ ~ 
Endz(V @z L’), one gets from this the commutative diagram 


(A ® K’) @x L’ — Endz/(V @z L’) 
| bs 
(A ® K’) @x L' — Endz/(V @z L’) 
With the wg in Endx (V), then, we have from the definition 
(x, a)?o’ = (uz!xug.a ) 


for x € Endy (V) and a € L’. Thus, if we define vg’ € Endx’(V @ 1 L’) by setting 
Ug! = (Uc, 0"), the inner automorphism induced on Endz,(V ®z L’) by vg’ coincides 
with pg’. The corresponding cocycle is then the restriction of the cocycle c as 
desired, because Ug/Uy = (UgUz,0't') = (UgrCo,t, 0'T') = (Uo, O'T’) (Coz, 1) = 


Vo't/Co,t+ 


Remark 1. By means of Theorem 2, the conclusions of Fl and F2 can be rephrased 
as follows: 


(44) (E,G,c) ~ (L,G, inf(c)), 
(45) (L,G,c) @x K’ ~ (L’, G(L'/K’), res(c)). 
Moreover, if L’: K’ = L: K, the latter similarity is actually an isomorphisms. 


Remark 2. Let L/K be a Galois extension with finite Galois group G, as before, 
and let N be a normal subgroup of G with fixed field 


E:=LN. 
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As usual, we identify G/N with the Galois group of the Galois extension E/K. 
We write inf for the inclusion map Br(E/K) — Br(L/K), too; this map and the 
restriction res = resg/x fit into a sequence 


(46) | —> Br(E/K) > Br(L/K) © Br(L/E), 


which is obviously exact from the definitions. From this we obtain, using Fl and 
F2, an exact sequence of cohomology groups: 


inf res 


(47) | —> H?(G/N, L*’) —> H?(G, L*) —> H?(N, L*). 


For didactic reasons, we have written the multiplicative group E™ of the intermediate 
field E as L*N, the fixed module of L* under N. 


3. As an important application of the methodology developed in Section 1, we now 
prove a theorem that is far from obvious: 


Theorem 3. For any field K, the Brauer group Br K is a torsion group. More 
precisely, every [A] € Br K having Schur index s = s(A) satisfies 


that is, the s-fold tensor product A ® A ®--+® A is isomorphic to a matrix algebra 
Mi(K) over K. 


Proof. In view of Theorem 2 (and (59) in the previous chapter) what we must show 
is this: If 7 = (L, G, c) is any crossed product with Schur index s = s(I"), the class 
y of the cocycle c = ¢g,r in H?(G, L*) satisfies 


(48) yr=l. 


Let N be a simple /°°-module (hence a simple right /’-module). We claim that N 
has dimension 


(49) N:L=s 


as a vector space over L. Indeed, if I ~ M,(D), for D a division algebra, the 
maximal subfield L of I’ has degree L: K = rs (see (54) in previous chapter). 
Since °° ~ N” we have :L = r(N:L), so (49) follows from the equalities 
WNiL) =F tbh=LtK =rs. 

Now let b;,...,5; be an L-basis of N. For each ug in I’, there is a unique 
representation 


bite = So beuri(o). where uz; (0) € L. 
k 


In this way every o € G gets assigned an s x s-matrix 


U(o) = (uij(0))i,7 € Ms(L). 
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Now, 


bigs =) byucugi(o)® =D) Y > biuix(t)uki(o)’, 
1 


k k 
so, using the equality ugUz = UgrCo,r, We See that the matrix equation 


(50) U(oT)Co,r = U(t)U(a)* 


holds. For all determinants ag := det(U(o)) € L* of (nonsingular) s x s-matrices 
U(o) we obtain from (50) the equation 


S t 
dotly 7 = Ardg. 


! and is therefore 


Thus the s-th power of the cocycle cg, has the form cg , =d541d5;, 


a split cocycle. But this says the same as equation (48). 


Definition 2. The order of an element [A] in the group Br K is called the exponent 
of [A] (or of A), and is denoted by 


e(A) = e([A)). 
F3. For every [A] € Br K the exponent of A divides the Schur index of A: 
(51) e(A)|s(A). 
Conversely, every prime factor of s(A), at least, divides e(A). 


Proof. That e(A) divides s(A) follows directly from Theorem 3. On the other hand, 
let p be a prime not dividing the exponent of A: 


(52) pte(A). 


We must show that p does not divide s(A) either. Choose a finite Galois extension 
L/K with [A] € Br(L/K) and consider the fixed field F of a Sylow p-group H of 
G =G(L/K). Then L: F is a power of p, yet 


(53) F:K 40 mod p. 
Next take the restriction map 
res: Br(L/K) > Br(L/F). 


On the one hand, e(res[A]) divides e(A), because res is a group homomorphism; 
on the other, e(res[A]), being a divisor of L: F, is a p-power (apply Theorem 3 to 
res[A], together with Theorem 19 in the last chapter). This conflicts with (52) unless 
e(res[A]) = 1. Hence res[A] = 1 in Br F and so s(A) is a divisor of F': K (again by 
Theorem 19 in Chapter 29). By (53), therefore, s(A) is relatively prime to p. 


Remark 1. It is not always the case that s(A) = e(A), as we will see with an 
example — see (108) and paragraphs following. However the equality does hold 
over local and global fields; in the local case we will show this in full (Chapter 31, 
Theorem 5). 
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Remark 2. We mention a generalization of (51). Let L/K be an arbitrary finite 
field extension. For any|A] € Br K, 


(54) e(A) divides (L: K)e(Az). 


Proof. For brevity, set k = e(Az), a = [A]. Since res /x (a*) = (resy/K a) =1, 
L is a splitting field of a*, so s(a*) divides L: K. By F3 then also 


(55) e(a*) divides (L:K). 


But k is a divisor of e(A) = e(a) = ord(a); hence e(a) = ke(a*). Multiplying (55) 
by k we obtain (54). 


As an application of (54), we have: If L: K and e(A) are relatively prime, 
e(Az) = e(A). 


Remark 3. For [A] € Br K, let s(A) = mn, where m,n are relatively prime. Then 
there is a unique decomposition in Br K of the form 


(56) [A] =[B][C], with s(B) =m, s(C) =n. 

If A is a division algebra, there exist division algebras B and C such that 
(57) AX~B®@C and s(B)=™m, s(C) =n. 

B and C are uniquely determined up to K-isomorphism. 


Proof. Since e(A) divides s(A), it has the form e(A) = m,n, with m, dividing m 
and 7, dividing n. Thus, in the abelian group Br K, we have a unique decomposition 


[A] =[B][C], with e(B) =m, e(C) =n. 


Since m, and 7, are relatively prime, so are s(B) and s(C), by F3. By §29.12, then, 
we have s(A) = s(B ® C) = s(B)s(C). But since s(A) = mn and ged(m,n) = 1, 
the only remaining possibility, by F3, is that s(B) =m, s(C) =n. This shows the 
existence of the decomposition (56). Its uniqueness is clear: since e(B) and e(C) 
divide s(B) and s(C), respectively, these two divisors are relatively prime. 

We can assume without restriction that B and C are division algebras. Again 
by §29.12, B ®C is also a division algebra. Thus, if A is a division algebra, 
the representation (56) implies (57). Uniqueness in (57) follows from uniqueness 
in (56). 


4. We now investigate Br(L/K) more closely in the case that L/K is cyclic. 
Although this restriction is severe, the study of this special case is nonetheless of 
fundamental significance. 

Let L/K be a cyclic extension, that is, a finite Galois extension with cyclic 
Galois group G. Let t be a generator of G: 


G={t. 
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We denote by m = ord(t) = G:1 = L: K the degree of L/K. 
Fix a crossed product 


(58) lr =(L,G,c) 


of LZ with cyclic group G and cocycle c; an algebra of this form is also called a 
cyclic algebra. We abbreviate as 


(59) ui=Urz 


the representative u; in J” corresponding to the generator t. Since conjugation by 
u' induces the automorphism t’ on L, we can choose the remaining uw, by the rule 


(60) ui=u' for0<i<n-l. 


Since u” yields the automorphism t” = | on L, and since it commutes with all the 
u', it lies in the center of J”. Thus 


(61) a:=u" € K™. 


After a choice of u, then, the structure of I” can be fully described by the specifi- 
cation of the element a € K*. For 0 <i, j <n we have 


oa Pe Ujiti =U, for i+j <n, 

i He aa = a _ oar 
au''J" = aujizj for i+ j =n. 

Thus the cocycle ¢ corresponding to the wg as in (60) has the form 


* 1 for i+ j <n, 
(62) Ci = 


afor i+ j =n, 


where we assume that 0 <i, 7 <n. Such a cocycle is called uniformized. For a fixed 
tT, the structure of I” is fully determined by the element a € K”; for this reason we 
can denote the cyclic algebra I” by 


(63) I =(L,t, a). 


The element a, in contrast, is not determined uniquely by J", because we can mul- 
tiply the representative u = u; of t by any factor A € L*. Set 


(64) u'=un. 


Then the element 


associated with wv’ is given by 


a’ = (ua)" = (ua) (ud) (ud)... (UA) = (uuATd) (uA)... (UA) 
aun AA Sant |. ATA =aNz/K(d). 
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This leads to the transformation equation 
(65) d= aNz/K(A). 


Conversely, if (65) holds, equation (64) yields a representative uv’ of t such that 
“=a. 

The upshot is that every cyclic algebra is associated to a well defined element a 
of the norm residue group K*/Nrz/x (L”) of the extension L/K, namely the residue 
class @ = a Nz /x(L™) of a modulo the subgroup Nz /x(L”) of K*. Every element 
of K*/Nz/xK(L”) is obtained by means of this correspondence, because if we take 
any a € K™ and use (62) to define a function C: G x G > K™%, it is easy to check 
that this function is a cocycle. This, together with the fundamental result stated in 
Theorem 2, leads to: 


Theorem 4. Let L/K be cyclic with Galois group G = <t) . There exist natural (but 
t-dependent) isomorphisms 


(66) Br(L/K) = K*/NyjeL” ~ H*(G, LL”), 


and every element of Br(L/K) is represented by a cyclic crossed product (L,t, a), 
with a uniquely determined modulo Ny/K L*. 


Remarks. (1) If a is the residue class of a ¢ K* in K*/Nr /x L™, we denote the 
cyclic algebra (L, t, a) also by 


(67) (L,T, a). 
(2) For a,b € K*, Theorem 4 implies that 
(68) (L,t, a) @x(L,t,b) ~ (L,t, ab). 


Further: A cyclic algebra (L, t, a) splits if and only if a = Nyx (A) is the norm of 
an element in the extension L/K. 


(3) What about the dependence on the choice of a generator t for G? Any other 
generator has the form tr“, with k relatively prime to n = G : 1, and it is easy to 
check that 


(69) (L,t,a) ~ (L, t*,a*). 


(4) The norm residue group K*/ Nyx L™ is defined, of course, for any finite field 
extension L/K. When, in addition, L/K is Galois with arbitrary (finite) Galois 
group, we call K*/Nz/x L™ the zeroth cohomology group of G with coefficients in 
L*, and denote it by 

H°(G, L*). 


By Theorem 4 we have 
(70) H°(G, L*) ~ H?(G,L*) for cyclic G, 


but for arbitrary G the two groups generally diverge. 
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(5) In the situation of Theorem 4, given an arbitrary cocycle c of G = <t) in L*, 
the structure element a of the corresponding uniformized cocycle ¢ in (62) can be 
expressed in terms of c as 


n—-1 
(71) a= |] cee 
j=0 


One sees this easily by computing the powers u! inductively by means of c. For 
a=u" we get (71). 


Simple as the arguments leading to Theorem 4 were, the theorem is nonetheless 
a powerful tool. A feeling for this can be obtained from some examples: 


Example Application 1 (Frobenius’ Theorem). Since C is algebraically closed, we 
have BrR = Br(C/R). But C/R is cyclic, with t : z+ Z the only nontrivial element 
of G(C/R). Since N = Ney is given by Nz = 27 = |z|?, we have NC* = Ryo. 
Thus R*/NC* = R*/Rso is of order 2, represented by the elements | and —1 of 
R*. In view of (66), we conclude that BrR has a single element distinct from 1, 
namely the class of the cyclic algebra 


(72) H := (C,t,—1). 


(H is necessarily a division algebra.) If we denote u = u; by j, we get H = 
C+Cyjy =R+Ri+Rij+4+Rij with an R-basis 1,7, 7,77, and the elements of this 
basis satisfy, by definition, 


(73) ij=-—ji, #=-1, j?=-1. 


Thus H is the well known quaternion algebra introduced by Hamilton. Of course, 
one gets the same results for any real closed field R, instead of R. 


Example Application 2 (Wedderburn’s Theorem). Let K be a finite field. To prove 
that Br K = 1, we must show that Br(L/K) = 1 for every finite extension L/K. 
Since L/K is cyclic, we need only use Theorem 4 and the fact that for an extension 
L/K of finite fields we have 


(74) K* = NrxL”, 


that is, the norm map Nz /x is always surjective. We saw this result in F10 of 
Chapter 13 (vol. 1). 

Conversely, if we suppose Wedderburn’s Theorem to be known by other means — 
say by Theorem 21 of the last chapter— the field-theoretical statement in (74) will 
follow as an application of the theory of algebras: an example of the uses of “non- 
commutative tools” in a “commutative theory”. 


Example Application 3 (Quaternion algebras). Suppose a field K satisfies 


(75) char K £2. 
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Consider an element [A] € Br K of Schur index s(A) = 2. (By F3 this equality 
implies that e(A) = 2, but the converse is not always true.) Then A has a splitting 
field L of degree 2 over K, by Theorem 19 in the previous chapter. By (75), L/K 
is automatically Galois, so A is similar to a cyclic crossed product 


(76) I= (5, ¢,a), 


where t denotes the nontrivial automorphism of L/K. Since ": K=4 and s(I")=2, 
the algebra I" is necessarily a division algebra. Being a quadratic extension of K, 
the field Z has the form 


(77) L=K{v)], with v?=be KX \ K*. 


Since 7 = L+Lu=K+Kv+Ku-+ Kvu, the elements 1, u,v, uv forma K-basis 
for I”, and by definition they satisfy 


(78) w=a, v=b, uv=—vu 


(since u~!'vu = v? = —v in I’). The algebra I” in (76) is therefore an example of 


the following notion: 


Definition. A quaternion algebra over K, where K is a field of characteristic other 
than 2, is any K-algebra Q generated by two elements wu and v satisfying (78) for 
certain fixed 


(79) a,be K*. 
Clearly a quaternion algebra Q over K consists of K-linear combinations of 
(80) 1, u, v, uv. 


We show these elements are linearly independent: For any x =a,+a2u+a3u+a4uv 
in Q we have xu +ux = 2a;u+2a2a =: y, hence yv—vy = 4a ,uv. Thus x = 0 
implies 4a,;uv = 0, hence a; = 0, since 4uv is a unit in Q, by (75) and (78). The 
vanishing of the other coefficient follows. This shows that 


(81) O:K=4. 


But then Q is necessarily a simple K-algebra, since every homomorphic image 
of Q is again a quaternion algebra and so again 4-dimensional over K. Since 
Q is noncommutative — again by (78) and (75) —its center can only be K, or the 
dimensions don’t work out. We conclude, then, that Q is a central-simple K-algebra 
of dimension 4, and its structure is fully determined by the constants a,b €¢ K. We 
use the notation 


(82) o= (+) 


Because the relations (78) are completely symmetric, we have 
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a,b ba 
= (Se)= (Ge) 


Thus there is a hidden symmetry in the cyclic algebra (76) that is not yet apparent 
in the notation of (76). Hamilton’s quaternion algebra H can be written as 


84 oe pte 
(84) -( z ). 


A dimensional argument shows that any quaternion algebra Q over K either splits 
over K or is a division algebra. In the first case Q is isomorphic to M2(K), whereas 
in the second it has Schur index 2 and is therefore expressible in the form (76) as a 
cyclic algebra, besides being of the form (82). 

We can summarize the discussion as follows: Quaternion algebras over K are 
precisely the four-dimensional central-simple K-algebras. If [A] € Br K has Schur 
index 2, then A is similar to a quaternion algebra, unique up to isomorphism, and 
this is a division algebra. The condition 


85 BP) 54 
8s (222) 1 


which expresses the splitting of the quaternion algebra in (82), is equivalent to the 
condition that 


(86) a is anorm in the extension K(vb) /K. 


Here all that remains to show is that (85) and (86) are equivalent. Assume first that 
K(b) : K equals 2, so Q can be written as the cyclic algebra (K(V/b), t, a); by 
the remark after Theorem 4, the latter algebra splits if and only if (86) is satisfied. 
On the other hand, if K(b) = K, so that b = x? is a square in K*, then Q is not 
a division algebra, because it has zero divisors: (v + x)(v—x) = v? —x? = 0. This 
leaves only the possibility that Q ~ M2(K), that is, QO splits. And of course (86) 
is trivially satisfied if K(Vb) = K. 

We can also check easily that for any a,b in K* there exists precisely one 
quaternion algebra Q satisfying (82). If Jb ¢ K we take the crossed product 
I = (K(Vb),t,a), where t is the nontrivial automorphism of K (Vb) /K (recall 
the assumption that char K 4 2). As we saw earlier, we then have I” = (4°). In the 
opposite case where Vb € K, our only choice is to take 7 = M(K). And indeed, 


the matrices 
Oa 1 O 
v=({ ue v=v5(5_1) 


in M>(K) satisfy u? =a, v? =b, vu =—uv, and the subalgebra QO of M2(K) they 
generate coincides with M2(K), by (81). 


We now turn to the behavior of cyclic algebras under inflation and restriction. 
Making use, of course, of the rules (44) and (45) for arbitrary crossed products, we 
will reach the following rules for cyclic algebras: 
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Theorem 5. Let L/K be cyclic with Galois group G = <t), and let a be any 
element of K™. 


(a) If E is an intermediate field of L/K, then E/K is also cyclic with Galois group 
G(E/K) = (tg), and 


(87) (E, tz, a) ~ (L,t,a""*). 


(b) For any extension K'/K, let L' = LK' be the composite of L with K'. If we 
define r = LOK’: K and identify G(L'/K’) in the usual way with the subgroup 
G(L/LOK’) of G, the element t" is then a generator of G(L'/K’), and 


(88) (L,t,a) @x K’ ~ (L',t",a). 
In particular, for any intermediate field F of L/K, 
(89) (L,t,a) @xF ~ (L,t*'*,a). 


Proof. (a) Since G = G(L/K) is abelian, every intermediate field E is Galois over 
K. Hence G = G(E/K), a homomorphic image of G, is cyclic, and generated 
by the automorphism T = tg arising from E. Let c denote a uniformized cocycle 
associated to (EF, tg, a). From (44) we get 


(E, tz, a) = (E, G,c) ~ (L,G, inf(c)). 


For the crossed product on the right, let vw = u; be a representative of t. According 
to our procedure at the beginning of the section, there remains to determine u“'¥ . 
By the definition of c and inf(c), we first get 


w=ui forl<i<n:=E:K, 


while u” = y"~! 


U = Uyn-1Uyz = Un Con-1 = = Uzna. But then 


EK __ yh) 2 ug = — Lik 


u a , 


because a recursion shows that w?, = u-nj for every 7 € N, and for 7 = L: E we 
t Tt 
have ujnj =U; = Ci, = 1. 


(b) After the warmup of part (a), the reader will have no difficulty tackling the 
(easier) proof of this part. 


Remark. As an application of Theorem 5(a) we give yet another proof of Wedder- 
burn’s Theorem (Chapter 29, Theorem 21)— or rather, this time the theorem almost 
proves itself. Let K be a finite field with g elements. Every finite extension of K is 
cyclic, so we need only show that every cyclic algebra (E,, p,a) splits. As a finite 
field, E has an extension L of any given degree n € N. Let t be a generator of 
G(L/K) such that tg = p. For n = q —1, formula (87) implies what we need: 


(EZ, p,a) ~ (L,t,a?') = (L,1, 1) ~1. 
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We have repeatedly applied the algebra-theoretic methods developed so far to 
the task of proving that there are no finite noncommutative division algebras. But 
as far as positive information on proper division algebras (of finite dimension over 
their center) is concerned, we have so far only Hamilton’s quaternion algebra (72), 
together with the fact that there are no others over a real-closed field. Of course this 
is already interesting; it tells us that the quaternion algebra 


(==) = (Q(V—1), 1,1) 
Q 

is an example of a division algebra, with center @. But Theorem 4 would seem 
to afford a reliable method to ensure the existence of further nontrivial division 
algebras having a field K as their center. One need only consider cyclic extensions 
L/K and look for elements a € K* that are not norms in L/K. Then I = (L,t, a) 
is a nonsplitting central-simple K-algebra, and thus has an associated nontrivial 
division algebra with center K (and when a has order L: K in K*/Nz/KL”, it’s 
I’ itself that is a division algebra). However, deciding whether a given a € K™ is 
a norm is a difficult problem in general. The simplest nontrivial case is that of an 
extension L/K of degree 2. Here the question is to decide whether or not a given 
quaternion algebra 


(90) Q= (+) 


splits (where char K 4 2). For K = Q this question in fact leads into the deeper 
realms of number theory, where it admits a full—and splendid— solution in a 
very general framework. (See, for example, F. Lorenz, Algebraische Zahlentheorie, 
BI-Verlag, 1993, Chapters 10 and 12.) 

We want in any case to push a bit further our analysis of quaternion algebras, 
with the goal of amassing additional nontrivial examples. We start with a splitting 
criterion for quaternion algebras: 


F4. Let Q be a quaternion algebra over K of the form (90), still with char K 4 2. 
The following conditions are equivalent: 
(i) QO splits, that is, 0 ~ M2(K). 
(ii) b is anorm of the extension K(./a)/K. 
(ii’) a is a norm of the extension K(b)/K. 
(111) The quadratic form q = x? a aX? = bx? is isotropic over K. 


Proof. The equivalence of (i) and (ii’) has already been shown: it is that of (85) and 
(86). The equivalence of (ii) and (ii’) is clear from symmetry; see (83). 

If K(./a) = K, both (ii) and (iii) hold —note that g(./a, 1,0) = 0. So assume 
instead that K(./a): K = 2. If (ii) holds, there exists x,,x2 in K such that b = 
N(x, + X2/a) = Ere - aus: it follows that | - ax} — bi? = 0, giving (iii). 
Conversely, if od —ax3—bx} = 0, where x1, X2,.x3 € K don’t all vanish, the element 
bx} = ae —axs is anorm in K(./a) /K. But x3 is nonzero since ./a is not in K; 
hence b is a norm, proving (ii). 
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F5. Still assuming that char K # 2, we have the following calculation rules for 
quaternion algebras: 


a,b _ bia 
© ()-(%). 
xa, y*b _ (a,b 
2) -(32) 


(b) 


a,a2,b a,b a a2,b a, byb> a, by es a, bz 
K K K ; K K K , 
a, by a, by a, byb2 
oy ~ il. 
” ( K ) ( K ) — ( K ) 


Proof. The validity of (a) and (b) can be checked by replacing u,v with v,u and 
xu, yu, respectively. Items (c) and (d) can be easily read out from F4. If 5 is not a 
square in K, (e) follows from the corresponding rule (68) for cyclic algebras. Since 
a quaternion algebra Q always satisfies e(Q) = s(Q) < 2, we have [Q] =[Q]"! in 
Br K. For arbitrary quaternion algebras Q,, Q2 over K, therefore, 0; ® Q2 ~ 1 
is equivalent to Q; ~ Qo, hence also to Q; ~ Qo. This gives (f) simply as a 
consequence of (e). 


F6. Let Q be a quaternion division algebra over K of the form (90), with char K #4 2, 
and consider the quadratic form q = aX? +bX}—-abX}. Every field E = K(,/q(x)) 
with nonzero x € K? is K-isomorphic to a maximal subfield of Q, and conversely 
every maximal subfield of Q has this form. 


Proof. The maximal subfields of QO are the fields K(w) where 
(91) weQ, wéK, w*€K. 
Every w in Q has a unique representation 

w=A+up, with A,wEeL= Kv). 


When does w? lie in K? Using primes to denote the action of the nontrivial 
automorphism of L/K, we have (A + up)? = A? + Aup + upd +t (up) (up) = 
+ (A) w+ Ap) + u7 pp’, so 


(A+up)? = (A? +app') +u(' tap). 
Hence ¢ := w? = (A + up)? lies in K if and only if 


(91') QA+M)u=0 and A?+app' eK. 
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We now distinguish two cases. If 4 4 0, the first condition in (91’) is then equivalent 
to A’ = —A, that is, A = x2v, while the second is automatically satisfied if the first 
is. For c we obtain the value c = ar + a(x? — xv’), so 


c= w* =ax} +bx3 —abx}. 


If, contrariwise, 2 vanishes, (91') and the condition w ¢ K are equivalent to A? ¢ K 
and 4 € K, hence to A = x2v, and we obtain in this case 


Thus, putting it all together, the elements characterized by (91) are precisely the 
square roots in Q of elements of the form 


q(x) = ax? + bx —abx?, 


where x = (X1, X2, 3) runs through all nonzero triples in K 3. This proves F6. 


For the case K = @ we now investigate when a given quaternion algebra 


(7) 

Q 

splits. In view of F5(b) we can assume in addition that a and b are square-free 
integers. By F4, what we have to find out is whether the equation 


(92) ax? +bX? — X2 =0 


has a nontrivial solution over Z (a solution over Q implies one over Z, by homo- 
geneity.) Let d be the greatest common divisor of a and b, and set a’ = a/d, 
b' = b/d. Solving (92) over Z amounts to solving 


(93) a'X? + b'X? — dX? =0, 


and for this situation—a’,b’,d pairwise relatively prime, square-free integers — 
we can invoke a number-theoretic result: 


Theorem 6 (Legendre 1798). If r,s,t are pairwise relatively prime, square-free 
integers, the equation 


(94) rX7? +sXz3 +tX; =0 


has a nontrivial integer solution if and only if r,s,t don’t all have the same sign and 
each of the quadratic congruences 


(95) X?=-stmodr, Y*?=-rtmods, Z?=-—rs modt 


is solvable in integers. 
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Proof. The forward implication is easy to check; we prove the converse. Multiplying 
(94) by —t, we pass to an equivalent equation having the form (92) with square-free 
integers a and b; the assumptions are then equivalent to the numbers a and 6 not 
being both negative and the congruences 


(96) X?=amodb, Y*=bmoda, Z* = —a'b' modd 


being all solvable, where d := gced(a,b), a’ := a/d, b' := b/d. For a = 1, (92) 
always has a nontrivial solution, so from now on we assume a 4 1. We work by 
induction on the value of the sum |a|+ |b]. In the starting case, |a| + |b| = 2, the 
only possibility is a= —1 and b = 1, since a ¥ 1: then (92) certainly has a nontrivial 
solution. Now take |a| + |b| > 2; without loss of generality we can assume 


(97) |a| < |b| = 2. 


Given the solvability of the first congruence in (96), there exist integers x and b, 
such that 


(98) a=x?—byb, 
where we also require that 
(99) |x| < ||/2. 
Since a 1 must be square-free, 5; is nonzero. Equation (98), in the form 
(100) bbc? =x*—a_ with by square-free, 
is the crux of the proof. By (100), 
bb, is anorm of Q(./a). 


(22) (2). 


Again by F4, this shows that the starting equation (92) has a nontrivial solution (still 
over Q or Z) if and only if the same is true of 


By F4 and F5(f), then, 


(101) aX? +b,.X? —X? =0. 


From (100), (99) and (97) there now follows the estimate |b.b| < |x|? + |a| < 
|b|/4 + |b], and hence 

|bx| <|b|/4+1<|O]. 
The induction assumption then completes the proof, provided we can show that the 
coefficients of (101) satisfy analogous conditions as those of (92). First one reads 


off (100) that a and b, are not both negative, since a and 4 are not both negative 
by assumption. There remains to show that the congruences 


(102) X*? =amodbh,y, Y* =b, moda, Z? =—a',b!, mod dy 
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are solvable, where d, := gcd(a, bx), a), :=a/dx, b!, := b/d. The solvability of 
the first congruence in (102) can be immediately inferred from (100). Now let 


(103) pla 


be any prime divisor of a. In view of (100), p cannot divide c, since a is square-free. 
For the same reason, p cannot divide simultaneously 5 and b,. Hence 


(104) p|la=> ptc and p|d = > ptdx. 


Under assumption (103), we now consider first the case p{b. By (100), bbc? is a 
square mod p; since by assumption b is one as well, and since p{c and p{b, the 
congruence 


(105) Y* =b, mod p 


also has a solution. To verify the solvability of the second congruence in (102), 
there remains to show that (105) is solvable also in the case where p divides both 
a and d, that is, 


pid. 
Dividing (100) by d, we obtain 


b'b,c? = dy? —a’, 
for some y € Z. Multiplication by b’ yields 
b’*byc? = —a'b' mod d. 


But —a’b’ is by assumption a square mod d, and a fortiori mod p; since p{b’ and 
P{c, this shows that b, is a square mod p. There remains to verify that the third 
congruence in (102) has a solution. Dividing (100) by dx, we obtain 


bbi.c? = daz? —a,, 
with z € Z. Multiplying this equation by a!, yields 
—a',bi,be? = al? mod ds, 


so —a',b/.bc* is a square mod d,. By assumption, b is a square mod a, and a fortiori 
mod d,; because b and c are relatively prime to d, — see (104)— this implies that 
—a',b!, too is a square mod dx. 


The problem of deciding whether a quaternion algebra over @ splits can be 
regarded as essentially solved by the theorem of Legendre just proved. To cap this 
elegant line of argumentation there is the quadratic reciprocity law (vol. I, pp. 107 
and following), which affords a simple and effective decision procedure for whether 
the congruences (95) in Theorem 6 are solvable. 

In any case, thanks to Theorem 6, we are in a position to exhibit an infinite 
family of nonisomorphic division algebras of finite dimension having center Q: 
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Example. For every prime p = 3 mod 4, 


p,-l 
106 :— (2 
(106) Q(p) ( Oo ) 
is a division algebra of Schur index 2. If p,q = 3 mod 4 are distinct primes, Q(p) 
and Q(q) are not isomorphic. (Using a slight variation of Euclid’s famous proof, 
one can show the existence of infinitely many primes congruent to 3 mod 4; see 
also §11.7(d).) 


Proof. First let p be any prime at all. The quaternion algebra (106) splits if and only 
if pX ?-X. 7X. . = 0 admits a nontrivial solution in integers (see F4). By Theorem 6 
applied to t = —1—a special case that incidentally is much easier to prove than 
the full-fledged theorem — there is such a solution if and only if the congruence 
X? =-—1 mod p has a solution in Z. This never happens when p = 3 mod 4 (see 
vol. I, p. 107). Next, if Q(p) and Q(g) were isomorphic for primes p 4 q with 
p =3 mod 4, it would follow by F5(f) that 


(=) <1 
Q 


By F4 and Theorem 6 the congruence ¥* = —1 mod pq would then have a solution 
in Z, contradicting the absence of solutions to ¥* = —1 mod p. 


In searching for further examples of division algebras, it is natural to look into 
tensor products Q; ® Q»2 of quaternion algebras Q; and Q> over a given field. 
Dimensionally speaking, the only possibilities for the Schur index s of Q; ® Qo 
are 1,2 and 4. Hence, QO; ® Q> is either similar to a quaternion algebra, or it 
is a division algebra. The second case can happen at best when Q,; and Q> are 
themselves division algebras. The question then is: When is the tensor product of 
two quaternion division algebras also a division algebra? For K = Q this is never 
the case —a fact that cannot easily be proved without more sophisticated number- 
theoretical tools, so we will not go into it. But it can happen over other fields K. 
The following criterion enables us to give explicit examples: 


a,b c,d 
a= (3). o=(5) 


be quaternion algebras over a field K with char K # 2. The following conditions are 
equivalent: 


(i) Q1 © Q2 is a division algebra. 
(ii) Every quadratic extension E/K satisfies 0; ® E 4 Q2® E (over E). 
(111) The quadratic form 


F7. Let 


(aX? + bX} —abX}) — (cX} + dX3 —cdX2) 


is anisotropic over K. 
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(iv) No maximal subfields L, of Q, and Lz of Q2 are isomorphic over K. 


(v) For any maximal subfields L, of Q, and Lz of Q2 the algebras Q2 ® L, and 
Q,; ® Lz are division algebras. 


Proof. Let E/K be a quadratic extension and consider res = resz;x. In Br E we 
have res[Q; ® Q2] = res[Q,] res[Q2] = res[Q1] res[Q2]~!, so OQ ® Qz2 splits over 
E if and only if res[Q1] = res[Q2]. This shows the equivalence of (i) and (ii). 

Suppose (iv) holds. We claim that Q; and Qz are division algebras. For suppose 
Q, ~ M2(K), for instance. Surely Q2 does not split, otherwise Q2 ~ Q1, contrary 
to (iv). Every maximal subfield Lz of Q2 has degree 2 over K, and so can be 
isomorphically embedded into Mz(K) ~ Q,. This contradicts (iv). 

Suppose (iii) holds. Then the “partial forms” 


aX? +bX3—abX; and cX}7+dXi—-cdX? 


are anisotropic over K. Thus F4(iii) implies (after multiplication with ab and cd) 
that QO; and Q> cannot both split. 

The equivalence of (iii) and (iv) is now an easy consequence of F6. 

Suppose (v) does not hold, and Q2 ® L; is not a division algebra. Then Qo 
splits over L;, so Ly is isomorphic to a maximal subfield of Q2 (see Theorem 19 
in the previous chapter). This proves that (iv) implies (v). The converse is obvious, 
as is the implication (ii) => (v). 

There remains therefore the much more delicate implication (v) > (i). What 
we must show is that, under (v), every nonzero x € Q; ® Qz is invertible. We take 
Q, to be of the form (78), for given u,v. In the algebra Q; ® Qo, the element x 
has a unique decomposition 


X=yytuyo, with yj e L;® Qo, 


where L; = K[v]. If v2 vanishes we are done, since L; ® Qz2 is a division algebra 
by assumption. Hence we may assume that y2 #0. After multiplying with y> 1 we 
can then write x in the form 


x=ytu, with ye Ll; @Qno. 


Now we apply the inner automorphism of conjugation by u, using exponential no- 
tation to write it: we get 


(y +u) (y"—u) = yy" —u? = yy"-aE L, @Q>. 


If yy“ —a # 0 there is nothing else to show. We therefore suppose the opposite, 
and write y = Zz; + vZ2, with z; € Qo; then 


0= yy" -a= 2? + v(z221 — 2122) —bz3 —a, 
that is, ae _ bzs —a=O0O and 222; —2;Z2 = 0. If z2 € K, the element 


(107) X=ytu=z7z,+02Z2+u 
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lies in K[vz2 +u]® Qo, which is a division algebra by assumption, since K[vz2 +u] 
is a maximal subfield of Q,. Hence suppose z2 ¢ K. Since z;Z2 = 22Z; we must 
have z; € K[z2]. But then, by (107), x lies in Q; ® K[z2]; this product, too, is by 
assumption a division algebra, so we are done. 


Example. Over a veal ground field F’, consider the field of rational functions 
(108) Ka PAY) 


in two variables. K is obviously real as well. Consider over K the quaternion 
algebras 


109 Ra(— ope aeiad 
(109) i=(). »=( K \ 


and their tensor product A = D; ® D2. We claim: 


(i) A is a division algebra (and hence so are D, and D2). Thus A affords an example 
of a central-simple K-algebra for which 


(110) s(A) # e(A), 


since s(A) = 4 and e(A) = 2. Even more is true: 


(ii) For every extension of the form L = K(/a? + b?), with a,b € K, the algebra 
A® L is a division algebra. This generalization of (i) is significant because it lends 
itself to the derivation of the following property of A: 


(iii) A is an example of a noncyclic division algebra of Schur index 4. 
Indeed, (iii) follows from (ii) and from a purely field-theoretical fact: 


(iv) If K is any field such that /—1 € K, any cyclic extension E/K of degree 4 has 
an intermediate quadratic field of the form L = K(Va? + b?), witha,b€ K. 


The demonstration of (iv) is a charming exercise in field theory: see §13.2 in vol. I. 


To prove (ii), we apply F7 to the quaternion algebras 


X,—1 —X,Y 
QO; 1® ( Z ): Q» 2@ ( r ) 


What we need to show is that the quadratic form in F7(iii)—call it 6 —is 
anisotropic over L. Its coefficients are 


X, -1, X, X, -Y, -XY, 
Thus, suppose B(z) = 0 for some z € L®. Setting d := a* + b? we can write 


z=xt+yvd, 
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with x = (x1,...,X6) and y=(j1,..., 6) in K®. Denoting the symmetric bilinear 
form corresponding to 6 by the same symbol, we have 


0 = B(x + yVd) = B(x) + dB(y) + 2B(x, y)Vd. 
lf Jd ¢é K, we obtain 


(11)) B(x) + dB(y) = 0. 


We now show that (111), for any d = a? + b?, can only have a solution if x = 
dy = 0. This will take care of the case L = K as well, since we can take d = 0. 
By homogeneity, we can also assume that the x; and y; are polynomials, that is, 
elements of FLX, Y]. The same applies to a and b. Defining the sums of squares 


(112) gi=xita’y? +b? y? forl<i <6 
in K, we can write (111) as ¥qi —q2 + Xq3 + Xq4—Yqs—XYqo = 0, or yet 
(113) X(qi +93 + 44) = V¥(qs + XG6) + Qo. 


Since F is real, the polynomial on the left-hand side of (113) has even degree in Y 
(unless it vanishes), whereas the right-hand side has odd degree in Y, again unless 
qs + Xq6 = 0, which (as we see by comparing degrees in X) can only happen if 
ds = qo = 0. Thus the equation becomes 


X(qi +93 +94) = Q2. 


Again by a degree comparison in X,, and taking into account that K is a real field, 
one obtains g; = ¢3 = q4 = q2 = 0. The upshot is that equation (113) can only be 
satisfied if all the g; vanish. But by (112) this means that x = 0 and dy = 0. 


Remark. If K is any field of characteristic other than 2, every central-simple 
K-algebra of exponent 2 is similar to a tensor product of finitely many quaternion 
algebras. This arresting theorem, which solved a long-standing conjecture, was 
proved in 1981 by Merkurjev. He also showed that every relation between quater- 
nion algebras in Br K is a consequence of the fundamental relations listed in F5. 
The proof of this theorem, and of its generalization by Merkurjev and Suslin to 
algebras of higher exponents, lies beyond the scope of this text; a good source is 
I. Kersten, Brauergruppen von Kérpern, Vieweg, 1990 (see also F. Lorenz, K2 of 
fields and the Theorem of Merkurjev, Report, Univ. of South Africa, 1986). 


In the case of an algebraic number field K we have an additional result: The 
tensor product of two quaternion algebras over K is always similar to a quaternion 
algebra over K. This follows from F7 by an application of Meyer’s Theorem, men- 
tioned at the end of Chapter 22. Using tools from number theory one can also show 
right away that over a number field K every central-simple K-algebra of exponent 2 
is similar to a quaternion algebra: see F. Lorenz, Algebraische Zahlentheorie, 10.6 
or 10.10. 
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The terminology of cocycles introduced at the beginning of this chapter will 
have cued the reader to the fact that we’re dealing with an aspect of the cohomology 
of algebraic structures—a vast subject of which this is but the tip of an iceberg. 
Although we cannot explore this theory systematically, we would like to place some 
of the definitions and results of the chapter in the context of group cohomology, 
adopting a more or less naive approach. 

Let G be a group. The starting point is the notion of a G-module, that is, an 
abelian group M, on which G acts by automorphisms. For consistency with the 
parallel material in the body of the chapter, we write the group operation on 
multiplicatively and the action of G exponentially. Thus the G-module structure on 
M is given by a map 


as) GxM—>M 
(o,x) bh x? 
satisfying 
(2*) x! =x, xt — (x )", (xy) = x” 


If M is a G-module, we call 
(3*) M® ={x eM |x? =x forall o €G} 


the fixed module of M under G; it consists of the elements of M left invariant by 
G. If M° = M wesay that M is a trivial G-module. 

If G is a profinite group, that is, a projective limit of finite groups (see vol. I, 
p. 126), we also require that the map (1) be continuous, where M is given the 
discrete topology. It is easy to check that this amounts to demanding that 


(4*) M=()M*, 
H 


where H runs over a neighborhood basis of open subgroups of G. 


Example. If L/K is a Galois extension with Galois group G, the multiplicative 
group M = L~ of L is naturally a G-module. Condition (4*) is satisfied by Galois 
theory; see Theorem 4 in Chapter 12 (vol. I). The fixed module of VM under G is 
Peak, 


Given G-modules M, N, we denote by Homg(M, N) the abelian group of G- 
homomorphisms from M into N, that is, homomorphisms f : M@ — N such that 


(5*) f(x?) = f(x)? foreveryo€G,xeM. 


If G is finite, one can procure invariant elements as follows: For any x € M, 
define the norm of x with respect to G as 


(6*) Ne(x) =| [ x’. 
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Then 
(7*) No (x?) = Ne (x)? = Ne (x), 


for every p € G, and in particular Ng(x) € M®. But in general, not all invariant 
elements of M are norms; the departure is encoded by the quotient group 


(8*) H°(G, M):= M°/Ng(M), 


which we call the zeroth cohomology group of G with coefficients in M. Let n be 
the order of G. Since 


(9*) Nox=x" forxe M®, 


all the elements a of H°(G, M) satisfy a” = 1. 

We now show that the construction (3*) of the fixed module inexorably leads to 
a certain formalism. (We must of course forgo an in-depth study of this formalism, 
which is the scaffolding for group cohomology theory). The starting point is an 
exact sequence of G-modules 


(10*) pap a a 


exactness means that the G-homomorphism i : X¥ — Y is injective, the G-homo- 
morphism p: Y — Z is surjective, and ker p =im 7. If we identify XY with its image 
under 7 in Y, we obtain from p a G-isomorphism Y/X ~ Z. We now ask whether 
the corresponding sequence of fixed modules is also exact. The only doubtful point 
is whether p leads to a surjective homomorphism Y° — Z®, so take z€ Z°. Then 


(11*) z=p(y) forsome ye Y. 

Since p(y?) = 2° =z = p(y) we have 

(12*) Kgi=y' yy eX 

for every o € G. A straightforward computation then shows that 
(13*) Xor =Xg Xr for every o,t €G. 


We see that for any z € Z%, after choosing y € Y with p(y) = z, we obtain a 
map 0 + Xz from G into X satisfying the functional equation (13*). If a different 
choice of y is made, say y’ with p(y’) = z, we can write y’ = xy for some x € X, 
so 


(14*) tae Se tee Sale 


Definition 1*. A map 0 +> x, from G to X satisfying (13*) is called a 1-cocycle 
or crossed homomorphism of G in X. For every x € X, the map 


(15*) ore x?! = x% x7! 


214 30 Crossed Products 


is a l-cocycle of G in X; a cocycle of this form is said to split, and is called a 
1-coboundary of G in X. The 1-cocycles of G in X form a group C!(G, X) under 
the obvious multiplication. The 1-coboundaries of G in XY make up a subgroup 
B'(G, X) of C!(G, X). The quotient group 


(16*) H'(G, X):=C'(G, X)/B'(G, X) 
is called the first cohomology group of G with coefficients in X. 


To summarize, we can say that every z € Z® can be assigned a well defined 
element 5,z in H!(G, X). Thus the exact sequence of G-modules (10*) gives rise 
to a homomorphism 


(17*) 622° + HG, ®), 


called the associated connecting homomorphism. 

Clearly H'!(G, X) behaves functorially in X; that is, a given G-homomorphism 
f : X — ¥ leads naturally to a homomorphism H!(G, X) > H!(G, Y). When no 
misunderstanding is to be feared, we denote this derived homomorphism also by /, 
or suppress entirely its dependence on /. 

Now the question posed a short while ago can be answered: 


F1*. An exact sequence (10*) of G-modules gives rise to an exact sequence of 
abelian groups 


é 
is) 14x59 57s 7° SAG ys 1G. YS BG. Zz). 


Proof. Exactness at Z, that is, the equality p(Y%) = ker 51, is proved as follows. 
Let z = py for some y € Y®; then xg = 1 in (12*), so 5;z = 1. Conversely, 
assuming 6;z = 1, we have x5 = x? ~! for some x € XY. Using (12*) we then see 
that y? —! = x° —!, hence (yx—!)% —! = 1 and so (yx7!)° = yx7! for all o. This 
shows that yx~! lies in Y° and hence that z = p(yx7!) in p(Y®). 
The proof of exactness at the other spots is left to the reader. 


The exact sequence (10*) motivates a question: When does an element of 
H'(G, Z) lie in the image of the map H'(G,Y) > H'(G,Z)? Let the given 
class in H'(G, Z) be represented by a 1-cocycle zs. Choose yg € Y such that 
P(Vo) = Zo} Since Zor = 2527, we must have 


(19*) Xow = VeVeVar © X. 

Now it is easy to check that, for every o,T, p in G, 

(20*) Xb.rX0t,p = Xo,rpXt,p- 

A different choice of inverse images for the zg, say V4, = VoXq, leads to 
(21*) Mog Ser ta) 


If one changes Z, to an equivalent 1-cocycle, the xg,, can be made to remain the 
same (for an appropriate choice of inverse images). 
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Definition 2*. A map (0, T) +> Xz,r from G x G into X satisfying (20*) is called a 
2-cocycle or factor system of G in X. For any map 0 +> xg € X, the assignment 
(22*) (at) ee xl xex,! 

is a 2-cocycle; a cocycle of this form is said to split, and is called a 2-coboundary. 
The 2-cocycles of G in X form a group C?(G, X), of which the set B?(G, X) of 
2-coboundaries is a subgroup. The quotient 


(237) H?(G, X) := C?(G, X)/B?(G, X) 


Compare this with Definition | on page 187; what we have here is a more 
general version of the same notion introduced — from a very different direction — 
in our study of algebras. In terms of the present discussion, the construction above 
gives rise to a well defined connecting homomorphism 53: H'(G, Z) > H?(G, X). 
One checks without difficulty that the sequence 


(24*) #H'(G,Y)> H'\(G,Z) = H?(G, X) > H?(G,Y) > H?(G, Z) 


of abelian groups is exact. Thus the sequence (18*) can the extended to a longer 
exact sequence. And as one might expect, the game does not end there; it is possible 
to define cohomology groups 


H"(G, X) =C"(G, X)/B"(G, X) 


and connecting homomorphisms 6, : H”~!(G, Z) > H"(G, X) for every n > 1, 
which, starting from a short exact sequence (10*), form the so-called long exact 
sequence in cohomology, extending (18*) endlessly. We shall not go into this, 
however. 

If the group G is finite, it is natural enough to replace the fixed module M° by 
the zeroth cohomology group H°(G, M) = M°/Ng™M. Then the exact sequence 
(10*) gives rise to a variant of (18*), the exact sequence 


H°(G, X) > H°(G,Y) > HG, Z) > H\(G,X) > H(G,Y) > H\(G, Z). 


One checks easily that the map 6; in (17*) takes norms in Z to 1-coboundaries of 
X; moreover the sequence above is obviously exact at H %1G, Y). There is however 
an important difference relative to (18*): unlike the map ¥° — Y©, the derived 
map H°(G, X) > H°(G, Y) is generally not injective. We therefore investigate its 
kernel. 

Let x € X® be such that x = Ney for some y € Y. Then z := py obviously 
satisfies Ngz = 1. Thus the elements in the kernel of H°(G, XY) > H°(G, Y) are 
connected with the elements of norm | in Z. This motivates the following: 
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Definition 3*. If G is a finite group and M is a G-module, we denote by 
(25*) C1(G,M) ={ze€M|Ngz=}} 

the set of elements of norm | in M, and by 


(26*) B(G, M) = (2° "!|zeM,oeG 


= 


the Z-submodule of C~!(G, M) generated by elements of the form z7~! = z%z7!, 
The quotient 


(27*) H7'(G,M) =C71(G, M)/B7'(G, M) 
is called the (—1)-st cohomology group of G with coefficients in M. 


From this definition it is easy to see that if G is a finite group, the exact sequence 
(10*) gives rise to a well defined connecting homomorphism 


69: H—1(G, Z) > H°(G,X) 


and to an exact sequence 


H(G,X) > H7\(G,Y) > H“'(G, Z) mn H°(G,X)—> H°(G,Y)---- 
Summarizing: 


F2*. If G is a finite group, any exact sequence (10*) of G-modules yields an exact 
sequence in cohomology 

H'(G,X)> H'(G,Y) > H'(G,Z)—> HH" (G6, ¥) > HG. Y) > H*1(G,Z), 
where i = —1,0,1. Fori = 1 we do not need G to be finite. 


Remark. If G is a finite group and M is an G-module, one can define cohomology 
groups H'(G, M) for all i € Z and extend the statement of F2* to all i € Z without 
exception. See, for instance, J.-P. Serre, Local fields, Chapter VII. 


For the rest of this appendix we let U be a subgroup and N anormal subgroup 
of G. Any G-module X is also a U-module in a natural way. If U = N is normal, 
the fixed module 


XN is an G/N-module in a natural way. 


For a function x : (01,...,0n) +* Xoy,...,0, from G” in X, denote by res(x) the 
set-theoretical restriction of x to U”; for a function x : (G/N)” — X, denote by 
inf(x) the function from G” to X¥ defined by (01,...,0n) > Xo,N,...,0,N- Of course 
the homomorphisms res and inf take n-cocycles to n-cocycles and n-coboundaries 
to n-coboundaries, for each n (however these may be defined in the case n > 3). 
Thus res and inf lead to homomorphisms of the same name in cohomology: 


res: H"(G,X) > H"(U,X) (restriction), (28*) 
inf: H"(G/N,X%) > H"(G,X) (inflation). (29*) 


Corestriction QN7 
As to fixed modules, let 
(30*) restX? oY" and inf (XO = ¥* 


be respectively the inclusion of X% in XU and the identity on (X%)°/N = X%, In 
the case of finite groups, res: ¥° — XY gives rise to a homomorphism 


(31*) res: H°(G, X) > H°(U, X), 


but this does not work for inf. For 1 = 1, incidentally, 


inf Tes 


(32*) 1— H'(G/N, X™) — H1(G, X) —> H!(N,X) 


is exact, as can be checked without much effort. No such statement holds for H 
in general, but we remark that under the assumption H'!(N, X) = 1, the sequence 


inf 


(33*) 1 H*(G/N,X%) — H2(G, XY) — WN,X) 


is exact; compare this with (47) on page 194, as well as F4* below. 
Now we require that the subgroup U of G have finite index: 


(34*) k:=G:U <a. 


Denote by R a set of representatives of the cosets oU of G mod U. Givenpe R 
and o € G, there is a unique pg in R such that og U = p,U; in other words, 


(35*) OP =/fPoO with unique pg € R, o EU. 


Given x in XY and a coset v = Uo, the element x” is well defined via x” = x”. 
We then set 


(36*) cor(x) := le . = I] xP 


veG/U pEeR 


(As p runs over R, Up! runs over the set G/U of cosets v.) Clearly cor(x) lies 


in XY, The homomorphism 
(37*) cor ¥" = x 


is called corestriction. If G is finite and x = Ny y, with y € X, we obviously have 
cor(x) = Ng y, so (37*) gives rise to a homomorphism 


(38*) cor: H°(U, X) > H°(G, X). 
In view of (36%), the notation 


(39*) cor =: Ngju 


218 30 Crossed Products 


is also appropriate. Incidentally, note the formula Ngjy o Nu = Ne, already used 


above. For x € X° we have cor(x) = x°Y = x*, so 


(40*) cor(res x) = x0U = x* 


for every x € X® and hence also, if G is finite, for every x € HCG, X). 
Since the higher cohomology groups H” arise in some sense from the construc- 
tion of fixed modules, it is to be expected that there are natural homomorphisms 


(41*) cor: H"(U, X) ~ H"(G,X) 


also for n > 1, and that equation (40*) holds for x € H"(G, X). This is indeed the 
case, and is a fact of great importance. To provide a proof for it here would take us 
too far afield, but we will handle the cases n = | and n = 2 by explicit computation. 
For a l-cocycle x = x(a) of U in X, define cor(x) by 


(42*) cor(x)(o) = [] x(p) 
peER 


where o, is defined by (35*). For a 2-cocycle x = x(o,t) of U in X, define cor(x) 
by 
(43*) cor(x)(o,T) = I] x((@r)pt> a) 

peR 
In analogy with (35*) we have to = p;Tp. Multiplication by o yields otp =op;tp = 
(Pr)o Fp; Tp, hence 


(44*) (Pro = Pot, (OT)p =O0p,Tp, OPr = Por %,- 


With this one shows without too much trouble that (42*) and (43*) do indeed define 
cocycles, and do give rise to homomorphisms cor : H'(U, X) > H!(G, X) and 
cor: H?(U, X) > H?(G, X). One can also check by computation that these maps 
are independent of the choice of the set R of representatives. 


F3*. Let X be a G-module, and let U be a subgroup of finite Index in G. Then 
(45*) cor(res x) = x@°U 

on H'(G, X) and H?(G, X), as well as on X© (or H°(G,X) for G finite). In 
particular, if G is finite, the elements of the cohomology groups H'(G,X), for 
i = 0,1, 2, satisfy 

(46*) xl = 1, 

Proof. Take x in C!(G, X) or C?(G, X), and set 


y =cor(res x). 
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(a) Consider first x € C'!(G, X). For notational simplicity, define 


a= [[x@). 


fa 
Now we know from (35*) that 


—1 _ = = = 
x(0p)° x(p"!) = x(ap07!) = x(p516) = x(951)7x(0). 
If we form the product over all p, we get 
ol 


y(o)a =a°x(o)*, so y(o) =x(o)ka 


Thus y and x* coincide up to a coboundary. 


(b) Now suppose x € C?(G, XY). Again we introduce abbreviations: 


a(o) =[]x@p.p7"), (0) =] [ x(o5'.0). 


p p 
By (20*) we have 


x((ot)pt 51, %)" x((0t)p. 0!) =x (Or) pt! tp )x(tp, 071) 
— Mib. T es oy. 


Taking the product over all p yields 
(47*) y(o, Tt) a(oTt) =a(t)| [x(op,.0;'t). 
p 


Again from (20*) we get x(0p,, 0, !t)x(p,1,T) = x(Gp,, p7')"x(Op, 0; 1,7) = 
X(0p,,7')"x(p520, 7). Taking the product over all p and using (47*) we deduce 


(48*) y(o,t) a(ot) = a(t) a(o)* b(t)! I] x(p5+ 0,T). 


ve) 
Another application of (20*) yields 


x (Ope +0)" x (0570, t) = x(057,07)x(0, 7). 
Again taking the product over p we finally get, using (48*) and (44*), 
y(o,t) a(ot) = a(t) a(a)"b(t) 1 b(ot) x(o, t)‘b(a)~*, 


and we see that y and x* differ only by a coboundary. 


Remark. If G is a finite group and U is a subgroup of G, there exist maps res and 
cor on H! for every i € Z, and equalities (45*) and (46*) hold for all 7; see Serre, 
Local fields, Chapter VII. 

We also mention that formula (45*) can be applied to get a simple alternative 
proof for Theorem 3 (page 194). 
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The construction of H!(G, X) also works when X is a (not necessarily abelian) 
group on which the group G acts by automorphisms: We define the 1-cocycles of 
G in X via (13*) and take the equivalence classes defined by the first equation in 
(14*). But in this case H!(G, X) is generally not a group anymore. 

As an example we take a finite Galois extension L/K with group G and make 
G act in the natural way on 

X =GL(n, L). 
For o € G, denote by vg the self-map of L” corresponding to o. Then vg lies in 
Endx (L”)*, and 
ti xty =x° forx €GL(n,L). 
Now let o +> Xq be any 1-cocycle of G in X, and consider the elements 
Ug 1=VUeXo in Endx(L”). 


Any A in L satisfies Aug = ugdA®, and since Xo = XiXz, we have Ugur = Uo. 
Thus the subalgebra I” of Endx(L”) generated by the wo and the A € L is the 
crossed product of Z and G with cocycle cg,, = 1. Similarly, the vs and L generate 
a subalgebra I’’ of Endx (L"), which is isomorphic to I’. By the Skolem—Noether 
Theorem there exists a € Endg(L”)* such that aAa~! =i and avga~! = ug. It 
follows that a € GL(n, L) and x5 =a%a7!. Thus we recover a famous result, which 
made an earlier appearance in problem $13.4 of volume I (and is also equivalent to 
the result in §8.21): 


F4* (Hilbert’s Theorem 90). For every finite Galois extension L/K with group G 
we have 


(49*) H'(G,GL(a, L)) = 1. 
In particular, H'(G,L*)=1. 


Remark. If G is a profinite group, as we have said, the G-module M is required 
to satisfy the continuity condition (4*), and in the definition of H"(G,M) we 
tacitly restrict consideration to continuous cocycles and coboundaries. (For the 
map (15*) continuity is automatically fulfilled.) The results in F1*—-F3* then hold 
correspondingly (though in F2* we still need the restriction to G finite when 7 = —1 
and i = 0). Also F4* remains valid for any (infinite) Galois extension L/K. 


If K is a field, let Ks denote the separable closure of K in an algebraic closure 
C of K. Looking at the Galois group Gx := G(K;/K) as a profinite group, we get 
from the arguments in this chapter a canonical isomorphism 


fx :BrK > H?(Gx, K*), 


making the following diagram commutative for any finite Galois subextension L/K 
of Ks/K: 


BrLl/K 
(50*) fii |i 


inf 


H?(G(L/K), L*) > H?(Gx, K*) 


Br kK 
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Definition 4*. For every finite separable field extension E/K, the algebra-theoretic 
corestriction Cor g/K : Br E — Br K is the unique homomorphism making the dia- 
gram 

COrE/K 


BrE 


(51*) in| =| fe 


cor 


H? (Gg, EX) —~+ H?(Gx, KX) 


Brk 


commute, where we can take E, = Ky; since E/K is separable. 

On the other hand, if E'/K is purely inseparable, Gg can be identified with Gx. 
If we replace the lower horizontal arrow in (51*) by the homomorphism coming 
from the map EX > K* of raising to the p'-th power, where p' = E: K, we obtain 
an algebra-theoretic corestriction in the purely inseparable case all well. 

Finally, for an arbitrary finite extension E/K, we define corg;x as 


(52*) COrgE/K = COrF/K © COTE/F, 
where F' denotes the separable closure of K in FE. One establishes easily that the 
equality 


(53*) (corg/K OTeSgz/K)(x) =o * 


still holds for all x € Br K. One also checks without difficulty that (52*) is valid 
for any intermediate field F of the finite extension E/K. 


Our final result of this chapter is useful in a variety of contexts: 


F5* (Projection formula). Let K’/K be any finite field extension. For finite cyclic 
extensions L/K and L'/K', where L' = LK", let o ando’ be generators of G(L/K) 
and G(L'/K’), respectively. Then, if o' is chosen so that 


(54*) o’=0" onL, wherer = K'NL:K, 
we have for each nonzero b € K’ the formula 
(55*) corg’/K[L’,o',b] =[L,o, Nxr/xb]. 


This can be proved by resorting —for K’/K separable —to the explicit de- 
scription (43*) of the cohomological corestriction. The computation is notationally 
laborious and is left to the reader as an exercise. 

(Hint: Consider first the case K’ C L and use formula (71) on page 199. The 
case where K’/K is purely inseparable is obvious, and the case where K’'/K is 
separable and K'N L = K is not difficult.) 


Remark. Let G be a group and U a subgroup of finite index in G. With the 
notations of (35*), define a map Cor from G into the abelianization U*® = U/U’ 
of U (here U’ is generated by the commutators in U) by setting 


(56*) Cor(o) = I] Op mod U’, 
p 
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It is easy to prove, using (44*), that Cor does not depend on the choice of R and is 
a homomorphism. It is called the group-theoretic corestriction from G to U. This 
notion has long played an important role in group theory, and is sometimes known 
by its German name Verlagerung. 
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The Brauer Group of a Local Field 


1. In this chapter we show how one can reach a full determination of the Brauer 
group of a local field K. We have already seen that for K = R, C the Brauer group 
has two and one elements, respectively. By contrast, when K is nonarchimedean the 
answer turns out to be richer, and yet still manageable enough: Br K is isomorphic 
to the group of all roots of unity in C! More precisely, one can produce a well 
determined isomorphism invx from Br K onto the group Q/Z, taking each [A] in 
Br K to its so-called Hasse invariant. We will show further that the Hasse invariant 
behaves as simply as one could wish under change of base, and we will deduce 
hence that whether an extension of K is a splitting field of [A] depends solely on 
its degree over K. 
We will assume throughout that 


K is a local field with normalized valuation wx. 


Recall what this means: The valuation wx is such that 
(a) K is complete with respect to wx, 
(b) the valuation group of K satisfies wx (K*) = Z, and 
(c) the residue field K of K with respect to wx is finite. 


To investigate Br K, it is convenient to generalize the notion of absolute values from 
fields do division algebras. This can be done forthrightly. Since we will be dealing 
only with nonarchimedean values, we can stick to the framework of valuations: 


Definition. A valuation on a division algebra D is a map v: D* — R with the 
following properties: 

(i) v(ab) = v(a) + v(b). 

(ii) v(a +b) = min(v(a), v(d)). 
Remarks. (a) A homomorphism v : D* — R is a valuation of D if and only if it 
has the property 

(ii’) v(x + 1) = min(v(x), 0). 
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(b) Let v be a valuation on D. If we set v(0) = o0, conditions (i) and (ii) still hold 
for all a,b in D, with the appropriate interpretation. 


Thus, by choosing any real constant 0 < c < | and setting 
(1) aie. 
we obtain a nonarchimedean absolute value on D, that is, 
Ix] =O => x=0,  [xyl=I[x] ly], |x + y| S max(|x], |). 


Just as in the case of fields, this makes D into a metric space, and we can talk about 
convergence, Cauchy sequences, and so on, all with respect to v, since the choice 
of c in (1) makes no difference. 

Building on Theorem 4 of Chapter 23, about the unique extensibility of complete 
absolute values, we obtain without difficulty: 


Fl. Let D be a division algebra with center K and suppose D: K < ow. The 
normalized valuation wx can be uniquely extended to a valuation v of D, and D is 
complete with respect to v. If we set N = Np/K and D:K = n? we have 


1 
(2) u(x) = => wx (WX). 


Proof. We define v through (2) and show that it satisfies properties (i) and (ii’) of 
a valuation. Property (i) is clear since N is multiplicative. Now take a maximal 
subfield L of D. For z € L we have Nz = Np/xz= (NijKz)?'*; since D: L=n, 
this implies 


1 
(3) v(z) = 7 wK(Nz/xK2), 


that is, on L the map v defined by (2) coincides with the unique extension of wx to 
a valuation on L. But since any element x of D lies in some maximal subfield L, 
this proves (ii’), because on L the map v does amount to a valuation, as we’ve seen. 
It also follows that v is unique. Finally, D is complete with respect to v because D 
has finite dimension over K (see F10 in Chapter 23). 


Remark. It is clear from the proof of F1 that the result in fact holds for any complete 
valuation wx on a field K. The next theorem, too, does not require the full force 
of the assumptions made about wx: instead of condition (c) postulated at the start 
of the chapter, it suffices that K be perfect. 


Theorem 1. Take [D] € Br K, where D is a division algebra. Among the maximal 
subfields of D there exists L such that L/K is unramified. Thus every central-simple 
K-algebra A possesses unramified splitting fields over K of degree s(A). 


Proof. We start just as in the proof of F21 in Chapter 29, with “separable” in lieu of 
“unramified”: Take a maximal element L in the set of subfields of D containing K 
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that are unramified over K. It is enough to show that L coincides with its centralizer 
C in D. We know that C is a division algebra in any case, and that L is the center 
of C. By the maximality of ZL, the desired equality C = L follows from the next 
result. 


Lemma 1. Take [D] € Br K, where D is a division algebra. If every subfield F 2 K 
of D is ramified over K, then D= K. 


Proof. Let x be any element of D such that v(x) = 0, and consider the subfield 
E = K[x] of D. If E # K, there exists by Theorem 3(iv) in Chapter 24 an 
intermediate field F of E/K such that F/K is unramified of degree E: K # 1, 
in contradiction with the assumption. (Note that E/K is separable because K is 
perfect.) Hence 


(4) B=K, 


Now let JT be a prime element of D, meaning that v7) > 0 is minimal in 
v(D*) N {u € R:u > 0}. Because of (4), there exists a € K such v(x —a) > 0. 
Thus x has a representation 


xX=a+x,/T, with v(x,)>0. 


Applying the same reasoning to x; instead of x, we write x; = a; + X2/7 with 
v(x2) = 0, that is, 
Xx =a+ta,l1+xII’, 


and continue in this way to define inductively a sequence (a,,) of elements in the 
valuation ring of K such that 


(5) X = ao tay] +agTl? +-+++ ay" | + xp", 


where x, € D with v(x,) = 0. Each partial sum 


(6) Yo ail! 
i=0 


lies in the subfield K[/7] of D. But K[/7] is complete with respect to v, so the 
partial sums (6) converge in K[JT7]; and because of (5), the limit can only be x 
itself. Hence x € K[JT]. Now, x was any element of D with v(x) => 0, and any 
y € D can be multiplied by some positive power JT’ of IT so that v(y/7') > 0; 
therefore any y € D also belongs to K[/7]. Thus D = K[I7] is commutative, and 
therefore D= K. 


As an immediate consequence of Theorem | we have: 


F2. The Brauer group of K satisfies 


(7) BrK= |) Br(Z/X), 
L/K 


unramified 
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that is, it is the union of the relative Brauer groups Br(L/K) of (finite) unramified 
extensions L/K. (Here the L are regarded as subfields of a fixed algebraic closure 
of K, as usual.) 


Since unramified extensions of local fields are cyclic (by Theorem 4(iii) in 
Chapter 24), Theorem | implies that any [A] in Br K has a splitting field L for 
which L/K is cyclic of degree L : K = s(A). Even more is true: 


F3. Every central-simple algebra A over a (nonarchimedean) local field K is cyclic. 
Proof. Set A: K =n’, s =s(A), r=1(A). Then 
(8) n=rs, 


by (36) in Chapter 29. For every natural number m let K,, be the unramified 
extension of degree m over K (in a fixed algebraic closure of K; see Theorem 4 in 
Chapter 24). By Theorem 1, Ks is a splitting field of A. But from (8) we know that 
Ks is a subfield of K,; thus 

L= Ky; 


too, is a splitting field of A. Hence A is similar to a cyclic crossed product I” with 
maximal subfield L (Theorem 4 in Chapter 30). By looking at dimensions we see 
that A is in fact isomorphic to I”, so A is itself a cyclic algebra. 


2. The introduction of valuations on division algebras has been useful so far only 
in providing the quickest path to the prominent result in Theorem |. Here we would 
like to take a side trip and go over some observations that, although not strictly 
necessary to the later development of the subject, are of interest in themselves. 


Assumptions and notation. Let a field K be given, together with a complete and 
discrete valuation wx; suppose also that wx(K*) = Z, which entails no loss of 
generality. Let D be a central division algebra over K, of finite dimension 


(9) D:K=n’. 


Denote by v the unique extension of wx to a valuation on D (see remark after F1). 
Let A = {x € D| v(x) = 0} be the valuation ring of v, and choose a prime element 
IT of v. Clearly, 


(10) D:= A/IIA 


is a division algebra, and is also an algebra over K = R/s,, the residue field of K. 
We will soon see (Lemma 2) that 


(11) fi=D:iK 
is finite, so after setting 


(12) =D: 2D), @=Z(D)ik 
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we get the equation 


(13) f= foe. 


Finally, we denote by e = v(D*):u(K%) the ramification index of v with respect 
to WK. 


Lemma 2. In the situation just described, A is finitely generated as an R-module. 


Proof. There exists a K-basis @1,...,Q@m of D consisting only of elements of A. 
Any x € A has a unique representation 


X =X, +-+-+Xmdm, with x; € K. 


Multiply from the right by a; and apply the reduced trace map Tr := Tt /K (see 
Chapter 29, Definition 11) to obtain the equations 


m 
Tr(xaj) = yx Tr(aja;) forl <j <m. 
i=l 
Now, for every y € A we have Tr(y) € R; see for example (98) in Chapter 29. Since 
Tr is nondegenerate (Chapter 29, F26), we have 6 := det (Tr(a;a;);,;) #0, and we 
can apply Cramer’s rule to conclude that all the x; lie in 6~! R. Thus 


(14) ACS !(Ray +-+++ Rom) 


is a submodule of a finitely generated R-module, and hence is itself finitely gener- 
ated. 


Since the R-module on the right-hand side of (14) is a free R-module, one 
concludes that A is likewise a free R-module. Comparing dimensions we see that 
A has an R-basis with m = n? elements. 


F4, Let the setup be as above. If a ,..., af is a set of representatives of a K-basis 
of D, the elements 
(15) ajIT/, where 1<i < f and 0<j <e, 


form an R-basis of A, and hence also a K-basis of D. In particular, 
(16) n? = ef. 


Proof. Let N be the R-submodule of A generated by the elements of the form (15). 
One checks easily that 

A=N+A. 
Now, the R-module A is finitely generated by Lemma 2, so Nakayama’s Lemma 
(F32 in Chapter 28) applies, with i(R) = wR, to yield A = N. Thus the elements 
(15) certainly span the R-module A. To show that a sum 


Se ajjou TT — > (avai) where ajj € R, 
i,j i 


j 


can only vanish if all the a;; vanish, work as in the proof of Fl in Chapter 24. 
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Lemma 3. In the preceding situation, assume further that K is perfect. Then 


(17) n= Joe: 


Proof. We consider maximal subfields A of the division algebra D. Every such A 
must contain the center Z(D) of D, and hence (by Chapter 29, Theorem 16) have 
dimension 


(18) Aer 2 he 


over K, in the notation of (12). Since K is perfect, A has the form A = K[x], with 
x € A. The subfield K[x] of D then satisfies 


K[x]:K < K[x]:K < K[x]:K <n, 


and we get from (18) the bound foc <n. By Theorem | and its preceding remark, 
D contains a maximal subfield L that is unramified over K. Hencen = L:K = 
L:K < foc, because L is contained in some appropriate A. 


F5. In the preceding situation (with K perfect), we have 
(19) n=efo. 
Proof. Immediate from (16), (13) and (17). 


F6. Let K be a nonarchimedean local field and D a central division algebra over K, 
of dimension n*. Then 


(20) e=f=n, 
where e is the ramification index of D and f = D: K its residue class degree. 


Proof. K is perfect because it is finite. By Wedderburn’s Theorem (Chapter 29, 
Theorem 21), D is commutative; that is, fo = 1 and c = f in (12). The conclusion 
then says the same as (19) and (17). 


3. With Theorem 1 and its corollary, equation (7), we have taken the first step 
in the determination of the Brauer group of a local field K. There remains the 
calculation of Br(L/K) for L/K unramified. Every unramified extension L/K is 
cyclic (Theorem 4 in Chapter 24), so by Theorem 4 in the previous chapter we have 


(21) Brij hy KN), 


and our problem boils down to understanding the group K*/Nz/x(L”), called the 
norm residue group of L/K. 

Let mz be a prime element of K. The multiplicative group K™ is the direct 
product 


(22) K* = (nw) x Ux 
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of the infinite cyclic group <r) generated by z with the group Ux of units in K: 
Every a € K™ has a unique representation a = 'x, with i € Z and x € Ux (so 
wx (x) = 0); moreover, i = wx (a). Since L/K is unramified, 1 is a prime of L as 
well. Similarly to (22), we have 


(23) L* = <n) x Uz, 


where Uy is the group of units of L. If N = Nz x is the norm map of L/K, we 
have 


(24) NL* = <n") x NU,, where n=L:K. 


The product in (24) really is direct, because NU, © Ux. From (22) and (24) we 
get the following isomorphism for the norm residue group in (21): 


(25) K*/NL* © <n) /<x") x Ux/NUtz. 


The first factor on the right is a cyclic group of order n. Regarding the second, we 
have (for unramified extensions) a simple yet fundamental characterization: 


Theorem 2. [f L/K is an unramified extension of local fields, every unit in K is a 
norm of L: 


(26) Ux = NU. 


Before we prove this key arithmetic fact, we observe that it can be reformulated 
as follows, thanks to (25): 


Theorem 2’. [f L/K is an unramified extension of local fields, the norm residue 
group K*/NL™~ is cyclic of ordern = L: K, and is generated by n NL™, where x 
is any prime of K. 


Proof of Theorem 2. By Theorem 3(v) in Chapter 24, there is an isomorphism 0 +> 0 
from the Galois group G = G(L/K) to that of the extension L/K of residue fields, 
given by 


(27) o(y) =o(y)_ for any y € L such that wz (y) = 0. 


Accordingly, the norms VN = Ny /x and N= NUK and the traces Tr = Trz/x and 
Tr = Trz x Satisfy 


(28) N(Y=NQ), Tr(¥) =Tr(). 


We know that the norm is surjective for an extension of finite fields (see (74) in 
Chapter 30), and that the trace is surjective for any finite separable extension (see 
F6 in Chapter 13, vol. I). Thus 


(29) N and Tr are surjective. 
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Using (29) and (28) for the norm first, we conclude that for any x € Ux there exists 
y €U, such that 


(30) x = Ny mod z, 


where z is a prime of K (hence of L). We will now approximate an arbitrary 
x € Ux by norms, starting with (30). To do this we use the fact that for every y in 
the valuation ring Ry of L —and every n € N—we have a congruence 


(31) N(+a2"y)=14Tr(x"y) mod x71, 


To show this we write N(1+ 2”y) =[[,-gd +2"y)" =[[-egd t+ 2") = 
1+ oeg a” y* mod x2”, which, as a result of the equality Tr(z” y) = x” Tr(y), 
implies that the congruence in (31) is actually true modz?”. 

To construct for a given x € Ux a sequence (),) of approximants in Uz with 


(32) x = N(yn) mod 2", Yn = Yn-1 mod x™"!, 

we proceed by induction. The basis of the induction is (30). Now suppose (32) 
holds for some n > 1. Since all the elements involved are units, we have x/N yy = 
1 mod zc”, so there exists z in the valuation ring Rx of K such that 


(33) x = N(yn)(1+2"2). 


Applying (29) and (28) to the trace, we find y € Rz such that z = Tr(y) mod z. 
Using (31), we then get 


14+a"z=1+a"Tr(y) = N(1+2"y) mod x”*!, 
so equation (33) leads to 
x =N(yn) NA +a"y) mod 2”*!, 


Since N(yn) NU + 2”"y) = NOnQ + 2”y)), we can make (32) true with +1 
instead of n if we set Vn41:= Yn(L +2” y) = Yn mod x”. 

The result is now clear: from the second congruence in (32) we know that the 
sequence (),) converges in L; its limit y lies in Uz, because this set is closed in 
L. From the first congruence in (32) we obtain x = N(y) by passing to the limit, 
because N is continuous. (The continuity of N follows for instance from (56) in 
Chapter 23 or Fl in Chapter 27.) 


Remark. We emphasize that for an unramified extension L/K of local fields, the 
element 2 NL” is a canonical generator of the cyclic group K*/NL™ (compare 
Theorem 2’). Indeed, the prime 2 of K was chosen arbitrarily, but since two such 
primes differ only by multiplication by a unit, and every unit is a norm (Theorem 2), 
the element 1 NL™* is independent of the choice of z. 


As a result of Theorem 4 in Chapter 30, we can recast Theorem 2’ in algebra- 
theoretic terms: 
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Theorem 3. Let the situation be as in Theorem 2', and 
let prjK be the Frobenius automorphism of L/K 


(see Theorem 4(iii) in Chapter 24). Then every a € Br(L/K) is represented by a 
cyclic algebra of the form 


(34) (L,orjx,7*), 
and k is uniquely determined modulo n = L: K. 


From Theorem 2 we can gain yet another result of some significance (although 
tangential to our goal of finding the Brauer group of a local field). 


F7. If K is a nonarchimedean local field and A is a central-simple K-algebra, the 
reduced norm N° = NaiK is surjective. 


Proof. By (83) in Chapter 29, it suffices to consider the case of a division algebra 
A = D. By Theorem 1, such an algebra admits a maximal subfield L unramified 
over K. Since N° agrees with Nyx on L, by (98) in Chapter 29, we conclude from 
Theorem 2 that all units in K lie in the image N°. There remains to show that the 
image of N° contains a prime of K. Let IT be a prime of D, and take the subfield 
K(I1) of D. Then the ramification index e of D/K satisfies e < K(IT): K <n, 
with n = /D: K. But at the same time, e = n (see F6); therefore L := K(/7) is a 
maximal subfield of D. This shows that N°(/7) = Ny/K UT). But Nz; (IZ) is a 
prime of K, because wx (Nz/x (UT)) = nvU7) = 1. 


4. With F2 and Theorem 3 the Brauer group of a local field can be regarded as 
being known in principle. Through careful analysis and the use of the right notions, 
however, the result can be summarized in a more suitable, and wholly satisfying, 
way. A key piece of information toward this end is that the Galois group G(L/K) 
of an unramified extension L/K is not only cyclic, but has a canonical generator, 
the Frobenius automorphism @y/K. 

In light of F2 and Theorem 2’ we first look for a model group that has exactly 
one cyclic subgroup of order n, for all nm € N, and that equals the union of all 
these subgroups. The group W(C) of all roots of unity comes to mind with these 
properties, but it turns out to be more convenient to use instead the additive group 


(35) Q/Z. 


If two rational numbers a and b belong to the same coset of Q / Z— in other words, 
if a—b is an integer— we generally write 


(36) a=bmod 1, 
rather than a = b mod Z. The coset a+ Z of a € Q is denoted by 


(37) amod 1. 
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2niZ 2mia 


Since e = 1, the mapare is a homomorphism from Q/Z into C*, and 
an isomorphism onto its image W(C), so Q/Z does have the required properties. 
For every n € N, the set 


(38) <4 mod 1) = 4Z/Z 


is a subgroup of order n in @/Z—the only one—and it is cyclic. If k,k’ are 
integers, we have by definition 


k _k’ ed 
(39) —=—mod!l <= k=k' modn. 
noon 


Building on Theorem 3 and F2 we then have: 


Definition and proposition. Let L/K be an unramified extension of local fields of 
degree n. According to Theorem 3, every a € Br(L/K) is represented by a cyclic 
algebra of the form 


(40) (L. prix. 0"), 
where k mod v is uniquely determined. Setting 

(41) invy/K(a@) = ; mod | 
we obtain a homomorphism 

(42) invy/K : Br(L/K) > Q/Z, 


which maps Br(L/K) isomorphically onto the cyclic subgroup of order n of Q/Z 
(which is to say, 17 /Z). The map invyx can also be described as follows: Let 


(43) « 2 Br(L/K) > K*/NL* 


be the canonical isomorphism given by Theorem 4 of Chapter 30 (canonical, that 
is, with reference to t = gz/x). Then, if a € Br(L/K) maps to a mod NL” under 
K, we have 


(44) invy/K (a) = wa) mod 1. 
Now define a homomorphism 
(45) inv, :BrK > Q/Z 


on the full Brauer group as follows: Given a € Br K, take (using F2) an unramified 
extension L/K (in a fixed algebraic closure of K) such that w € Br(L/K), and set 


(46) invx (a) = invy/K (a). 


Then invx(q@) is well defined. We call it the Hasse invariant of a (or of A, where 
[A] =a). 
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Proof. Based on Theorem 3, we immediately deduce from (39) the well definedness 
of inv x and the fact that it maps Br(L/K’) isomorphically onto its image 1Z /Z. 

For aé K, setk = wx(a), so that a= x*u for some unit u in K. By Theorem 2, 
we then have a = x* mod NL”; this shows (44). 

There remains to show that invx (aq) is well defined by (46). Let L’/K be a 
second unramified extension with a € Br(L’/K). The composite LL’/K is also 
unramified (see for instance Theorem 4 in Chapter 24), so we can assume without 
loss of generality that L C L’. Suppose (44) holds, that is, assume ow is represented 
in terms of the splitting field L by the crossed cyclic product 


(47) (L, Gr/K,4). 


The Frobenius automorphism ¢7//x of L’/K induces on L/K the Frobenius gz /x 
of L/K, so a is represented in terms of the splitting field L’ by 


(48) (L',onjq,a"*") 
(see (87) in Chapter 30). But then we have, by definition, 


wx (ab+) 
EK 


(49) invp/K (a) = mod 1. 


Since wx (a@"“) = (L’: L)wx (a) and L’: K = (L’: L)(L: K), a comparison of 
equation (49) with (44) yields the equality invz//x (a) = invz/x(@). 


In the next, very important, theorem we will see that not only does the Hasse 
invariant map invx yield a isomorphism 


(50) BrK ~Q/Z, 


but it also helps describe, for any finite extension E/K, the restriction map res ¢/x 
—the homomorphism @/Z — Q/Z induced by resz x is just multiplication by 
the degree E': K of the extension. 


Theorem 4. Let K be a (nonarchimedean) local field. The map 

(51) inv, :BrK > Q/Z 

is an isomorphism. If E is a finite extension of K, every a € Br K satisfies 
(52) inv gz (tesz/K(@)) = (FE: K) inve (a), 


that is, the diagram 
BrK —““. BrE 


(53) | [ve 
o/z—*. o@/z 


commutes, where the bottom arrow is the multiplication map by the degree E: K of 
the extension E/K. 
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Proof. (a) invx is injective because its restriction (42) to each of the subgroups 
Br(L/K) that make up Br K is injective. To show the surjectivity of invx, taken EN 
and consider an unramified extension L/K of degree n (Chapter 24, Theorem 4). 
Using (42) we see that invx maps Br(L/K) to <t mod 1) in Q/Z. This suffices, 
since the elements of this form obviously generate Q/Z. 


(b) For the proof of (52) we start by invoking Theorem 3(iv) in Chapter 24 (existence 
of a largest unramified subextension) to reduce the problem to two cases: 


(i) E/K is unramified; (ii) E/K is purely ramified. 


Indeed, if L is a largest unramified extension of the finite extension E/K, the 
extension £/L is purely ramified, that is, it has ramification index e(E/L) = E:L, 
which is tantamount to E = L, by Theorem | of Chapter 24; and if (52) holds 
for L/K and E/L, it also holds for E/K, since reszyx = resz/p oresz/K and 
E:K=(E:L)(L:K). 


(c) We take on first the case of E/K unramified. Given a € Br K, take an unramified 
L/K such that a € Br(L/K), and assume without loss of generality that E C L. 
Let a be represented by 


(54) P= (L, 9rjx. 0"). 
Then, by (89) in Chapter 30, resz/x (a) =[I" @x E] is represented by 
(55) (L. pri") = (L. prje. a); 
here we have used the functorial property 
(56) QLIE = OLR 
of the Frobenius, which is an easy consequence of its definition. By construction, 
(57) invg (res z/K(a@)) = 2 mod 1, 
L:E 

since z is a prime element EF as well (E/K being unramified). At the same time, 
(58) invx (a) = ie mod 1, 

LK 


and the desired formula (52) follows since L: K = (E:K)(L:E). 


(d) Now suppose we are in the case of a purely ramified extension E/K. As before, 
choose a € Br(L/K), where L/K is unramified. Denote by F = EL the composite 
of E and L (in an algebraic closure as usual). Consider the diagram of fields 


. i, 
( ae 2 
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It is easy to see that F/L is purely ramified of degree E: K, and F/E is 
unramified of degree L: K. Using (88) of Chapter 30 we see that resz/x(q) is 
represented by 

(F, gre, 1*) 
if @ is represented by (54) as above. Then, by definition, resz/;x(@) has Hasse 
invariant 


we(r*) 


———— mod 1. 
F:E 


(60) inv g (res z/K(a@)) = 


(Here we have applied (44) to the extension F/E.) But we(x*) = kwe(x) = 
k(E : K), since E/K is purely ramified. Given that F: EF = L: K, equality (60) 
then says that 


k 
inv g (res z/K(a)) = (FE: K) Lek mod 1. 


Now a comparison with (58) yields the conclusion (52). 


Theorem 5. Let E/K be a finite extension of local fields. For |A] € Br K, there is 
equivalence between: 


(i) The exponent e(A) divides E: K. 

(ii) E is a splitting field of A. 
(Thus, whether F is a splitting field of A depends only on the degree of E over K!) 
As a consequence, the exponent and the Schur index of A coincide: s(A) = e(A). 


Finally, every central-simple algebra A over a (nonarchimedean) local field K is a 
cyclic algebra. 


Proof. Set a = [A]. From the definition of e(A) = e(a) we see that (i) is equivalent 
to w#'* = |, and then again, since invx is an isomorphism, to 


(61) (E : K)invx(a) = 0. 


Now formula (52) from Theorem 4 comes into play, for it says that (61) amounts to 
inv g (res z/K (a@)) = 0, and hence to resz/x(@) = 1. This last equation says exactly 
that E is a splitting field of a = [A], so the equivalence of (i) and (ii) is proved. Of 
course, the implication (ii) = (i) is good for any field K (see once more Theorem 19 
in Chapter 29 and F3 in Chapter 30). 

From Theorem 4 in Chapter 24 (for instance), we know there exists an extension 
E/K of degree e(A). The first part of our theorem then says that E is a least-degree 
splitting field of A, so we have s(A) = E: K = e(A), by Theorem 19 in Chapter 29. 

To verify the last statement of the theorem, let = /A: K be the reduced degree 
of A. The Schur index s(A) divides n, by (36) in Chapter 29. Hence, if L/K is the 
unramified degree-n extension, L is a splitting field of A. By Theorem 3, therefore, 
A is similar to a cyclic algebra of the form (34). A dimension comparison now 
shows that the two algebras are isomorphic, concluding the proof. 
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Theorem 6. Let D be a division algebra of Schur index n over a local field K. 
For any extension E/K of degree n, the field E is isomorphic over K to a maximal 
subfield of D. 


Proof. By Theorem 5, any such F is a splitting field of D, and hence K-isomorphic 
to a maximal subfield of D (Chapter 29, Theorem 19). 


Theorem 6 is somewhat surprising. It shows in particular that different maximal 
subfields of D by no means have to be isomorphic. 


Theorem 7. Let n be a natural number and let L/K be an unramified extension of 
degree n. If E/K is any extension of degree n we have 


(62) Br(E/K) = Br(L/K). 


If in addition E/K is Galois, therefore, the second cohomology group H*(G, E*) of 
the Galois group G of E/K with coefficients in E is cyclic of order n; it has a canon- 
ical generator yz/xK, called the canonical class of E/K. If we identify H?(G, E*) 
with Br(E/K), the element yz /K is uniquely characterized by the condition 


(63) inv (YE/K) = u mod 1. 
n 


Proof. The first statement follows immediately from Theorem 5, which says that 
the elements of Br K that split over E are exactly the same that split over L. 
If E/K is Galois, we have 


(64) H?(G, E*) ~ Br(E/K) = Br(L/K), 


the isomorphism being canonical. But as we saw above (and also as Theorem 4 
implies, in almost automatic fashion), the invariant map takes Br(£/K) = Br(L/K) 
isomorphically onto the cyclic subgroup +7/ Z of Q/Z, which has order n. The 
element of Br(£/K) with invariant 4 mod | is a canonical generator of the cyclic 
group Br(E/K) and thus gives rise to a canonical generator of H?(G, E*), in 
view of (64). (In fact, the isomorphism (43) says that the canonical generator of 
Br(£/K) = Br(L/K) corresponds precisely to the canonical generator 7 Nz) x L” 
of K*/Nyz /x L™ under the canonical isomorphism Br(L/K) ~ K*/Nr/x L”; see 
the remark before Theorem 3.) 


Now if E/K is also assumed to be cyclic, Theorem 7 implies, together with 
Theorem 4 of Chapter 30, a result of special importance to the arithmetic of local 
fields, one that opens the way to local class field theory, the subject of Chapter 32: 


Theorem 8. /f E/K is a cyclic extension of local fields, of degree n, the group 
H°(G, EX) = K*/NeE/K E% is cyclic of order n. 


Theorem 9. For any extension E/K of nonarchimedean local fields, the map 
resz/x : Br K —> Br E is surjective. 
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Proof. This statement, too, follows from the all-important Theorem 4, specifically 
from the commutative diagram (53). 


Again in light of Theorem 4, the next result suggests itself as a counterpoint to 
Theorem 9: 


Theorem 10. Let E/K be a extension of local fields. There is a unique homomor- 
phism Br E — Br K such that the diagram 


BrE Brk 
(65) invE | | 
o/z —“- 0/Z 


commutes, namely, the algebra-theoretic corestriction cor f/x (see Definition 4* on 
page 221). Thus corg/xK is a isomorphism in this case. 


Proof. The existence and uniqueness of the desired map are clear. There remains 
to show that corg/x preserves the Hasse invariant. Take an arbitrary 6 € Br E. By 
Theorem 9 there exists @ € Br K such that 6 = res z/x (a). Using (52) from Theorem 
4 together with (53*) from the last chapter (page 221) it follows that invx (cor(B)) = 
inv (cor ores(a)) = invg(a"**) = [E : KJinvg(a@) = invg(res(a)) = invg(). 
Thus, as desired, 


(66) invx (corg/x (B)) = invg(B). 


Let L/K be a Galois extension of local fields with Galois group G. If L/K is 
unramified, then G is cyclic, and since H*(G,Uz) ~ H°(G, Uz) it then follows 
from Theorem 2 that H?(G, U,) = 1. What can one say about H?(G, Uz) if L/K 
is not assumed to be unramified? 


Theorem 11. Let L/K be a Galois extension of local fields with Galois group G. 
H?(G, U_) is taken by the natural map H?(G,Uz,) > H?(G, L*) isomorphically 
onto the subgroup of the cyclic group H*(G, L*) having order e, the ramification 
index of L/K. In particular, H?(G, Ur) is cyclic of order e = e(L/K). 


Proof. We start from the exact sequence of G-modules 
(67) (i= 7 — so, 


Passing to the exact sequence of cohomology groups (see F2* in Chapter 30, 
page 216) we obtain the exact sequence 


(68) H'(G,2) —> H2(G, UL) — HG, L*) —3 H2(G,D. 


But H'(G, Z) = Hom(G, Z) = 1 (since G is finite), so H?(G, UL) > H?(G, L*) is 
indeed injective. By Theorem 7, the group H?(G, L*) is cyclic of ordern = L: K, 
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and is generated by the canonical class yz/x. Because (68) is exact, we will be 
done if we can prove that 


(69) wi(yz/K) has order f =n/e, 


where / is the residue class degree of L/K. Let M/K be the unramified extension 
of same degree n as L/K, and Lo/K the largest unramified subextension of L/K. 
We have the diagram of fields 


(70) 


in which M/Lo and LM /L are unramified of degree e, whereas L/Lo and LM/M 
are purely ramified of degree e. Introducing the abbreviation 


(71) H?(E/K) = H?(G(E/K), E*) 


for Galois extensions E'/K of finite degree, we obtain from (70) the commutative 
diagram 


H?(L/K) —= + H?(G(L/K),2) 


| 


(72) H?(LM/K) —* H?(G(LM/K),Z) 


| | 


H?(M/K) —“+ H?(G(M/K),Z) 


Here the vertical arrows stand for the appropriate inflation maps, which are all 
injective (see (33*) in the previous chapter). By their definition, and because of 
(70), the canonical classes satisfy 


inf(yr/K) = Yim x = inf(yam/x). 
Because of (72) one then gets 
(73) ord(wz(yr/K)) = ord(e wy (ymu/K)). 


But M/K is unramified; therefore H*(G(M/K), Uy) = H°(G(M/K), Uy) = 1 
and hence ord(wy(ym/K)) = M: K =n=ef. Now (69) follows in view of (73). 


32 
Local Class Field Theory 


1. According to local class field theory, whose rudiments we will lay out in this 
chapter, every abelian extension L/K of local fields implies an associated canonical 
isomorphism 


(1) K* [Nie Lh”  G(L/R) 


between its norm residue group and its Galois group. This momentous fact admits 
of a remarkably simple demonstration based on the algebra-theoretic results of the 
previous chapter. This proof, though very satisfying in several regards and dating 
back to H. Hasse and E. Noether, is apparently lesser known than it deserves to be. 


To formulate the argument as clearly and concisely as possible, we will adopt a bit 
of formalism. At first we let L/K be any finite Galois field extension, with Galois 
group G = G(L/K). We consider the set 


(2) G* = Hom(G, Q/Z) 


of all homomorphisms x : G > Q/Z from G into the (additive) group Q/Z. This 
set has a natural (abelian) group structure; its elements x are called the (Jinear) 
characters of G, and G* is the character group of G. (Since G is finite, this is in 
agreement with the definition on page 149 of vol. I.) Any character y € G* maps 
the commutator subgroup G' of G to the identity (see Problem §15.2 in vol. I), so 
x can also be regarded as a character of the abelianization 


(3) G® := G/G', 


that is, the maximal abelian quotient group of G. Conversely, any character of G*® 
can be interpreted as a character of G. Thus we can identify G* with (G*>)*, and 
will do so as a rule in the future. Incidentally, we can also view (3) as the Galois 
group of the largest abelian subextension L**/K of L/K: 


(4) GLK? = GPR): 
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Now let x € G* be given, and denote by L, the intermediate field of L/K 
corresponding to the subgroup ker x of G. Since ker x is a normal subgroup of G, 
the extension L,/K is Galois. We then have 


(5) G(L,/K) =~ G/kerx ~ imx, 
with canonical isomorphisms. Consequently, L,/K is cyclic of degree equal to the 
order of x. 


In the sequel the term local field will tacitly refer only to nonarchimedean ones. 
But with a few obvious exceptions, the results about to be stated can be completed 
by folding in the (trivial) archimedean case with little effort— not an insignificant 
matter when it comes to the consideration of global fields. 


Definition 1. Let L/K be a Galois extension of local fields. Define a map 


K* x G(L/K)* > Q/Z 


6 

" (a, x) b> <a, x» 
by setting 

(7) {a,x = inve (Ly, ox, a). 


Here o, denotes the unique generator of G(L,/K) ~ G/ker x such that 


(8) X(0y) =~ mod 1, where ny = Ly: K. 
x 


F1. The map (6) is bilinear; it is called the canonical pairing of L/K. 


Proof. Linearity in the first variable is clear; see (68) in Chapter 30. As for the 
second variable, first a preliminary remark: Set G = G(L/K). For any x € G* define 
a function ¥: G > Q by assigning to  € G the value ¥(1) =i/n if w gives rise on 
Ly to the automorphism o/,, where 0 <i <n =ny. Then x(w) = X(u) mod 1, and 
one verifies easily that the inflation of the uniformized cocycle on G corresponding 
to the cyclic algebra (Ly, oy, a) is given by 


(9) c(h, v) = gk +x) -xX(ev) 


—see (62) in Chapter 30. Now, suppose x1, X2, x3 € G* satisfy x1 + x2 = X3, 
and let ci (4, Vv), C2(t, Vv), C3({Z, v) be the corresponding cocycles in the sense just 
described. Then a straightforward computation shows that c3 (jz, v) only differs from 
the product c;({Z, v)c2(, v) by a coboundary. 


Because of F1, the map (6) yields naturally a homomorphism K* > G(L/K)**; 
see F4 in Chapter 14 (vol. I). Since G(L/K)* equals G(L/K)*>* and G(L/K)*>** 
is canonically isomorphic to G(L/K)*, we obtain a canonical homomorphism 


(10) R* => G(L/K)*. 
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which we denote by (-, L/K). This is called the norm residue symbol of L/K. For 
any a € K™, by definition, (a, L/K) is the element of G(L/K)*® characterized by 


(11) x(a, L/K) = <a, x) =invx(Ly,0,,a) for every x € G*. 


Because of (4) we can view (a, L/K) as an automorphism of the largest abelian 
subextension L*®/K of L/K. 
The name “norm residue symbol” for (10) can be justified as follows: 


F2. For every Galois extension L/K of local fields, Nr; L™ lies in the kernel of 
(-, L/K). Hence (-, L/K) gives rise to a homomorphism (of the same name) 


(12) (.,L/K) : K*/Nrjx L* > G(L/K)”. 


Proof. Take a € Nzjx L* and x € G(L/K)*. Since a is a norm of Ly/K as well 
as of L, the right-hand side of (11) vanishes, that is, (a, L/K) = 1. 


F3. If L/K is acyclic extension of local fields and o is a generator of G(L/K), we 
have 


(13) (a, L/K) = olLE:K linvx (L,0,4) 
for every aé K™. 


Proof. Setn = L: K. Then invx(L,o,a) = = mod 1, with m well defined mod n, 
and the right-hand side of (13) will be 0”. Now take the character xy of G(L/K) 
such that x(o) = + mod 1. Since G(L/K)* = <x> and Ly, = L, the assertion 
follows from the equality x(a, L/K) = invg (L,o,a) = x(o”). 


F4. If L/K is unramified and has Frobenius automorphism oy /x, the norm residue 
symbol is given by the explicit formula 
(14) (2, L/K) = of, 
where a € K*. Thus the norm residue symbol of an unramified extension L/K 
is distinguished by the property that every prime a of K maps to the Frobenius 
automorphism of L/K. 

wx (a) 


P . Since invx (L, ,a)= 
roof. K(L, OL/K,4) TK 


taking 0 = gr /K. 


mod 1, the result follows from (13) by 


F5. If L/K is a Galois subextension of a Galois extension L/K of local fields, there 
holds for every a € K* the compatibility relation 


(15) (a, L/K) = (a, L/K)*, 


where o +> 0 denotes the canonical map G(L/K)*® > G(L/K)*. 
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Proof. To each character x of G(L/K) = G(L/K) /G(L/L) we associate the char- 
acter x = inf(x) of G(L/K), where x(o) = x(a"). We have ker xy =ker ¥/G(L/L), 
and hence Lz = Ly, with og = oy. Thus 

x(@,L/K) =invg (Ly, 03.4) = inv (Lg, 0%.) = XG, L/K) = x((G, L/ KY’), 


as desired. 


A deeper, functorial property of the norm residue symbol emerges in this sharpening 
of F5: 


F6. Let L/K and L’'/K' be Galois extensions of local fields, where K © K' and 
LCL’. Forany be K'™ we have 

(16) (b, L'/K')" = (Nxijxb, L/K), 

where o +> o denotes the canonical map G(L'/K')*® + G(L/K)*. 

Proof. (a) In view of F5 we may as well assume that L’ = LK’ and so view 
G(L'/K’) as a subgroup of G(L/K). Denote by y+ x’ = res(x) the corresponding 
restriction map G(L/K)* — G(L'/K’)*. Taking (11) into account, our task boils 
down to proving that 

(17) (b,x) KR = (Nx K), xX) K 

for every x € G(L/K)*, where for clarity the pairing brackets are subscripted with 
the base field they refer too. By definition, (17) is tantamount to the equality 

(18) inv’ (Li, oy’, ) = invz (Ly, oy, Nex) 


of the corresponding Hasse invariants, and it is easy to derive (18) by invoking 
the projection formula (55*) of Chapter 30 (page 221), because the corestriction 
corgx’/K preserves Hasse invariants (Theorem 10 in Chapter 31). But we would like 
to justify (17) on arithmetic grounds, as follows. 


(b) Let f be the residue class degree of K'/K. Take elements yg € G(L/K) and 
yg’ € G(L'/K’) inducing on the largest unramified subextensions Lo/K of L/K and 
L/K’ of L'/K’ the corresponding Frobenius automorphisms. If the residue field 


K of K has g elements, the residue field of K’ has g/ elements. Hence 
(19) gy’ =f on Lo. 
To prove (17) we first consider the case that L,/K is unramified. Since Li =L,K', 
the extension L’,/K’ is also unramified, and it follows from (19) that x’(g’) = 
x(o!) = f x(v). We now apply F4 (and F5), obtaining <b, x’) xr = x/(b, L'/K’) = 
Xb, Ly |B’) = x (9 88) = werd) x/(G') = wxi(b) fx); that is, 

<b, x) Kr = fxd) x(9). 
Correspondingly, we get 
(20) (Ng KD.) K = X(Ng/ Kb, Ly/K) = x(gh8 N/K) 

= wx(Nx/xh) x(¢) = fwx(b) x9), 

proving (17) for L,/K unramified. 
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(c) Since both sides of (17) behave multiplicatively in b and the multiplicative group 
of K’ is generated by prime elements, we can assume henceforth that wx/(b) = 1. 
Using F5 we can also choose L large enough that the largest unramified subextension 
Lo of L/K has a given degree. Now, by considering the characters of the cyclic 
group G(Lo/K) as characters of G(L/K), we can choose y € G(L/K)* such that 
Ly/K is unramified and 


(21) SW) = 66, x Ke. 


From (20) and the assumption wx’(b) = 1, we see that the left-hand side of (21) 
also equals 


<b, Kr = (Nx xb.W xk. 


Subtracting this last equation from (17) and using the additivity of the pairing, we 
see that the problem has been reduced to the case where the left-hand side of (17) 
vanishes. In this case — and setting L, = L without loss of generality, which means 
that Ly = LK’ = L'—we see that b = Ny//x’x for some x in L’. It follows that 
NxyjKb = NxrijK(Nz/K’X) = Ny/Kx = NrjK(Ni/LX); and the right-hand side 
of (17) vanishes as required. 


F7. Let L/K be a Galois extension of local fields and let p be an isomorphism from 
L onto some field L' = pL. This makes L'/K' = pL/pK canonically into a Galois 
extension of local fields, whose norm residue symbol satisfies 


(22) (px, pL/pK) = p(x,L/K)p"'. 


We eschew the fuss of a detailed proof and content ourselves with the thought that 
the conclusion is unavoidable, since only natural isomorphisms appear anywhere in 
the construction. 


Theorem 1 (Local reciprocity law). For any Galois extension L/K of local fields, 
the norm residue symbol (-, L/K):K* — G(L/K)* of L/K is surjective, and its 
kernel coincides with the subgroup Nyx L™ of K*. Thus, regarded as a map 


(23) (-, L/K): K*/NrjxL* > G(L/K)”, 


the symbol is an isomorphism. In particular, when L/K is abelian, we obtain a 
canonical isomorphism G(L/K) ~ K*/NyjxL*. 


Proof. Since G(L/K)* = (G(L/K)*°)*, what we need to show is that the canonical 
pairing 

(24) K*/NijxL* x G(L/K)* > Q/Z 

of L/K is nondegenerate in each of the two variables (see F4 in Chapter 14, vol. I). 
For x #0 we have Ly: K > 1, so there exists a € K~* that is not a norm of Ly/K 


(see Theorem 8 in Chapter 31). It follows that <a, x) = invx(L,o,,a) # 0, and 
the nondegeneracy in the second variable is proved. 
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To show the nondegeneracy of the pairing (24) in the first variable, we suppose 
that for some a € K* we have 


(25) <a,xX) =0 forall xy € G(L/K)*. 


Let £/K be any cyclic subextension of L/K. Clearly E = L, for some x, so the 
condition <a, x) = 0 says that a is a norm of E/K. So a is a norm of any cyclic 
subextension of L/K, and we must show that it is a norm of L/K itself. We apply 
induction on the degree n of L/K. The case n = 1 being obvious, take n > 1. Since 
G(L/K) is solvable (Theorem 5 in Chapter 25), there is a cyclic subextension E/K 
of L/K such that E: K > 1. We know there is b € E such that a = Ng/xb, and 
we wish to find b’ € Ne/x(@) such that (b’, L/E) = 1. By induction, b’ will be a 
norm of L/£, and hence a will be a norm of L/K. 
If L/K is abelian, we can simply take b’ = b, because F6 yields 


(b, L/E) = (Nzjxb, L/K) = (a, L/K) = 1. 


Thus, the local reciprocity law is proved for L/K abelian. 

Otherwise we look at the largest abelian subextension Lo/E of L/E. Since 
G(Lo/E)=G(L/E)*”, the condition (b’, L/E) = 1 is equivalent to (b’, Lo /E) =1. 
After renaming our fields, then, we can carry out the proof under the assumption 
that L/E is abelian. 

Let [G, A] be the subgroup of G generated by all the commutators ptp~!t~!, 
where p € G = G(L/K) and t € A = G(L/E), and let F be the corresponding 
fixed field. Being a central extension of a cyclic group, G(F/K) = G/[G, A] is 
abelian. Then F6 implies that 


(b, L/E)* = (Ne/xb, F/K) = (a, F/K) = 1, 


that is, (b, L/E) lies in G(L/F). Thus (6, L/£) is a product of elements of the form 
p(x, L/E)p~\(x, L/E)~', where p € G and x € E*. By (22), such an element can 
also be written (ox, L/E) (x, L/E)~! = (p(x)x7!, L/E). Thus, modulo Nz/¢L”* 
our b is a product of elements of the form p(x)x~!. Since all such lie in the 
kernel of Nz/x, an appropriate modification to b leads to b' € Ny /z E™ satisfying 
Ne/x(b') =a. 


Remark. In the situation of Theorem 1, let E be an intermediate field of L/K. 
By the local reciprocity law there exists a unique homomorphism f making the 
diagram 


x x +L K al 
RU Neel 2 ear 
(26) | [7 
x x »L/E al 
EN <=" Gan 


commute. 
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It would be pity to leave out that f is the group-theoretic corestriction Cor from 
G = G(L/K) to U = G(L/E) (see last remark in Chapter 30). This can be seen as 
follows: Let y be a character of U. Using the explicit corestriction formulas from 
the appendix to Chapter 30, one shows that, in general, 


(27) corg/K|Ly. oy. 4] =[Ly, oy, a], 
for every a € K*, with x := cor(w) = woCor. Applying this to local fields 


and taking into account that corg;x preserves Hasse invariants, we conclude that 
wa, L/E) = x(a, L/K) and (since x = wo Cor) that 


(28) (a, L/E)=Cor(a,L/K) forallae K*. 


Here is a first noteworthy consequence of the local reciprocity law (together with 
the property of the norm residue symbol expressed in F6): 


F8. Let E/K be an arbitrary extension of local fields, and let F = E*® be the largest 
abelian subextension of E/K. Then 


(29) Nex E* = NejxF™. 
Hence, by Theorem |, the degree K*: Ng/x E is finite. 


Proof. If E/K is Galois, the claim follows immediately from Theorem 1 (and F5), 
thanks to the canonical identification G(E/K)* = G(E*/K). 

If E/K is separable, consider the normal closure L/K of E/K. For a in 
Nr/x F* we have | = (a, F/K) = (a, L*®/K)*¥,, hence (a, L**/K) € G(L**/F). 
Since F = EM L*® and (23) is surjective, this shows that there exists b € E* 
satisfying (a, L**/K) = (b, EL*®/E)=" = (Nzg/xb, L®/K); for the last equality 
we have used F6. Because (23) is injective, a only differs from Ng /xb by a factor 
in Npjx L™ © Ng/x E*. Hence Nrjx F* © Ne/x E*, which proves (29). 

Finally, to prove (29) in general, there remains to consider the case of a purely 
inseparable extension E/K of degree p = char K. Here what has to be shown is 
that K* = Ng /x E*. By F2 in Chapter 25, the field E is of the form E = F,((X)). 
Hence E? = Fg((X”)) C K, and by comparing degrees we get E? = K. Therefore 
Ne/K E* = K™ as needed. 


F9. Let m be a natural number and K a local field containing a primitive m-th 
root of unity. Set L = K('\/K*), so L/K is the largest Kummer extension of K of 
exponent m. Then this extension is finite and 


(30) Nuk L* = K*™, 


so the norm residue symbol gives a canonical isomorphism between K*/K*™ and 


GILI®). 
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Proof. From the assumption we know char K does not divide m, and Theorem 7 in 
Chapter 25 implies K*/K*” is finite. We now apply Kummer theory (Theorem 4 
of Chapter 14, vol. I), to derive the finiteness of L: K and a canonical isomorphism 


(31) Koike? = GLK. 


At the same time, the local reciprocity law gives a local reciprocity law reciprocity 
law! local canonical isomorphism 


(32) K*/Nzx L* ~ G(L/K). 


Since G(L/K) is of exponent m, we have K*” C Nz x L™, which implies (30) in 
view of (31) and (32). 


Definition 2. Let K be a local field. Denote by Ka/K the largest abelian extension 
of K (in a fixed algebraic closure of K) and define the norm residue symbol 


(33) (.,K): K* > G(Ka/K), 


by decreeing (for a € K*) that (a, K)* = (a,L/K), where L/K is any finite 
subextension of Kg/K. Then (a, K) is well defined because of F5. If L/K is a 
finite subextension of K,/K, denote by 


(34) Nz = NrjxL* 
the norm group of L/K. By definition, the kernel of (33) equals 


(35) Gx = (Nt. 
L 


Using F8, we can also express 2x as the intersection of the norm groups of all finite 
extensions E/K. (Compare F11 further down.) 

A subgroup H of K™ is called a norm group if it equals Nz/x E™ for some finite 
extension E/K. As mentioned, there must then be some finite abelian extension 
L/K such that H = Nz; such an L is called the class field of H (‘the” because it 
is easily proved to be unique; see Theorem 2 on page 249). 


F10. Any norm group of a local field K is closed in K™. It is also open, because it 
has finite index in K™ (by F8). Thus the norm residue symbol (33) is continuous. 
Every subgroup H of K* containing a norm group is itself a norm group of K. 


Proof. (a) Let E/K be finite and set N = Ng;x. Given a sequence (yn) in E, 
suppose the images Ny, converge toward x € K*. Because the integers wx (Nyn) 
converge to wx (x), we can assume that wx (Ny,) = wx (x) for all n. By replacing 
Yn with Yay» we reduce to the case that x, and so also each yy, lies in Ug. 
But Ug is compact, so the y, have an accumulation point y in Ug. Since N is 
continuous, x = Ny. Hence NE™ is closed in K*. As for openness, just note that 
a closed subgroup H of finite index in a topological group is the complement of the 
union of the (finitely many) cosets other than H, all of which are closed. 
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(b) Suppose a subgroup H of K contains the norm group of a finite extension E/K, 
which we assume without loss of generality to be abelian. The image (H, E/K) 
under the norm residue symbol of £/K has the form G(£/L), for some intermediate 
field L of E/K. Since Ng;x E* © H, an element a € K% lies in H if and only if 
(a, E/K) € G(E/L). Thus H consists of all a € K* such that 1 = (a, E/K)* = 
(a, L/K). It follows that H = Ny/xL*. 


We now undertake to prove, in a sort of converse to F10, that for every open 
subgroup H of finite index in K™ there is also an abelian extension L/K such that 
H = Ny/xKL”. This is very easy to justify when char K = 0, but we wish to prove 
it also for the case char K > 0, which turns out a bit more obstinate. 


Lemma 1. /fm €N is not divisible by char K, then K*"™ is a norm group of the 
local field K. 


Proof. By the assumption, we can take the extension K’ of K obtained by adjoining 
a primitive m-th root of unity of K. By F9, K’*” is the norm group of an abelian 
extension E/K’. Then 


Nex E* = Nxrjx (Nex E*) = Nex (K'*™) C K*™. 


Hence K*’ contains a norm group of K, and thus, by the last statement in F10, is 
itself a norm group. 


Lemma 2. /f K is a local field of characteristic p > 0 and x € K™ is a norm of every 
cyclic extension of K of degree p, then x is a p-th power in K. 


Proof. Let C be an algebraic closure of K and define 9: C > C by g(x) =x? —x. 
For a € K, let a be an element of C such that (a) = a. (If g(a’) = a as well, 
then a’ — a lies in the prime field F, of K.) Now, either wa € K, or K(a)/K is 
a cyclic extension of degree p. Conversely, every cyclic extension of degree p is 
obtained in this way; see Theorem 3 in Chapter 14 (vol. I). We now define a map 
(-,-]: K* x K > F, by setting 


(36) (b,a] = (b, K(a)/K)a—a_ €fFp, 


where a € C is required to satisfy so(a) = a. One verifies easily that (-,-] is well 
defined and bilinear. Moreover, (b, a] vanishes if and only if b is anorm of K(a@)/K 
(where so(@) = a). Thus 


(37) (a,a]}= 0 for every ae K™, 


since for a ¢ K we have Nx(qy/Ka = (—1)?(—a) =a. 
To actually prove Lemma 2 we consider the set M of x € K* such that (x, a]=0 
for all a € K* (or equivalently, such that (x, ax] = 0 for all a € K*). From (37) 
we have 
(x, ax] + (a, ax] = (ax, ax] = 0, 
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so M is the set of x € K* such that 
(38) (a,ax]=0 for every ae€ K”. 


But then it is apparent that / U {0} is an additive subgroup of K. On the other 
hand, M is a subgroup of K* containing K*?, as follows from the first description 
of it. Taking it all together, then, we see that M U {0} is an intermediate field of 
K/K?. Since K = Fg((X)) we have K: K? = p, so M U{0} coincides with either 
K? or K. If the second case is excluded, Lemma 2 is proven. 

So assume for a contradiction that MM U{0}= K. Then the pairing (-,-] is zero 
overall, so the equation X? — X¥ =a is solvable already in K for every a € K. But 
this is unpossible, because there exists an unramified extension L/K of degree p. 
(Alternative justification: If wz is a prime element of K, one can show easily by 
applying wx that there is no a € K such that a? —a = 27!,) 


F11. For every nonarchimedean local field K, 
De =1. 


Proof. (a) By Lemma 1, we have Sx C K*”™ for every m € N such that char K 
does not divide m (and so for all m if char K = 0). 


(b) It follows easily from F6 in Chapter 25 that (),, K*’ = 1. By part (a), this 
implies 2x = 1 when char K = 0. 


(c) Now suppose char K = p > 0. First we show that 
(39) De CNr/KYr for any finite F/K. 


Take x € Mx. For a given finite extension L/F, then, there exists z € L* such 
that x = Nrjxz = Nr/x(Nz/r2Z); that is, Xp := Nak (x) 1 Nr/F L* is nonempty. 
Clearly Nak (x) is compact, and hence, because of F10, so is every Xz. The 
intersection of finitely many X; is nonempty, so by compactness their intersection 
over all L is also nonempty. For an element y in the intersection we have Nr/xK y = 
x, and moreover y € Wr. 


(d) Take x € Sx. By Lemma 2 we have x = y? for some y € K*. We claim that 
y also lies in Sx, so 


(40) De =P. 


Indeed, for every finite F/K (39) implies first that x = Nr/xz for some z € Yr. 
Again by Lemma 2 we have z = t? for some t € F*. Now y? = x = Nrjxz = 
(Nr/xt)? implies that y = Nr,xt. Thus y is a norm for every finite F'/K; that is, 
yeWr. 


(e) From (40) we see that x C K* P” for all n. This and part (a) of the proof imply 
that xn C K*”™ for allm EN. It follows that Sx = 1; see first item of part (b). 
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F12. Let K,/K be the largest unramified extension of the local field K, that is, the 
union of all finite unramified extensions of K (in a fixed algebraic closure of K). We 
can regard K,/K as a subextension of Ka/K. The norm residue symbol (33) of K 
induces by restriction to Ux a topological isomorphism 


(41) Ux — G(Ka/Ku). 


Proof. For every finite unramified E/K and every x € Ug we have (x, K)~ = 
(x, E/K) = 1; see F4. Thus the map (33) does take Ux into G(Kq/K,). Let a be 
an element of K, kept invariant under all (x, K) such that x € Ux. Set L = K(q@) 
and let Lo = LM K, be the largest unramified subextension of L/K. For every 
unit y of Lo, the element x = Nz/x y is a unit of K, so 


(y, L/Lo) = (x, L/K) = 1. 


Now, L/Lo is purely ramified, so applying Nz, to a prime element of L yields a 
prime of Lo. Thus (y, L/Lo) equals 1 for any y€¢ Lo, so L = Lo. Henceae Ky. 
Altogether we have shown that the image of (41) is dense in G(Kg/K,). But (-, K) 
is continuous by F10, and Ux is compact, so (41) is surjective. Injectivity follows 
from F1ll. Having compact domain, the bijective continuous map (41) is open as 
well. 


Theorem 2 (Local existence theorem). Let K be a local field. The map 
(42) Le Nr = Nr K* 


induces a one-to-one correspondence between finite abelian extensions L/K of K 
(in a fixed algebraic closure of K) and open subgroups H of finite index in K™. 
Moreover, 

Lee = NpCN. 


If char K = 0, every subgroup H of finite index in K~ is open. 


Proof. (a) By F10, each Ny is open and has finite index in K”. 


(b) Let L/K and L’/K be finite subextensions of K,/K. The local reciprocity law 
immediately implies that 


(43) Nip =NLONL’. 


In particular, Nz, C Ny is equivalent to Nz 7 = Nz’. This last equality is, again by 
the reciprocity law, equivalent to LL’ = L’, and so to LC L’. 

(c) Let H be a subgroup of K* of index m < oo. Then K*™ C H. If char K does 
not divide m, Lemma 1 says that K*” is a norm group, and hence so is H (see 
F10). This takes care of the characteristic-zero case. 


(d) Now suppose char K = p> 0. Set Hp = HM Ux. Since H is open, so is Ho. 
Thus, by Galois theory, the image of Ho under the isomorphism (41) has the form 
G(Kg/F), with F: Ky < oo. Since F C Kg, there is a finite subextension L/K of 
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Kaq/K such that F = K,L. For any ae Ux N Nyx L™, then, (a, K) is trivial both 
on K, and on L, and hence (a, K) € G(Kg/F). It follows that 


(44) Ux Nr L* © Ho. 
Introduce the abbreviation \’ = Nz;x L*. By (44) we have 
(45) NOA(NO A)URK C A, 


and it suffices to prove that (NM H)Ux is a norm group, by (43) and F10. Clearly 
NA H has finite index in K*, since N and H do. Thus there exists f € N such 
that rf Ee NI HT, where z is a prime of K. Hence int» Ux is contained in 
(N .H)Ug, which reduces the problem to showing that <7) Ux is a norm group. 
But this is obvious: inf > Ux is the norm group of the unramified extension of 
degree f (see F4). 


F13. Every norm group N of a local field K with prime element x contains a norm 
group of the form <n‘) x ah 


Proof. Since N is open in K*, there exists m such that uy CW. Since K* : N is 
finite, there is f such that 7/ €.N. Hence WV contains a subgroup of the specified 
form. Now, by Theorem 2, such a subgroup must be a norm group: more precisely, 
we can write it as the intersection of two norm groups of a more special form, namely 


(46) infty xu” = (<n) x Ux) N (Xm) xu), 


where <2) x Ux is the norm group of the unramified extension K(bqr_1)/K of 
degree f, and (7) xU fe is the norm group of a certain purely ramified extension 
Kzm/K, of degree (q—1)q”"!. 


A closer look at these extensions Kz, /K would be our natural next project, 
but we must deny ourselves the pleasure; we refer instead to J. Neukirch, Class field 
theory, p. 63. But for the case K = Q, we show: 


F14. The subgroup <p> x ue of Q>* is the norm group of Qp(Epr)/Qp. 


Proof. Set K = Q,, U = Ux and L = Q,(¢), for some primitive p’”’-th root of 
unity ¢. As stated in the example at the end of Chapter 24, the extension L/K is 
purely ramified of degree n = p”~!(p—1), and p equals Nrjx(i—¢). Thus what 
we need to do is prove that 


(47) U™M CNT, 


for once this is done, we have H := <p) x UM Nz, and since K* = <p) x 
Wp-1 xU (for p #2) or KX = <p) x <-l) x U™ (for p = 2), the group K*/H 
has order (p—1)p™ ! =n = K*: Nr. 

To prove (47) we first consider the case p # 2. It is trivial that U“" C Ny. By 
the results in Chapter 25 (in particular F9), we have 


Un UO (ep! = ue =U, 
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For the case p = 2 (and assuming m => 2, as we may) we first obtain 


yee? =U™, andso UP" =UMt), 


Since U@) = 522 (sce F11 in Chapter 25), this leads to 52" UM UM). TE we 
can show that 5?” ~ is a norm of L /K, we will be done, since U“” : U (m+) = =2, 
And indeed, 


< .\9m—2 m—2 
Nz/x(2+i) = Na,w/o,2+i)  =5 


Theorem 3. Any finite abelian extension E/Qp is contained in some extension of 
the form Qp(6)/Qp, where ¢ is a root of unity. In other words: The largest abelian 
extension of Qp is obtained from Q» by adjunction of all roots of unity. 


Proof. In view of Theorem 2 and F13, the field F is contained in the class field L 
of some group of the form (46). By F14, however, L is the composite of Qp (¢,/_1) 
with Q,(fpm); that is, L = Qp(¢) for some root of unity ¢ of order (pf-1)p™. 


Remark. Theorem 3 is a local version of the famous Kronecker-Weber Theorem 
(see p. 259 in vol. I), which states the same thing for @ instead of Q,. This theorem 
finds its natural place today in global class field theory (see F. Lorenz, Algebraische 
Zahlentheorie, p. 273). But it should be mentioned that its proof can be reduced to 
the local result in Theorem 3, using only relatively modest means from algebraic 
number theory; see for instance J. Neukirch, Class field theory, p. 46. 
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Semisimple Representations of Finite Groups 


1. Definition 1. (a) Let A be a K-algebra and V a K-vector space. A representation 
of A in V is a homomorphism of K-algebras 


T:A—Endx(V) 


from A into the K-algebra Endx(V). If V: K <0, we say that T has finite degree 
V:K. The function associating to each a € A the trace of T(a) is called the 
character of T,, and is denoted by x,,, x7 or simply x. Thus 


x(a)=TrT(a) foraeA. 
If K has characteristic zero, x(1) is always the degree of T. 


(b) A representation 7 of A in V bestows on V a natural A-module structure: 
av=T(a)v. 


This is called the representation module of T. Conversely, if A is a K-algebra and 
V is an A-module, the map a+ ay taking each a € A to ay (left multiplication by 
ain V ) is arepresentation of A in V. In this sense representations of a K-algebra A 
and A-modules amount to the same thing. However, it is convenient to use the two 
languages — representation-theoretic and module-theoretic— side by side and pass 
from one to the other as needed. Thus, a representation of A in V is called irre- 
ducible if V is a simple (irreducible) A-module. A representation is fully reducible 
or semisimple when the corresponding module has the same property (Chapter 28). 
Two representations T, T’ of A in V, V’ are called equivalent or isomorphic if the 
A-modules V, V’ are isomorphic, that is, if there is a K-isomorphism g : V > V’ 
such that 


(1) T'(a)=goT(a)ogy! foreveryae A. 


The representation 7’ = Treg of A corresponding to the A-module A; is called the 
regular representation of A. If A: K <oo, the character x = YXreg = X 4 iS the regular 
character of A. (Thus, in the notation of vol. I, p. 134 we have Xreg = Tr4/x.) And 
not surprisingly, the character of an irreducible representation of A is called an 
irreducible character of A. 
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(c) Let V, W be A-modules, and 7, S the respective representations. We say that S 
is a subrepresentation of T if W is a sub-A-module of V. If the A-module V is a 
direct sum V = Vi @---@®Vj, of A-modules V; and 7, 7),..., Tim are the respective 
representations, we call T the (direct) sum of the representations T;,..., 7m, and 
we write JT = T, +---+ Tm. If Vij: K < oo for all 7, the corresponding characters 
satisfy 


(2) XV Vin =Xy tet Xn. 


Finally, let V and N be A-modules, with respective representations 7’ and S. If 
S is irreducible and T is semisimple, we say that S occurs r times in T if the 
isogenous component of type N of V has length r (in symbols, V: N =r; see F19 
in Chapter 28). 


Remark. The endomorphism algebra of the K-vector space K” can be canonically 
identified with the matrix algebra M/,(K). A representation T of a K-algebra A in 
K” then amounts to a K-algebra homomorphism 


T:A—>M,(K), 


and vice versa. We often talk of matrix representations of degree n of a K-algebra 
A. Of course, any representation of degree n of A is equivalent to a matrix repre- 
sentation of A of the same degree. 


Definition 2. Let V be a K-vector space. A representation of a group G in V isa 
homomorphism 
T :G—>GL(V) Cc Endx(V) 
of G in the automorphism group of the K-vector space V. 
We wish to show that the notion of a group representation is subsumed naturally 
under the notion of representation introduced in Definition 1. To do this, we consider 


the group algebra KG of the group G over the field K (see Section 6.2 in vol. I). 
Every element a in KG has the form 


(3) a= > ag&, 
geEG 


with uniquely defined coefficients ag € K, equal to 0 for almost all g. Thus the 
elements g € G forma K-basis of KG, and as a K-vector space, KG is isomorphic 
to the K-vector space K@) of all functions { : G — K that vanish at almost all 
g€G. Multiplication in the K-algebra KG extends G’s group operation (g, i) gh 


distributively: 
(x a8) (x bes) = So agbagh. 
& g gh 


If we convert the element on the right-hand side back to canonical form (3), we 
obtain 


© (Lees) (Lee) (Leer 
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Thus in the model K of KG multiplication is given by convolution: 


(axb)(g) =) a(gt')b(2). 


F1. Every representation T of a group G in a K-vector space V defines, by linear 
extension, a representation — still denoted by T — of the group algebra KG in V: 


T 3 a8) = > asT(g): 
& & 


Conversely, if T is a representation of the K-algebra KG in V, restriction to G yields 
a representation of the group G in V, also denoted by T. If V is finite-dimensional, 
we often consider also the character of the representation T of KG just as a function 
x: G— K. This does not lose any information, because 


(Xo a8) = > aor). 
& & 


Definition 3. Representations of a group G in vector spaces over a given field K are 
called K-representations of G, and their characters are called K-characters of G. 


From the preceding discussion, we see that if K is a field, the K-representations 
of G are in one-to-one correspondence with the representations of the group algebra 
KG, and so also with KG-modules. 


The group algebra KG always admits the trivial representation, corresponding 
to the trivial KG-module K, itself characterized by the action gx = x forall g EG 
and x € K. (Thus for any element a of KG written in the form (3) we have ax = 
(> g Ag) xX for all x € K.) The corresponding K-representation of G is the trivial 
homomorphism G — K* = GL(1, K). The character of the trivial representation of 
KG is called the trivial character of KG, and clearly it maps every element g € G 
to the number |. This character is of course irreducible. 

We turn to an important feature of group representations: Let Vi, V2 be KG- 
modules, with respective representations 7;, 72. We obtain a representation T = 
T; ® T> of G in Vi @xV>2 by associating to each g € G the endomorphism T(g) := 
T(g) ® T2(g) of Vi ®x V2 (see item (iii) in §6.11). As a KG-module, V; @x V2 
is then given by 


(5) &(X1 @X2) = FX, @ gx. 
The corresponding characters, regarded as functions on G, satisfy 
(6) XV, @KV2 = XV, Xr- 


The following simple fact will turn out to be significant: 
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F2. Let G be a finite group of order n. The character p = X gg of the regular 
representation of KG is given by 


n for g=1, 
0 for g #1, 


where n is viewed as an element of K (in particular, it may equal 0). 


(7) P(g) = 


Proof. Let g1, g2,..., Zn be the elements of G, and denote by 7 the regular repre- 
sentation of KG. Then T(g)g; = gg;. For g #1 we have gg; = g; # gi, hence 
Tr T(g) = 0. On the other hand, p(1) = 7 is the degree of T. 


Now let’s investigate the center Z( KG) of the group algebra KG. An element a 
of the form (3) lies in Z( KG) if and only if ax = xa for every x € G. This equality 
is equivalent to x~'!ax = a, or by comparison of coefficients, to Axgx—-1 = dg for 
all g,x € G; in other words, the function / : g +> dg must be constant on each 
conjugacy class 

[g] = {xgx7" |x €G} 
of G. This motivates the following terminology: for g € G, the class sum of [g] is 
the element 


(8) ke =htg = Dot 
te[g] 


of KG, where we assume the conjugacy class [g] to be finite. We therefore have: 


F3. If c1,c2,...,Cn are the distinct conjugacy classes of a finite group G, the class 
sums ke, ,Key,...,Ke, form a K-basis of the center Z(KG) of KG. 


Definition 4. A function f : G — K in K© is called a class function or central 
function of G with values in K if f is constant on each conjugacy class of G; 
that is, if f(xgx—') = f(g) for all x,g € G. The set of such functions, with 
the operations of pointwise addition and multiplication of function values, forms a 
K-algebra, which we denote by 


(9) ZxK(G) = ZKG. 
Its unit element is the trivial character of KG, which we denote by lg. 


As K-vector spaces, the subalgebra Zx G of K® and the center of KG can be 
identified with each other, but multiplication in the two algebras is fundamentally 
different: in ZxG it is pointwise multiplication and in Z(KG) it is convolution — 
see (4). 

Every K-character x of G belongs to ZxG, so it is a class function: 


(10) x(xgx7!) = x(g)_ forall x,g eG. 
Indeed, if 7 is a representation with character x, then 


Tr T (xgx~!) = Tr T(x)T(g)T (x)! = Tr T(g). 
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Incidentally, the product x; x2 in ZxG of two K-characters x; and x2 of G is also 
a K-character of G; see (6). The set 


(11) Xx(G) 


of all Z-linear combinations of K-characters x of G is therefore a subring (a Z- 
subalgebra) of ZxG. We call X¥x(G) the K-character ring of G. The elements 
of Xx(G) are called generalized K-characters of G; they obviously coincide with 
differences x — x’ of proper characters x, x’ (characters of K-representations of G). 


F4. Let x be a character of a group G (that is, a character of a representation T 
of finite degree d of G in a vector space over a field K). Suppose g € G satisfies 
g™ = 1. Then x(g) is a d-fold sum of m-th roots of unity (in an algebraic closure 
C of K). 


Proof. Let €1,...,&€q be the roots of the characteristic polynomial of the endomor- 
phism 7(g) in C, listed with multiplicity. Then x(g) = 61 +-:-+ eg. Since 
T(g)" = T(g™) = 1 =idy, we have 7” = | for every i. 


As an exercise, the reader can prove that the if x is a C-character of a finite 
group G, then 


(12) x(g-!) = x(g)_ forall g EG. 


Before we proceed with the study of group algebras, we formulate some basic 
rules of behavior of representations under base change, for algebras in general: 


Definition 5. Let T : A — Endx(V) be a representation of the K-algebra A. For 
every field extension E/K, we obtain by base change a representation 


i ie :Ap=A@KE > Endg(V) @xE =Endg(V @xE£). 


The representation module Vg = V @xE of T is characterized by (a®a) (v@f) = 
av @ap. If T: A—> M,(K) is a matrix representation, we have T# (a) = T(a) for 
a € A, where we view A as a subset of A ® E and M,(K) as a subset of M,(E). 
The characters x, x” of T, T¥ satisfy x” (a) = x(a) for a € A; for this reason we 
write simply x instead of x”. 

The representation T and the A-module V are called absolutely irreducible if the 
Ag-module Vg is irreducible for every extension E/K. For instance, any degree-1 
representation is absolutely irreducible (this is trivial). We say that a character x 
of a K-algebra A is absolutely irreducible if x belongs to an absolutely irreducible 
representation of A. 


FS. A finite-degree representation T of a K-algebra A in V is absolutely irreducible 
if and only if T(A) = Endx(V). If T is semisimple, both properties are equivalent 
to the equality End4(V) = K. If T is irreducible and K is algebraically closed, T 
is absolutely irreducible. 
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Proof. If T(A) = Endx(V), then T£(Ag) = Endg(Vz) —and therefore Vz is 
irreducible — for every E'/K. If, on the contrary, 7(A) and Endx (V) are distinct, 
we have T£(Ag) # Endg (Vz) for all E/K; but then Vg is reducible if we take 
for E an algebraic closure of K, as can be seen by applying F11 from Chapter 29 
to E and Vz. 

The equality 7(A) = Endx(V) always implies End4(V) = K. Conversely, 
suppose End4(V) = K. If V is a semisimple A-module this implies that the map 
T : A—Endx(V) is surjective; see for instance F20 in Chapter 28. 


Definition 6. An extension E of K is called a splitting field of a K-algebra A if 
every irreducible representation of finite degree of the E-algebra Ag = A@KE 
is absolutely irreducible. (This agrees with Definition 8 in Chapter 29 if A is a 
central-simple K-algebra.) If K is a splitting field of the group algebra KG of a 
group G over K, we say that K is a splitting field of the group G. 


F6. Let A be a commutative K-algebra. Every absolutely irreducible finite-degree 
representation of A has degree |. Thus the following two statements are equivalent: 
(i) K is a splitting field of A. 
(11) Every irreducible finite-degree K-representation of A has degree 1. 


Since the group algebra of an abelian group is commutative, each of the preceding 
conclusions still holds verbatim if A denotes an abelian group. 


Proof. This is clear by F5. 


Definition 7. Let KG be the group algebra of a finite group G over a field K. A 
special role attaches to the element 


NEi= > g 
geG 


of KG. If V isa KG-module, Ng will also denote the multiplication of elements 
of V by the element Ng € KG: 


N6x = Y> gx forx € V. 
geEG 


The map Ng: V > V is called the norm map. The submodule 
Vo ={x eV | gx =x for every g €G} 


of elements in V invariant under G is called the fixed module of V under G. The 
representation of G corresponding to V© is the (V° : K)-fold sum of the trivial 
representation of G, so its character is (Vo: K)1g. The element Ngx lies in ve 
for every x € V. This is the primary reason NG is of interest. 

If V and W are KG-modules, so is Homg(V, W), in a natural way: For each 
linear map F : V > W, define gF for g € G by 


(gF) (x) = gF(g"'x). 
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It follows immediately from the definition that 
(13) Homg (V, W)° = HomggG(V, W), 


that is, the KG-homomorphisms V — W are exactly the G-invariant elements of 
the KG-module Homx(V, W). 


F7. Let G be a finite group of order n, which we assume is not divisible by the 
characteristic of K. For every exact sequence 


if Yo 
of KG-modules, the corresponding sequence of fixed modules, 
OS" FO SZ" 8, 
is exact as well. 


Proof. Only the surjectivity of Y° > Z© needs to be checked. Take z € Z%. There 
exists y € Y such that z = p(y). Since z € Z© andn € K*, we have 


1 I 1 
z= —Ngz=—Nep(y) = o( —Ney) € p(Y°). 
nN nN n 


F8. Let V, W be KG-modules of finite dimension over K, with characters Xx, Xp: 
(a) The character of G associated to the KG-module V* = Homx(V, K) is 
Xy«(g) = Xv(g"'). 
(b) The character of G associated to the KG-module M = Homx(V,W) is 
Xu (g) = Xv(g~!)Xw(g). (Note that the canonical isomorphism V* ® W ~ 
Homx (V, W) of K-vector spaces is an isomorphism of KG-modules.) 


The demonstration of these simple but important facts is left to the reader, as is 
that of the next result. 


F9. Let G be a finite group of order n and K a field whose characteristic does not 
divide n. Let x be the character of the KG-module M. Then the dimension of the 
fixed module M© satisfies 


1 
(14) M°:K= = > x(g). 
geEG 
(Here both sides are elements of K, so the equation only determines the dimension 
of M®@:K modulo char K.) 


2. We now come to a seminal result of representation theory: 


F10. Let G be a finite group of order n, which we assume prime to the characteristic 
of K. Then every submodule W of a KG-module V is a direct summand of V. 
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Proof. The exact sequence 0 — W > V > V/W — 0 of KG-modules gives rise 
naturally to a sequence 


0 > Homg (V/W, W) > Homg (V, W) > Homg (W, W) > 0 


of KG-modules, which is clearly exact. By F7, then, the corresponding sequence 
of fixed modules is exact. In view of (13), this proves the surjectivity of 


Homgg(V, W) > Homxgg(W, W). 


In particular, the identity map id: W — W has an associated KG-homomorphism 
f:V—>W, satisfying fx =x forall x e W. Set W’=ker f. Clearly, WOW’ =0, 
and for every y € V the difference y— fy lies in W’, that is, y= (y—fy)+ fye€ 
W'+W. Hence V = W @W’ is the direct sum of the KG-modules W and W’. 


Theorem 1 (Maschke). /f G is a finite group, its group algebra KG over a field K 
is semisimple if and only if char K does not divide the order of G. 


Proof. The sufficiency of the condition for the semisimplicity of KG follows from 
F10 (because of F10 in Chapter 28). 

For the converse, suppose that char K = p > 0 and that n = G:1 is a multiple 
of p. The nonzero element x = Ng of KG satisfies xg = x = gx for every g €G 
(see Definition 7). Thus x lies in the center Z(KG) of KG. Moreover, 


=a) 25> sean —0, 
geEG geG 


Thus Z(KG) contains a nilpotent element # 0, so the algebra KG cannot be 
semisimple (by F5 in Chapter 29, for instance). 


Remark. Let G be a finite group of order n. The fact that KG is semisimple when 
n € K~* is so important that we wish to justify it in another way. Suppose that KG 
is not semisimple, so the radical of KG contains a nonzero element a, by F29 in 
Chapter 28. By F38 in the same chapter, then, ax is nilpotent for every x € KG, so 
ax has trace 0 in the regular representation, that is, x ,¢ (ax) = 0 for every x € KG. 
But this contradicts F2, unless n = 0 in K. 


Now that we know that the group algebra KG of a group of order 7 is semisimple 
ifn € K™, the results of Chapters 28 and 29 can provide valuable information about 
KG in this case. Our task is to mine out this information, or at least some of 
it. Although we will limit ourselves to the semisimple case, we should at least 
mention the importance of modular representation theory, which studies especially 
group algebras over finite fields of arbitrary characteristic. For modular theory, 
incidentally, results on semisimple representations are an important tool: see J.-P. 
Serre, Representations linéaires des groupes finis. 


We start by compiling a catalog of properties of representations of semisimple 
algebras that arise from the material in Chapters 28 and 29: 


F11 (Synopsis). Let A be a semisimple K-algebra. 
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(a) Every representation of A is fully reducible, so every A-module is a direct sum 
of irreducible submodules. These irreducible summands are uniquely determined up 
to isomorphism and order. (See Chapter 28, F13 and F19.) 


(b) Every simple A-module is isomorphic to a simple submodule of A; (which is to 
say, a minimal left ideal of A). In other words, every irreducible representation of 
A is a subrepresentation of the regular representation of A. (Chapter 28, F12.) 


(c) Consider the decomposition of A into simple components: 
(15) A= A, xX A2xX---x Ax 


(Chapter 29, Theorem 1). As A-modules, the A; coincide with the distinct isoge- 
nous components of A (Chapter 28, F18). Hence: There are exactly k isomorphism 
classes of simple A-modules. Thus, A has exactly k (inequivalent) irreducible rep- 
resentations. 

Next, let V;, for 1 <i <k, be irreducible A-modules, each isomorphic to a 
submodule of the A-module A;. Then Vi, V2,..., Vi represent all the isomorphism 
classes of simple A-modules, and no two of them are isomorphic; for brevity we 
say they form a system of representatives of simple A-modules. Let T;, T2,..., Tk 
be the representations corresponding to the V;. Every irreducible representation of 
A is equivalent to one and only one of the representations T,,T2,..., Ty. In other 
words: Every irreducible A-module is isomorphic to exactly one of V,, V2,..., Vx- 

Thus the irreducible representations of A correspond in the sense above, up to 

equivalence, to the simple components A; of A. Incidentally, as an A;-module, V; 
is (up to isomorphism) the only simple one (Chapter 29, F2). Note also that for 
i # j the product A; A; is zero, so A; V; is zero as well. 
(d) For every 1 <i <k, let Dj = End4(V;) = Endy, (V;) be the algebra of endomor- 
phisms of the simple A-module V;. By Theorem 3 in Chapter 29, the natural map 
A; — Endp, (V;) is an isomorphism; thus 7; : A — A; — Endp, (V;) > Endx (V;) 
has image Endp,(V;). The Dj-vector space V; has finite dimension n; coinciding 
with the length of A;. Thus A; ~ MM AD?). From (15) we then have 


(16) A Mn, (D9) x Mn, (D9) x +++ Mn, (D2). 


(e) Since A; has length n;, the regular representation of A contains the irreducible 
representation T; exactly n; times. Denote by K; the center of A;. By (16), 


(17) ZA=K, x Ky x-°* Ky 


is the center of A. The K; are extensions of K. It follows from the definitions 
that the representation T; of A maps K; isomorphically onto the center of Dj = 
End4(V;) C Endx (V;). 


(f) For 1 <i <k, let e; be the unity of the simple algebra A; in (15). The elements 
€1,€2,...,@x, which are uniquely determined by A (apart from their order), are 
called the primitive central idempotents of A. They satisfy 


(18) lL=e,;+e.+---+e, and ee; = d;;e;. 
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These elements suffice to recover the direct product decomposition of A, because 
A; =e;A = Ae;. In terms of the representations 7; of A in V; we have 


(19) Tye; = idy, and Tjej =0 for j i. 


(g) We now assume in addition that the semisimple K-algebra A has finite dimension 
n=A:K. Then every irreducible representation of A has finite degree. If dj = Vj: K 
denotes the degree of T;, we have 


(20) d; = n;(D;: K) = nj s? (Ki: K), 


where s; is the Schur index of D;. We also have 


k 
(21) n=) \n} s}(K;: K). 


i=1 
The first assertion follows from (b), the second and third from (d). 


(h) For 1 <i <k, let x; be the character of 7;. Then 
(22) xi(e;) = Vi: K =d; and xj(ei) =0 for 7 Fi. 


By part (e), the regular character p = x 4 is given by 


k 
(23) p= Dd onixi- 
i=1 


If x is any irreducible character of A, we have x = x; for some 1 <i < k, again 
by (c). 


(i) Now assume for the time being that K has characteristic 0. In view of (a) and (c), 
it follows easily using (22) that two representations (of finite degree) of A having the 
same character are equivalent; in other words, two A-modules V and W satisfying 
Xv = Xp are equivalent. Up to equivalence, then, in the characteristic zero case a 
(finite-dimensional) representation of a semisimple finite-dimensional K-algebra A 
is fully determined by its character! 


All the statements in F11 hold, in particular, for the group algebra A = KG of a 
finite group G of order n over a field K such thatn € K*. 


Remarks. (1) For a semisimple group algebra A = KG, let A; (say) be the simple 
component belonging to the trivial representation of KG, so V; = K and hence 
D,=K~ A, and n; = 1. By FI1(e), therefore, the trivial representation of G ap- 
pears exactly once in the regular representation of KG. The unique one-dimensional 
trivial submodule of KG is in fact KNg, with Ng as in Definition 7. 
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(2) For any group G we have (KG)° ~ KG, since the self-map g +> g7! of G 
defines, when extended by linearity, an isomorphism ¢ from KG onto (KG)°. But 
note that if A; is a component of a semisimple group algebra A = KG, it is not 
always the case that Ao ~ A;; only that there is an involutive permutation t of 
{1,2,...,k} such that A? ~ A; for t(j) =i and Ao ~ Aj # A; for ti) = j Fi. 
For A = KG, we obtain from (16) the isomorphism 


(16’) Ax Mn,(D1) x Mn,(D2) x +++ Mn, (Dx). 


F12. Let A be a semisimple K-algebra. With notation as in F11, the following 
statements are equivalent if A: K < oo: 


(i) K is a splitting field of A. 
(ii) For every 1 <i <k, the representation T; is absolutely irreducible. 
(iii) For every 1 <i < k we have D; = K; = K (with the usual identifications); 
that is, the simple components A; of A are central-simple K-algebras that split 
over K. 


(iv) A ~ Mn, (K) X Mn, (K) x +++ Mn, (K). 


If n = A: K is the dimension of A over K, which we have assumed finite, these four 
statements are also equivalent to each of the following: 


k k 
(v) Yi KY =n, (vi) in} =n; (vii) dj =n; for 1<i<k. 
i=1 i=1 


Proof. Since Vi, V2,..., Ve form a system of representatives of simple A-modules, 
the result follows via F5 from parts (d) and (g) of F11. 


Specializing F12 to group algebras, we obtain for any finite group G a character- 
ization of the splitting fields K whose characteristic does not divide the order of G. 


F13. [f K is a splitting field of a finite group G of ordern € K*, every extension L 
of K is a splitting field of G. 


Proof. From F12(iv) we get LG ~ KG @KL ~ Mp, (L)x---x Mn, (L). 


F14. If A is a semisimple K-algebra of dimension n over K, there is equivalence 
between: 


(i) A is commutative and K is a splitting field of A. 
(11) Every irreducible K-representation of A has degree |. 
(iii) A has exactly n inequivalent irreducible K-representations. 
Since a group algebra KG is commutative if and only if G is commutative, this result 


remains true if A is replaced by a group G of ordern € K*. 


Proof. Suppose (ii) holds. By (20) we have n; = | and D; = K; = K for alli. By 
F12, therefore, K is a splitting field of A, and A is isomorphic to K x K x---x K, 
and hence commutative. This shows (i) and (iii). 
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Now assume (iii). By (21) and (20), all the d; equal 1, which shows (ii). 
Suppose (i) is satisfied. Then all the n; in F12(iv) equal 1, which implies that 
n =k. That shows (iii). 


Theorem 2. Let G be a finite group of order n, and K a field withn € K™. If G 
has, up to equivalence, precisely k = k(G, K) irreducible K-representations, and if 
h is the number of conjugacy classes of G, then k <h. The following conditions are 
equivalent: 


(i) kK=h; (ii) Zx(G):K=k; 
(iii) Z(KG): K =k; (iv) Z(KG)~ Kx Kx:--x K. 
If K is a splitting field of G, these four conditions always hold. 


Proof. By F3, the center Z(KG) of KG has dimension / over K. Then (17) implies 
that k < h, as well as the equivalence of (i)—-(iv). If K is a splitting field of G, it 
follows from F12 that condition (iv) hold. 


Note that condition (iv) amounts to K being a splitting field of the commutative 
algebra Z(KG). 


Theorem 3. Let A = KG be the group algebra of a finite group G of order n over a 
field such that n € K*. For each simple component A; of KG (see the notations of 
F11), the unit element e; can be expressed in terms of the irreducible character x; 
and the invariant n; of A; by the formula 


Nj Z 
(24) a=—)> ule dg. 
nN 
geEG 


In particular, nj € K*. Observe that if K is a splitting field of G, the invariant nj is 
the degree of the corresponding absolutely irreducible representation. 


Proof. Write e; = xed daxX, With a, € K. For each g € G we have gle; = 


>. axg ‘x. Applying the regular character p we obtain, by (7), 


p(g ei) = ) axp(g7!x) = agp(1) = Nag. 

x 
On the other hand, (23) says that p(g~'e;) = >> njx;(g~ ei) = nixi(g tei) = 
nixi(g '), because g~'e; € A; and xj(Ai) = 0 for j Ai (see item (c) in F11). 
Hence nag = n;xi(g~!), which proves (24). 


Theorem 4 (Orthogonality relations). With the same assumptions and notation as in 
Theorem 3 we have, for each g € G, 


(25) L , xi (xg) xj (x71) = + xi(g) for i=j, 
a = 0 for iF j. 
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Proof. We know that e;e; = 5;;e; for all 7, 7. Multiplying together two instances of 
(24) yields, thanks to (4), 


ere; = = “L y (x nitxe xj") g. 
g x 


The validity of (25) follows by comparing coefficients. 


F15. Let G be a finite group of ordern € K™. Let m be the exponent of G (the least 
common multiple of the orders of elements of G). If K contains a primitive m-th root 
of unity $m, then K is a splitting field of the center Z( KG) of KG, so the equivalent 
conditions is Theorem 2 are satisfied. 


(In actuality K is a splitting field of G as well, but for char K = 0 we will only 
be able to prove this at the end of the chapter.) 


Proof. Let L be an algebraic closure of K. Then L is certainly a splitting field 
of G (see F5). Let e;,...,e, be the primitive central idempotents of LG. By 
Theorem 2, / is the class number of G. Now apply Theorem 3 to LG and use F4, 
to conclude that the assumption 6, € K implies e; € KG. Hence KG contains the 
(central) subalgebra Ke, x--- x Key. Since Z(KG): K = h, therefore, we have 
Z(KG) = Ke, x---x Key ~ KX---X K. 


F16. Let G be a finite group of order n. If K is a field of characteristic p > 0 
not dividing n, the equivalent conditions of Theorem 2 suffice to imply that K is a 
splitting field of G. 


Proof. Since the coefficients of the primitive central idempotents e; of KG are 
algebraic over the prime field F, of K —this by virtue of (24) and F4 — they all lie 
in a subfield F of K of finite degree over Fp. All the e; lie in FG. By assumption, 
there are / of them, where / is the class number of G. As before, it follows that 
Z(FG) = Fe; x---x Fe, ~ F x---x F. But F is a finite field, so Wedderburn’s 
theorem (Chapter 29, Theorem 21) and F12 together say that F is a splitting field 
of G. Hence the extension K of F is also a splitting field of G (see F13). 


Theorem 5. Let G be a finite group of exponent m. Every field of characteristic 
P > O containing a primitive m-th root of unity is a splitting field of G. 


Proof. Clearly p does not divide m, much less the order n of G. Now use F15 and 
F16. 


Now we examine more closely the remarkable formula in Theorem 4. For g = | 
we obtain 


1 = di 
(26) a ~ Xi(x) Xi (x ty = ol: 
xEeG 4 


This motivates the following: 
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Definition 8. Let G be a finite group of order m and K a field such that n € K™. If 
tf. g € ZxkG are class functions, set 


_l ged 
(27) £@ =— df). 


xEeG 


The map <¢,) :ZxGx ZxG — K is obviously a symmetric bilinear form. By (26) 
the characters x1, X2,..., Xx are all orthogonal with respect to it. 
F17. Let the assumptions and notation be as in Definition 8. 

(a) The symmetric bilinear form <¢ ,) on ZKG is nondegenerate. 

(b) The characters x1,....Xx% forma K-basis of ZxKG if and only ifk =h. 


(c) If K is a splitting field of G then x1,...,X% form an orthonormal basis of 
ZKG. 

(d) If <xi,. Xx = 1 for 1 <i <k (that is, if the x1,..., X~ are orthonormal) and 
char K = 0, then K is a splitting field of G. 


Proof. (a) Take anonzero f € ZxG. There exists y € G such that f(y~!) £0. If ky 
is the class sum of y, seen as an element of ZxG, we have <ky, f>) = tef(y7), 
where c is the number of elements in the conjugacy class of g. But c divides n, so 


(ky, f> #0. 

(b) Suppose & =h. By Theorem 2 and (20), the degrees d; of the x; equal dj = niS?, 
so we get from (26) the relations 

(28) (Xi Xi? = 875i. 

This implies the linear independence of the x; (recall from F16 that in nonzero 
characteristic the s; equal 1). 

(c) If K is a splitting field of G, all the s; equal 1. 


(d) Together with (26), the assumption implies that d; = n; for all i. By F12, then, 
K is a splitting field of G. 


F18. Let G be a finite group of order n and K a field such thatn € K™. If xy. Xp 
are characters of G corresponding to the KG-modules V and W, we have 


(29) (Xp Xp = dimx Homxe(V, W). 


Proof. We consider the KG-module M := Homx(V, W), with character yy. By 
(14) we have 


1 5 G 
— Do XX) = dime M , 
x€EG 


This yields the claim, because Mo= Homxgg(V, W) and Xu) = Ke Vee 
for all x € G: see (13) and F8. 
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Remark 1. Applying (29) to irreducible modules V, W, we obtain a new proof of 
the orthogonality relations (26) (compare also item (d) and (20) in F11). Naturally 
one can work the other way around and prove (29) from (26), since both sides of 
(29) behave bilinearly in V and W. 


Remark 2. Let G and K be as in F18 and let x1,..., xx be all the irreducible 
K-characters of G. In view of (26), the x; form a Z-basis of the character ring 
XxK(G) of G if none of the degrees d; is divisible by char K (and in particular if 
char K = 0). 


F19 (Dual orthogonality relations). Let K be a splitting field of a finite group G of 


order n, wheren € K*. If x1,..., X are the irreducible K-characters of G, we have 
fora,beG 
h ‘ 
: ne (a) if la] = [4]. 
(30) i(a~') 1) ={ 
2, aK 0 if lal Az TL 


i=1 
Here ng (a) is the order of the centralizer Zg(a) of ain G. 


Proof. Let c=n/ng(a) be the number of elements in the conjugacy class [a]. Since 


X1;--+>Xn form an orthonormal basis of Zz G, the class sum kg can be written as 
h h 
c = 
(31) ka =) ka, Xi Xi =D) Kila orc 


i=1 i=1 


Now substitute an arbitrary b € G to obtain (30). 


We end this section by taking a closer look at representations of abelian groups: 


F20. Let G be an abelian group of order n and exponent m. Let K be a field such 
that n € K*, C an algebraic closure of K, € a primitive m-th root of unity and G* 
the set of homomorphisms 4 : G + C%. Since every irreducible C-representation 
of G has dimension one (F14), the elements of G* are precisely the irreducible 
C-characters of G (which in turn are C-representations of G). Since k = h =n, 
the set G* has precisely n elements; moreover G* is an abelian group with respect 
to multiplication of characters. The elements of G* only have values in the cyclic 
subgroup <e> of C*. We call G* the character group of G (see Section 14.2 in 
vol. I). For A € G%*, let 


(32) K(A) = K(AG) € K(e) CC 


be the intermediate field of C/K obtained from K by adjoining all the A(g), for 
g €G. The map T defined by 


(33) T(x)=A(x)xka) forx eG, 
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where the right-hand side is multiplication by A(x), is obviously a K-representation 
of G; we also denote it by 7). The corresponding character x = x, satisfies x(x) = 
TrA(x)xay = Sxay/K(A(x)), that is, 


(34) i=) "=> 


where o runs over the Galois group of the Galois extension K(A)/K and A° is 
defined by 1° (x) = A(x). Thus, if we set 


(35) Spx (A) = DUA", 


we have the following results: 


(a) For every h € G*, Spx (A) is the character of an irreducible K-representation of 
the abelian group G. The representation (33) really is irreducible, because for every 
nonzero a € K(A) we have T(KG)a = K(A)a = K(A). 


Now let KG = K, x---x Kx be the decomposition of KG into simple compo- 
nents. Since KG is commutative, all the K; are fields. Let e;,...,e, be their unit 
elements, and set 

Ni(x) = xe; € Kj forx €G. 
Further, define 7;(x) = A;(x)x, for x € G; then 7T),..., 7, form a system of 
representatives of the irreducible K-representations of G, by Fll(c). Moreover 
K; = K(A;(G)). But each K; is isomorphic over K to a subfield of K(e) C C, so: 


(b) Every irreducible K-character of an abelian group G is of the form Spx (A), for 
A€G*. 
3. We set up the conventions for all of this section: 


Assumptions and notation. Let G be a finite group of order n. Let K be a field 
of characteristic zero and T an absolutely irreducible representation of G ina K- 
vector space V, with character x and degree d = x(1). Set 


(36) Z=Z(G),_ the center of G. 


Since T is absolutely irreducible, Endxg(V) = K idy (see F5, for example). Thus 
the restriction of T to the center Z( KG) of the group algebra of KG has the form 


(37) T(x) =A(x)idy for all x € Z(KG), 


for some homomorphism A : Z(KG) — K. Hence the class sum kg of an elements 
g €G satisfies 

T(kg) = (kg) idy, 
which shows that x(kg) = dA(k,). Letting C be the conjugacy class of g in G, 
we therefore obtain 


Cc 
(38) Mike) = A), 


where |C| is the cardinality of C and x(C) is the common value of x(yv) for y EC. 
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F21. Let the assumptions be as just stated. For every conjugacy class C of G, the 
element (|C|/d) x(C) of K is integral over Z. 


Proof. The product kc, kc, of two class sums is obviously a linear combination of 
class sums kc of G with integer coefficients. All these linear combinations form 
a Z-subalgebra A of the Z-algebra Z(KG). Since A is finitely generated as a Z- 
module, all the elements of A are integral over Z (see §28.8 on p. 323). In particular, 
each kc is integral over Z, and so is its homomorphic image A(kKc). Now a glance 
at (38) justifies the conclusion. 


Theorem 6. Under the preceding assumptions, the degree d of x divides the order n 
of the group G. 


Proof. For every g € G, the value x(g) is integral over Z (see F4 again). Because 
of F21, this implies that 


C 
(39) y onc”) is integral over Z, 
C 


where the sum is over all the conjugacy classes C of G; note also that, if C is the 
conjugacy class of g, then C7! = {y~! | y € C} is the conjugacy class of g~!. But 
the expression in (39) is none other than n/d, by (29). Being integral over Z and a 
rational number, ”/d must in fact be an integer. 


A stronger result than Theorem 6 holds: 


Theorem 6’. Under the same assumptions, the degree d of x divides the index G: Z 
of the center Z of G. 


Proof. For g € G and z € Z we have T(zg) = T(z)T(g) = A(z)T(g), by (37); it 
follows that 


(40) X(zg) = A(z) x(g). 


As the reader can easily check, the representation T can be assumed to be faithful, 
meaning that its kernel is trivial. Now use, as above, the relation 


nN 


1 
(41) 5 =D IClxOx(C~. 
Cc 


If C is the conjugacy class of g, the conjugacy class of zg is zC, for any z € Z. 
By the faithfulness assumption, if x(C) is nonzero, zC and C can only coincide if 
z= 1. Thus, if C,,...,C, form a complete set of representatives for the operation 
of Z on the conjugacy classes C of G, the right-hand side of (41) can be written as 


(Z:1))> 
i=1 


eal Arak ait 
7 x(C)x(G ). 
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But then F21 says that the rational number 


n |i 
d Z:1 


is integral over Z, that is, an integer. Thus d divides G: Z. 


F22. Let x be the character of a representation T of a finite group G in a C-vector 
space V of dimension d = x(1). 
(a) For every x € G, the absolute value of x(x) satisfies |x(x)| < d, and equality 
obtains if and only if T(x) is a homothety ¢idy. Thus 


ker T = {x €G| x(x) = d}. 
(b) Let g € G. If x(g)/d is integral over Z, then |x(g)| =d or |x(g)| = 0. 


Proof. (a) We have x(x) = €1 + &€2 +-::+ gq, where the ¢; are roots of unity in 
C. By the triangle inequality this implies |y(x)| < d, and equality only holds if 
€| = &) =-:- = €q, that is, if T(x) = eidy; for one can assume to begin with 
that T(x) is a diagonal matrix, since the restriction of T to the cyclic group <x) is 
semisimple (see F6). 


(b) Suppose x(g) 4 0. Like x(g), all the conjugates of x(g) over @ are d-fold 
sums of roots of unity, so all have absolute value at most d. Thus all the conjugates 


OF aera a, of the number a := x(g)/d have absolute value at most 1. But we know 
that if w is integral over Z, the product dg := a1 @2 ...@, is anonzero integer. Hence 
1 <|do| <|o1||a2|...|a-| < 1, that is, |a;| = 1 for alli. In particular, | x(g)| =d. 


Lemma. Let x be an irreducible C-character of a finite group G, and C a conjugacy 
class such that x(C) # 0. If |C| is relatively prime to d = x(\), then |x(g)| = d for 
allg eC. 


Proof. By assumption there exist a,b € Z such that a|C| + bd = 1. Multiplication 
by x(C)/d gives 
, {Cl x0) 
d d 
From F21 we see that the left-hand side is integral over Z; the same being true of 
the other side, the claim follows using F22(b). 


x(C) + 5x(C) = 


Theorem 7 (Burnside). /f a finite group G contains a conjugacy class with p”™ 
elements, where p is prime and m > 0, then G has a nontrivial normal subgroup. 


Proof. Let C be such a conjugacy class, and let x, = 1@, X, ---, X;, be all the 
irreducible C-characters of G. By (30) we have 


1+ X,C0)xX2(C) +++ +X, XA(O) = 0. 


Dividing by p we conclude that for some i > 2 the quotient x;(1)x;(C)/p is not 
integral over Z (otherwise 1/p would be integral); we fix such an 7. The theorem’s 
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assumption implies that |C| is relatively prime to d; = x; (1); moreover, x;(C) # 0. 
The Lemma then says that 


(42) Ix (C)| = di. 


Let 7; be a representation with character x;. If 7; is not faithful, ker 7; is a nontrivial 
normal subgroup of G, and we’re done. If 7; is faithful, F22 implies that the set 


N = {geG||x,(@)|=4} 


is the center of G. By (42), N contains C, and so is distinct from {1}. The case 
N = G is excluded because |C | > 1. Hence G has a nontrivial normal subgroup. 


This is a remarkable group-theoretical application of representation theory. It 
has a famous consequence: 


Theorem 8 (Burnside’s Theorem). Any group G of order p%q?, where p and q are 
prime, is solvable. 


Proof. We can assume that G is neither abelian nor a p-group. By induction on the 
order of G, it suffices to show that G has a nontrivial normal subgroup J, since 
the solvability of N and G/N implies that of G. 

Let Q be a Sylow q-group of G. Being a nontrivial g-group, Q contains an 
element g 4 | that commutes with everything in Q; thus the centralizer of g in G 
contains Q. This means the number of elements of the conjugacy class C of g in 
G divides G: Q, and so has the form p”. If m = 0, then g is central in G and 
generates a normal subgroup; if m > 0, the claim follows from Theorem 7. 


4. In this section, G is a group and H is a subgroup of G. 
Any KG-module V is (by restriction) also a KH-module; when necessary we 
denote this KH-module by 
resy(V). 


Let 7 is the corresponding representation of G and—if V:K is finite —let x be 
its character. The representation Ty associated with resy(V) is the restriction of 
T to KH, and its character is the restriction resy (x) of x to KH (or to H). 


Definition 9. Let V be a KG-module, and assume that, as a K-vector space, it has 
a direct-sum decomposition 
v=@w 


iel 
into subspaces W; that are permuted transitively by G (meaning that for any g € G 


and any W; there exists W; such that gW; = W;, and for any W; and W; there 
exists g € G such that gW; = W;). Now fix one of the summands, say W, and set 


H=({geG|gw=W}. 
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Any family (g;);ez such that W; = g;W is a set of unique representatives for the 
left cosets gH of G mod H. Thus 


(43) V=QDaw= @ ow. 
ie peG/H 


In this situation we say that the KG-module V is induced by the K H-module W, and 
also, if V :. K <on, that the character xy is induced by xw. Now one reads off from 
(43) the relation between the K-dimensions: dim V = (G: H) dim W. Moreover, if 
the KG-module V is irreducible, so is the KH-module W. 


Definition 10. If W is any KH-module, we set 
(44) ind? (W) := KG @xu W; 


compare §28.9. (Note that KG is canonically a KH-right module.) Hence ind? (W) 
has a natural KG-module structure, characterized by g(x ® w) = gx ® w (which 
makes sense because g(xh) ®w = (gx)h@w = gx @hw). 


F23. A KG-module V is induced by a KH-module W if and only if the natural map 
(45) KG ®xkyW->V 
is an isomorphism (of KG-modules). 


Proof. The map (x, w) xw from KG x W to V is balanced in the sense of §28.9, 
so it gives rise to a K-linear map (45), characterized by x ®@ w +> xw. This map is 
clearly KG-linear. If (g;)jez represent the cosets of H, we have 


KG ®@®xky W = (® wiKH) @kHtW= QD gi(KH @xuH W). 
i i 


Thus every element in the module (44) has a unique representation in the form 
>; gi ® wi, with w; € W. Hence (45) is an isomorphism if and only if (43) holds. 


We see in addition that the KG-module KG ®xy W is induced by the KH- 
module W; = {1 @w | we W}~ W. Together with the foregoing, this yields: 


F24. For every KH-module W there exists a KG-module V induced by W, and this 
module is unique up to isomorphism. 


Remark 1. Let W be a KH-module and V a KG-module. There is a natural 
isomorphism of K-vector spaces 


(46) Homgy(W,resy V) ~ Homgg (indg, W,V) 
and a natural isomorphism of KG-modules 


(47) ind? W @xV ~ indg (W @x res V). 
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Indeed, let’s assign to f € Homgg(KG ®xxy W, V) the map 
W — HomxG(KG, V), 
wre (xr f(x @w)). 


Then there is an isomorphism between Homgyy (W, Homxg (KG, V )) and the right- 
hand side of (46). Taken together with the isomorphism Homgg(KG,V) ~ V 
defined by st» s(1), this yields (46). For (47) we observe that a natural isomorphism 
(KG ®xyH W) @kV ~ KG ®xx (W ®xV) of KG-modules is obtained by the 
prescription (g¢ @ w) @vuH% g@(w@g!'v). 


Remark 2. Let G be a finite group of order n, K a field such that n ¢ K*, W 
an absolutely irreducible KH-module and V an absolutely irreducible KG-module. 
By (46), V appears in indS W with the same multiplicity as W inresy V. This fact 
is known as Frobenius reciprocity. 


F25. Induction is transitive: If U is a subgroup of G and H CU, every KH-module 
W satisfies 


(48) indf, (W) = indg (indy (W)). 


Proof. The isomorphism KG @xy W ~ KG@xyu(KU ®xy W) is an isomorphism 
of KG-modules. 


Definition 11. Let G be finite and suppose the order of H is not divisible by char K. 
Define a map ind& : ZK H — ZxKG on class functions by setting 


1 
(49) indy (W)(x) = 77 Yo vor ixy), 


yeG 
with the stipulation that y(y~!xy) is 0 if yxy € H. 
The reason for this definition lies in the next result: 


F26. In the situation of Definition 11, if a KG-module V is induced by the KH- 
module W and V: K < o, then xy = indS (yw). 


Proof. As a K-vector space, V is a direct sum @ g;W, as in (43). Choose bases 
for each subspace g;W and combine them together into a basis of V. For x € G 
we have 

xgiW = Six) W, 
for a unique index i(x). This index equals i if and only if Be se € H. Since for 
i(x) #7 there is no contribution to the trace yy (x), we obtain 


Xy(x) = > Tr(xg,w), 


g; 'xgieH 


L 


where the sum is over all 7 such that g;'xgi € H. Since g; gives rise to a K- 
isomorphism W — g;W, we then have Tr(x¢;w) = Tr((g; 'xgi)w) = Xw(g; !xgi) 
for the 7 in question. The claim follows, because (gjh)~!x(gih) = h7'(g7'xgi)h 
for all h € AH (and Xp 1s a class function on #7). 
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F27. Let G be finite of ordern € K™. For every gp € ZxG and € ZK H we have 


(g, ind§ (h)) g = <resx(y). Ww. (50) 
gy ind? (w) = ind? (resy(¢) W). (51) 


As a consequence of (51), ind (XxH) is an ideal of the ring Xx(G). 


Proof. The two equations can be verified by a direct computation starting from the 
definition in (49). They can also be proved conceptually: By enlarging K, one 
can assume that every class function on G and H is a K-linear combination of K- 
characters (see F17 and F15). Thus g and y can be assumed to be K-characters. 
Now (50) follows from (46) via (29), and (51) follows from (47). 


F28 (Clifford’s Theorem). Let V be an irreducible KG-module with V: K < o, 
and let N be anormal subgroup of G. Then V is semisimple as a KN-module, and 
we are in one of two cases: 


(a) The KN-module V is isogenous. 


(b) There is a subgroup H of G satisfying N © H # G and such that V is induced 
by an irreducible KH-module W. 


Proof. Normality comes in as follows: If U is a KN-submodule of V, so is gU. 
If U is irreducible, so is gU; if U; and U2 are isomorphic KN-submodules, so are 
gU, and gUp. 

Because it has finite dimension over K, the KN-module V admits an irreducible 
submodule U. Since V is irreducible as a KG-module, it is the sum of its sub- 
modules of the form gU. Hence, as a KN-module, V is semisimple (see F6 in 
Chapter 28). Now let W be an isogenous component of the KN-module V. Then 
gW is also one, for every g € G. Since the KG-module V is irreducible, V is 
the sum of the components gW. But the KN-module V is the direct sum of its 
isogenous components. Thus, if we set H = {g € G| gW = W}, the KN-module 
V is induced by the KH-module W. Moreover N C H. If V = W, we are in case 
(a); otherwise, we have H ¥ G and (b) is satisfied. 


Theorem 9 (Ito’s Theorem). /f char K = 0, the degree of an absolutely irreducible 
K-representation T of a finite group G divides the index of every abelian normal 
subgroup A of G.! 


Proof. Clearly we can assume that K is algebraically closed. We then proceed by 
induction on ord(G). If we’re in case (b) of F28 with N = A, we can assume by 
induction that the dimension dimgx W divides (H: A), so the degree in question, 
deg T = (G: H) dimgx W, divides (G : A). Now suppose we’re in case (a) instead. 
Since every irreducible K-representation of an abelian group A is one-dimensional, 
T is given by T(a) = A(a) idy for some character 4 of A, and in particular T(A) 
is contained in the center of 7(G). Therefore the degree of T is a divisor of 
T(G):T(A), by Theorem 6’, and so surely it divides G: A as well. 


' Tn fact the weaker assumption ord(G) € K* suffices; see Huppert, Endliche Gruppen. 
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Definition 12. A finite group G is called supersolvable if there is a sequence | = 
No CN; C-::C N, =G of normal subgroups N; of G such that all the quotients 
N;/Nj-1 are cyclic. 


Remark. Like solvability (which requires merely that N;-; be normal in Nj), 
supersolvability is inherited by subgroups and quotient groups. Every finite p- 
group is supersolvable, as is of course any finite abelian group. (Compare with F1 
in Chapter 15 of vol. I.) 


Theorem 10. Let G be a finite group of order n and K an algebraically closed field 
such thatn € K™. If G is supersolvable, every irreducible K-representation of G is 
monomial, that is, induced by a representation of degree |. 


Proof. We can assume the given JT : G > GLx(V) is faithful. If G is abelian, 
T is already of degree 1; hence assume G is not abelian. Then G has an abelian 
normal subgroup A not contained in the center Z of G. (To see this consider the 
group G = G/Z # 1. Since it too is supersolvable, it has a cyclic normal subgroup 
A #1. The inverse image A of A in G is a normal subgroup of G not contained 
in Z, and it is abelian because it is a cyclic extension of a central subgroup.) Since 
T is faithful, 7(A) is not in the center of 7(G), so the KA-module V cannot be 
isogenous. Hence we are in case (b) of F28 with N = A, and T is induced by an 
irreducible K-representation of a proper subgroup H of G. By induction on n this 
suffices to prove the theorem. 


5. We saw in Theorem 10 that every irreducible C-representation of a supersolvable 
group is monomial, that is, induced by a one-dimensional representation. This is 
not necessarily the case if the finite group G is not supersolvable. But as R. Brauer 
recognized, every C-character of G is at least a Z-linear combination of characters 
of monomial representations. This fact is very important in group theory and also 
plays a role in number theory, where the question originally arose. 


Here is the set-up for the rest of this section: 


Assumptions and notation. Let G be a finite group of order n, and m a common 
multiple of the orders of the elements of G (for instance, the order or the exponent 
of G). Let K be a field of characteristic zero, ¢ a primitive m-th root of unity in 
an algebraic closure C of K, and R = Z[e] the subring of C generated by «. Next, 
given a subgroup H of G, 


let X¥x(H, R) be the ring of R-linear combinations of K-characters of H. 
Finally, let p be a prime number and 
(52) r= pPOny, 


the decomposition of n, the group order, with respect to p. Note that passing from 
Z to R= Z{[e] in the definition of Xx (H, R) is practicable, because the values of all 
characters of H lie in R. The ring X¥x(H, R) contains the character ring Xx (H) 
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of H as a subring; see (11). Now, the totality of irreducible K-characters of H, say 
X1,---,Xk, forms an R-basis of Xx (H, R), because they form an orthogonal basis 
relative to the symmetric bilinear form <,> on Xx(H, R) C Zc H. And obviously 
indS (Xx (H, R)) © Xx(G, R). 


Theorem 11 (Artin’s induction theorem). For every K-character x of G there are 
cyclic subgroups A,,..., Ay of G and irreducible K-characters &; of the Aj such that 


(53) nx = Y° aj indG (&), 


i=1 


for appropriate a; € Z. 


Proof. (a) For any cyclic subgroup A of G, consider the function y4: A> ZC K 
defined by 


|A| if <x) =A, 
0 otherwise. 


(54) yA(xX) = 


Set yj = ind$ (ya). By definition, for any x € G we have 


1 


= FT >> var xy) = |{y €G | (yxy = A}. 


yeG 


Summing over all A yields }° 4 yj (x) =|G| =n, because every y € G determines 
a unique cyclic subgroup A with A = <y~!xy). Thus we obtain 


(55) nlg= > ind? (v4). 
A 
(b) Apply (55) to a fixed cyclic subgroup A of G, rather than G itself, to obtain 
[Al La = 0 ind4 (ya) = va + D> ind$ (ya), 


A AA 


where A’ runs over the cyclic subgroups of A. By induction on |A|, this shows that 
ya € Xx(A) is a generalized K-character of A. 


(c) Now just multiply (55) by x to get 
(56) nx =>) ind§ (Wa). 
A 


with W4 = res? (x) v4 € XK (A) by (51). Decomposing each wy into irreducible K- 
characters of A yields the conclusion of the theorem in the form of (53); of course 
the A; in that expression are not necessarily distinct. 
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Definition 13. For every o in the Galois group G(K(e)/K), there is a unique 
associated 7 = jg € (Z/mZ)”* satisfying 


(57) o(¢)=¢/ for all m-th roots of unity ¢ in K(e). 


The assignment 0 +> jg identifies G(K(e) /K) with a subgroup of (Z/mZ)*. When 
necessary, we write the o described by (57) as oj. For every x € G we can then set 


(58) x? = x, 


We say that x, y € G are K-conjugates if there exist z € G and o € G(K(e)/K) 
such that 


(59) x? =z yz, 


We then write x© y. This clearly defines an equivalence relation on G, whose 
classes are the K-classes of G. If e € K, the K-classes are just the usual conjugacy 
classes. If K = Q, two elements x, y are K-conjugate if and only if the cyclic 
groups <x) and <y) are conjugate, since G(Q(¢)/Q) = (Z/mZ)* (Gauss). 


F29. Any K-character x is constant on any K-class of G. 


Proof. It suffices to show that x(x/) = x(x) foro = oj; € G(K(e) /K) and for every 
x €G. Let x be the character from the K-representation 7’, and let ¢;,...,€g, with 
d = x(\), be the eigenvalues of T(x). The ¢; are m-th roots of unity, and we can 
write x(x/) = Tr T(x)/ = jel =>5 ef = x(x) = x(x), because x(x) € K. 


F30. Let the function f :G — R be constant on the K-classes of G. Then 
(60) nf =) indG (Wa) for some Wa € Xx (A, R), 
A 


where the sum is taken over all cyclic groups A of G. In particular,nf € XK(G, R). 


Proof. Multiplying (55) by f we obtain (60) with yw4 = y4-res4(f), where we 
still have to show that 4 € Xx(A, R). Let W4 = }°, aA be the decomposition 
of ya into the absolutely irreducible C-characters 4 of A. Since the values of W4 
lie in (A: 1)R, all the a, belong to R. Now, for any o = oj we have W4(x) = 
Wa(x?) = Y°, ay, A(x)*. Thus conjugate A’s occur in y4 equally often; hence y,4 
is a linear combination of traces Trg (A;) of certain )’s, and with coefficients in R 
to boot. The conclusion now follows from F20(a). 


F31. On the cyclic group A = <a) , consider the function Eq : A — Z defined by 


|A| ifx ~ ain A, 


0 otherwise. 


(61) Ea(x) = 


Then &q is an element of XK(A, R). 
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Proof. We have &¢ = (A: 1)f for some f : A > Z. The assertion then follows 
easily from F30, applied to the group A in place of G. 


Recall that a group G is a semidirect product of two subgroups N and V, of 
which N is normal in G, if G= NV and NOV = 1. 


Definition 14. A subgroup H of G is called K-elementary (for the prime p) if 1 
is the semidirect product of a cyclic group A with a Sylow p-group P of H, and 
for every y € P there exists 0 € G(K(e)/K) such that 


(62) y 'xy=x? forallxeA. 


If it is always possible to choose o = | in (62) — equivalently, if H is a direct product 
of A and P—we call H elementary. If ¢ € K, every K-elementary subgroup is 
elementary. 


F32. If H is K-elementary, every K-representation of A can be extended to a K- 
representation of H. 


Proof. It suffices to show that every irreducible K-representation T of A on H can 
be extended. By F20 we can imagine that T = Tj, is given in the form (33). Take 
y € P. By assumption there is a corresponding o € G(K(e)/K), such that (62) 
holds for all x € A. We define T(y) as the restriction of o—! to the subfield K(A) 
of K(e); this is independent of the choice of o. Clearly T is multiplicative on P, 
and one can check easily that 


(63) T(v) 'T(x)T(y) = T(x’) forxe A. 


Thus, if we define T(xy) = T(x)T(y), we obtain a K-representation T of H 
extending the given representation of A. 


We say an element of G is p-regular if its order is relatively prime to p. 


F33. Let a € G be p-regular, and denote by N& (a) the set of y € G for which there 
is 0 € G(K(e)/K) such that equation (62) holds for all x € A = <a). Let P be 
a Sylow p-group of Ne (a), and set H = AP. (Obviously, H is a K-elementary 
subgroup of G.) 
There exists w € Xx (H, R) such that g = indG (w) satisfies these properties: 
(i) g(a) = NE (a): P £0 mod p. 
(ii) g(b) = 0 for any p-regular element b of G that is not K-conjugate to a. 


Proof. We start with the function &, € Xx (A, R) in (61). By F32, & can be extended 
to a function w € Xx(H, R). For any b € G we have 


1 


64 b) = — 
(64) g(d) i 


Yo vot by). 


yeG 
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Now, if 5 is p-regular, the same is true of its conjugate y~'by. Thus the condition 

y 'by € H implies y~'by € A and hence w(y~'by) = &a(y~!by). Therefore, if b 

is not K-conjugate to a, it follows by the definition of &, in (61) that y(b) = 0. 
Next apply (64) to b = a, to obtain 


1 
|7| 


g(a) = 


INE (a)| |A| = NE (a): P £0 mod p. 


Before we come to the main result of this section, we need some preparation: 


Lemma. For x € G let x = x;Xs be the decomposition of x into a p-regular com- 
ponent x; anda p-component Xs. For every character x of a representation T of G 
we have 


(65) x(x) = x(x;) mod t, 
were t/pR is the radical of the Z/pZ-algebra R/pR. 
Proof. Let €1,...,€¢, where d = x(1), be the eigenvalues of T(x). For every p- 


power q we have x(x?) => ze = O: ei)" = x(x)4 mod pR; analogously, x(x7) = 


x(x;-)4 mod pR. At the same time, for large enough p-powers g we have x? = x/, 


so we get 


x(x)? = x(x)? mod pR,  thatis, (x(x) — x(x,))? = 0 mod pR. 


But the radical of R/pR contains all nilpotents, so x(x) — x(x;) € t as needed. 


Theorem 12 (Brauer—Witt induction theorem). Every K-character of G is an integer 
linear combination of induced K-characters of K-elementary subgroups of G. In 
other words, if Ex denotes the set of K-elementary subgroups H of G, the homo- 
morphism 


(66) ind: @ Xx(H) > Xx«(G) 
HeExK 


given by the induction maps indG :XxK(H) > Xx(G) is surjective. (The domain of 
ind is the direct sum of the Xx (#) taken as abelian groups, not, say, the coproduct 
of the rings Xx(A).) 


Proof. (a) Denote by Yx(G) the image of (66) and by Yx(G, R) the image of the 
analogous map with Xx (#1) replaced by Xx(H, R), where R = Z[e]. Since the 
powers 1, ¢,¢?,...,¢4—!, where d = y(m), form a Z-basis of Z[s], they form an 


Xx (H)-basis of Xx (H, R) as well, and this for any subgroup H of G. Hence 
(67) Yx(G, R)NXxK(G) = Yx(G). 


Now, Yx(G) is an ideal of the ring X¥x(G) (see F27), so the theorem will be proved 
if we show that lg lies in Y¥x(G). By (67) this will be the case if lg € Yx(G, R). 
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(b) For a given prime p, let a1,d2,...,a; be unique representatives of all the 
K-classes of p-regular elements of G. By F33 there exists for every | <i <r 
some g; € Yx(G, R) such that g;(a;) € N is relatively prime to p and g;(a;) = 0 
whenever j # i. The sum g = )°; gP' lies in Yx(G, R), and in view of F29 
it satisfies g(x) = | mod pR for every p-regular element x of G. Now use the 
preparatory lemma to deduce that 


(68) g(x) =1modr forall x EG. 


(c) Take a € R. If w= 1 modr’, clearly a? = 1 mod t‘*!. So by replacing g 
in (68) by an appropriate power of ~, we obtain for a predetermined e a function 
~ € Yx(G, R) such that 


(69) O(x) =1 mod p’R_ forall x EG. 


In particular this holds for e = wy(n); see (52). Thus the function np(@ — 1g) has 
values in 1. R; that is, 


(70) Np(G— 1G) =nf 


for some function f : G > R, which is constant on K-classes of G because of 
F29. By F30, therefore, nf belongs to Yx(G, R), because cyclic subgroups are 
elementary, hence K-elementary, subgroups of G. Thus, like g, the function in (70) 
belongs to Yx(G, R), and it follows that 


(71) Np le € Yx(G, R). 


We derived (71) for an arbitrary prime p. But the greatest common divisor of the 
Np is 1, so 1 is an integer linear combination of the mp. Thus 1g € Yx(G, R), which 
proves the result by part (a). 


Theorem 13. A class function g : G — C is a generalized K-character of G if 
and only if for every K-elementary subgroup H of G the restriction resy (9) is a 
generalized K-character. 


Proof. Only the “if” part needs to be proved. By Theorem 12 we have 


1= )° ind§ (Wa) with WH € Xx(H). 
HeExK 


Multiplication by g yields g = 0 y ind& (On), with Og = resy(~) WH. Thus y 
lies in X¥x(G) whenever res7z(¢) lies in Xx (#7) for all H € Ex. 


Theorem 14 (Brauer). Every C-character of G is an integer linear combination of 
characters of monomial C -representations. 


Proof. This too follows from Theorem 12, using Theorem 10 and the obvious fact 
that an elementary subgroup H = A x P is supersolvable. 
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Definition 15. A C-representation JT of G (or its representation module, or its 
character x) is called realizable over K if there exists a K-representation Ty of G 
such that 7 is equivalent to ie, 


If Vo is the representation module for 7p, there must be an isomorphism of 
CG-modules V ~ Vo ®xC. As a function on G, x is also the character for Vo. 
In particular, the KG-module Vo is unique up to isomorphism. Further, if V is 
irreducible, Vp is an absolutely irreducible KG-module. 


F34. K is a splitting field of G if and only if every C -representation of G is realizable 
over K. 


Proof. (a) Let x1,..., Xx be the irreducible K-characters of G. If K is a splitting 
field of G, then k = fA, and x1,...,x% form an orthonormal basis of ZxG with 
respect to <,>. Thus every C-character x of G can be written in the form x = 
7; <x Xi Xi- But since x and x; are characters of C-representations of G, the 
numbers <x, x;> must be nonnegative integers. Hence x is a K-character, that is, x 
is realizable over K. 


(b) Now xX1,..-,X,” will denote the irreducible C-characters of G. If they are 
all realizable over K, they form an orthonormal set of K-characters of G. Since 
(Xi, Xi> = 1, each x; is an irreducible K-character. Hence x1,..., x, are all the 
distinct irreducible K-characters of G (see Theorem 2). Because they form an 
orthonormal set, K is a splitting field of G (see F17). 


Theorem 15 (“Schur’s conjecture”). Let m be the exponent of G. If K contains a 
primitive m-th root of unity, every C -representation is realizable over K, that is, K 
is a splitting field of G (see F34). 


Proof. Let x be any C-character. By Theorem 14, 
(72) x=) ajindf, (i) with a; €Z, 


I 
where the A; are C-characters of degree 1 on certain subgroups H; of G. Since 
the values of the A; are m-th roots of unity, they all lie in K by assumption. Thus 
A; is a K-character of H;, for every i. From (72) it follows that x € Xx (G); that 
is, x= >> ; 2jXj is an integer linear combination of the irreducible K-characters 
X1.---»Xxk of G, with coefficients b; given by (x, xj;>) = 5; <x;. Xj. Since x and 
the x; are proper characters, we must have <x, xj) = 0 and so also b; = 0. Therefore 
x is a K-character, and so realizable over K. 


34 
The Schur Group of a Field 


1. In this chapter we address the question of which simple algebras can occur 
as simple components of group algebras KG of finite groups over fields K of 
characteristic 0. 


Notation. Let G be a finite group, K a field of characteristic 0, C an algebraic 
closure of K, x an irreducible C-character of G. We denote by K(x) the subfield 
of C obtained by adjoining to K all values x(g) taken by x, for g €G. 


Suppose given an irreducible CG-module V. It gives rise to an irreducible 
C-representation 


(1) T :CG > Endc(V) 


of G (or of CG). The corresponding character x is a function on G (or CG) with 
values in C. Now consider the restriction 


(2) T : KG > Endc(V) 


of T to the group algebra of G over K. The image B = T(KG) in Endc(V) is 
a K-subalgebra of Endc(V). The group algebra KG is semisimple, so B, being 
a homomorphic image of KG, is isomorphic to a direct product of certain simple 
components of KG. We claim that B is in fact simple. To prove this we need 
only show that the center F' of B is a field. More precisely, we wish to prove that 
F = K(x), where we have identified elements a € C with the respective homotheties 
aidy € Endc(V). Since T is (absolutely) irreducible, the map (1) is surjective, so 
Endc(V) is generated by B and C. Therefore the center of B lies in the center of 
Endc(V); that is, FCC. 

It follows that, if an element x = )° agg of KG is such that T(x) is central 
in B, we have x(x) = dT(x), where d = dimc V. On the other hand, the value 
X(x) = Vag x(g) lies in K(x), so T(x) € K(x). Thus F C K(x). Conversely, if 
g is an element of G, we can take the class sum ke of g, which lies in the center 
of KG. Hence T (kg) is contained in the center F of B, and x(kg) = dT (kg). But 
X(kg) equals x(g) times the number of conjugates of g, so x(g) also lies in F. 
Thus K(x) € F. 
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F1. Associated to any irreducible C-character x of G there is a unique component 
B(x, K) of KG for which x(B(x, K)) is nonzero. The center of B(x, K) is K- 
isomorphic to K(x). Setting F := K(x) we have an isomorphism of F-algebras 
By, F) = BYy, K). 


Proof of the last statement. We have B(x, K)~ B= FB = FT(KG)=T(FG)~= 
B(x, F). In view of the K-isomorphism B(x, F) ~ B(x, K), then, we can make 
B(x, K) into an F-algebra in such a way that 


(3) By, F) =~ Bly, K) as F-algebras (where F = K(x)). 


In the sequel the K(x)-algebra structure of B(x, K) will always be the one so 
determined. 


Definition 1. Suppose the central-simple K(x)-algebra B(x, K) has Schur index s. 
We also say that s is the Schur index of x over K, and denote it by sx (x). Because 
of (3) we have 


(4) SK (KX) = Skog). 


The unique K-character of G belonging to the simple component B(x, K) of KG 
will be denoted by Xx. 


F2. Let E/F be any extension of intermediate fields of C/K, and take the simple 
component B(x, F) of FG corresponding (in the sense of F1) to the character x. 
Then 

EG=FG@rE=(BY,F) @FE)x:::. 


(a) The simple component B(x, E) of EG can therefore be identified with a simple 
component of the semisimple algebra B(x, F) @F E. In particular, if F(x) = 
F,, the F-algebra B(x, F) is central-simple by F\, so B(x, F) @F E is simple 
and hence 


(5) B(x, E) = BY, F) @r E. 


(b) By definition, B(x, C) is the simple component of CG corresponding in the 
sense of Chapter 33, F11 to a C-representation with character x. Since, by 
part (a), B(x, C) occurs as a simple component in B(x, K) @x C, we con- 
clude: The character x always occurs in the character x x (regarded as a C- 
character) associated with the simple component B(x, K) of KG; in symbols, 


(6) (Xn #0. 


Conversely, let w be an irreducible K-character of G and B the associated 
simple component of KG. For any irreducible C-character x of G occurring 
in  (i.e., such that (Ww, x» #0), we have B = B(x, K) and hence yw = xXx. 
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Definition 2. Let 1 be the order of G and ¢ a primitive n-th root of unity in C. 
Clearly, K(x) is a subfield of K(¢). Hence K(x)/K is an abelian field extension. 
Now, it is easy to the check that the composition 


xX° = a0X 


of any o € G(K(x) /K) with an irreducible C-character yx of G is also an irreducible 
C-character. We call such x° the characters of G conjugate to x over K. Their sum 


(7) Tr (x)= >> x° 


is called the trace of x over K. Clearly the function Trx (x) is a character of G with 
values in K, but in general it is not a K-character. Notwithstanding: 


Theorem 1. /f x is an irreducible C-character of G, then 


(8) Xx = 5x (0) Tee (x) = 5K (x) >) x” 


oO 


is the irreducible K-character of G corresponding to the simple component B(x, K) 
of KG. One obtains all the irreducible K-characters of G in this way. 


Proof. (1) We show first that 
(9) B(x, K) @x C =| [| BQ’.C), 


where o runs over all the elements of G(K(x)/K), as in (7) and (8). Set w:= Xx. 
Then <w, x» #0 implies <7, x) = <W, x) 40. Hence it follows from F2 that all 
the B(x°,C) occur as simple components in the left side of (9). Further, they are 
all distinct, because so are the x°. Thus, to prove (9) it suffices to show that both 
sides have the same dimension over C. 

Set F = K(x). Because B(x’, C):C = x?(1)? = x(1)? = B(x, C):C, we see 
using (5) that the dimension of the right side of (9) is 


(F: K) (B(x, C):C) = (F: K)(B(y, F): F) = B(y, F): K, 


and this proves the claim in view of (3). 


(2) We set s = 5, (X) and, as before, # = K(x). The character of the KG-module 
B(x, K) has the form rx,, with r satisfying B(x, K): F = r*s? (see F1l in 
Chapter 33). Correspondingly, nx° is the character of the CG-module B(x’, C), 
where n denotes the common degree of all the x7, so B(x, C): C =n’. Then (9) 
implies 


(10) (Kean yi: 


But B(y,C):C = B(x, F): F as before, son = rs. Thus the desired equation (8) 
follows from (10) by cancellation of r. The last statement of the theorem is then a 
consequence of F2. 
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F3. Let L be an intermediate field of C/K. Then x is realizable over L if and only 
if L is a splitting field of the central-simple K(x)-algebra B(x, K). 


Proof. Clearly x is realizable over L if and only if x; = x. By Theorem | (applied 
to a field L with L > K(x) =: F), this condition is equivalent to s(x) = 1, that 
is, B(x, L) ~ 1. But this says exactly that L is a splitting field of B(y, F), because 
By, L) = BX, F) @F L. Using (3) we then obtain the conclusion. 


From the known properties of the Schur index of a central-simple algebra, we 
immediately obtain from F3: 


F4. Let L be an intermediate field of C/K such that L: K < oo. 
(a) If x is realizable over L, then sx (x) divides L: K(x). 
(b) There exists L over which x is realizable and such that L : K(X) = sx (X). 
(c) If S¢(X) = 1, then x is realizable over K(x). 
We denote by <0, w, K) the multiplicity of the irreducible K-character w in 


the (arbitrary) K-character ©. Since <x, ~) #0 only for y = x, (by F2), we see 
that <O, x) = (0, Xx, K+ <Xx, x - Hence, by (8), 


(11) (0, = 5K <O.XK, KE. 


FS. (a) For any K-character © of G, the index sx (x) divides the multiplicity of x 
in®. 
(b) sx (X) is smallest natural number m such that m Trx (x) is a K-character of G. 
(c) Sx (X) divides the degree of x. 


Proof. Part (a) is already contained in (11). Let © = m Trx(x) be a K-character of 
G. By (a), SK (X) divides <0, xy) =m<Trxr(x), xX» =m. Hence (b) follows, thanks 
to Theorem 1. To prove (c), let © be the character of the regular representation of 
G, which is obviously a K-representation. The absolutely irreducible character x 
occurs in © with multiplicity exactly d = x(1). Thus, by (a), sg (x) divides x(1). 


Definition 3. We call a central-simple K-algebra B a Schur algebra over K if there 
exists a finite group G such that B is isomorphic to a simple component of the group 
algebra KG. By FI and F2, the Schur algebras over K are, up to isomorphism, 
exactly those of the form 


(12) B(y, K) with K()=K, 


where x runs over all irreducible C-characters of finite groups with values already 
in K. The totality of elements of the Brauer group Br K that can be represented by 
Schur algebras over K is called the Schur group of the field K and is written S(K). 
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We must show that S(K) really is a subgroup of Br K. If B,, Bz are Schur 
algebras over K, we can assume without loss of generality that B; = B(y;, K), 
for two irreducible C-characters x; of finite groups G;. Denote by x1 ® x2 the 
function on G; x G2 defined by (x1 ® xX2)(g1, 22) = X1(81)X2(g2). If Vi denotes 
the representation module of CG; associated to x;, we easily see that V; ® V2 
can be naturally made into a representation module of C(G; x Gz), and as such 
it has the character x = x1; ® x2. One also easily checks by computation that 
<x,X> = 1, so x is irreducible. Since K(G, x G2) ~ KG, ® KG, it now follows 
that B(x1, K) @ B(x2, K) ~ B(x, K). 

Obviously K is a Schur algebra over K, so we will be done if we show that 
when B(x, K) is a Schur algebra over K, so is B(x, K)°. Now, if x is an irreducible 
C-character of G, so is the function X defined by ¥(g) = x(g~!) (see F8 and F17 
in the previous chapter). And one easily sees that B(x, K) ~ B(x, K)°. 


Definition 4. A crossed product ' = (L,g,c) is called a cyclotomic algebra over 
K if the following conditions are satisfied: 

(i) L = K(n), where 7 is a root of unity. 

(ii) All the values of the cocycle c are roots of unity. 
(iii) The center of I” is K; equivalently, g = G(L/K) is the Galois group of L/K. 


A cyclotomic algebra I” as above is also denoted by (K(n)/K,c), and its class in 
Br K is written 


(13) [K(n)/K, c]. 
We denote by So(K) the set of all such classes: 
(14) So(K) = {{B] eEBrK | B is a cyclotomic algebra over K}. 


Remarks. (a) Let = (K(n)/K,c) be a cyclotomic algebra. If ¢ is a root of unity 
in C such that K(7) C K(¢), then I” gives rise, by inflation, to a cyclotomic algebra 


(K(¢)/K, inf(c)). 


(b) For a cyclotomic algebra I” = (K(n)/K,c), the values of c are roots of unity 
lying in K(y), so we can choose 7 so that all these values are powers of 7. Unless 
stated otherwise, we will assume from now on that this is the case. 


(c) Clearly So(K) is a subgroup of Br K. Indeed, to show that [I"] [I”’] lies in So(K) 
whenever I” = (K(n)/K,c) and I’ = (K(1')/K,c’) are cyclotomic algebras, we 
can assume by inflation that 7 = 7; and in this case [I"][I"’] = [K(n) /K, cc’]. 


F6. Every cyclotomic algebra = (K(n)/K,c) over K is a Schur algebra over K. 
Hence So(K) is a subgroup of S(K). 


Proof. By definition, the K-algebra I” is generated by K(7) and the elements ug 
for o € g, with relations uz!Aug = A° for A € K(n) and ug = Uerlo,r- In 
the group "™* of invertible elements of I”, take the subgroup G generated by the 
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elements of A := <n) together with the u,. Then A is a normal subgroup of G 
and G/A ~ g, showing that G is a finite group. The inclusion G C I"™ gives rise 
to a K-algebra homomorphism KG — I, which is obviously surjective. Hence the 
simple algebra J” is isomorphic to a simple component of the semisimple algebra 
KG. This concludes the proof, since the center of I” is K. 


Theorem 2. Let C = (K(n)/K, c) be a cyclotomic algebra over K, and let m be the 
order of [I"| in Br K. Then K contains a primitive m-th root of unity. 


Proof. The values of c are all roots of unity; let 1 be the order of the group they 
generate. Then [J”]” =[K(n)/K,c”]= 1, so m divides n. Hence the field E = K(n) 
contains a primitive m-th root of unity ¢ for sure. To prove the theorem we must 
still show that ¢ is invariant under all the p € G(K(n)/K). A fixed p acts on all 
n-th roots of unity as a power map: 


(15) x°=x" forsome r=r(p)EN, 


and moreover r is relatively prime to and unique mod n. 
Consider, next to 7 = ae Ug L, the cyclotomic algebra 


(16) =a) K).2 y= Yueh. 


We claim that the well defined K-linear map ee Ugdg Mee VgA§ from I onto 
I, is aring homomorphism, that is, it preserves the cross product defining relations 
stated at the beginning of the proof of F6. The verification of this fact is left to 
the reader, with the hint that G(L/K) is abelian. It follows that [ ~ I, and so 
['] = [[;] = [F°]’. This implies that r = 1 mod m, showing that ¢ = ¢” = €? is in 
fact p-invariant. 


2. We continue with the notation of the previous section— in particular, K is any 
field of characteristic 0, with algebraic closure C. All extensions of K will be 
regarded as subfields of C. Further, 


(17) let g be any prime number. 


As a stepping stone toward our goal of determining the Schur indices s, (x) of 
irreducible C-characters x of finite groups, we have a reduction to the case of K- 
elementary groups, provided by the following theorem of R. Brauer: 


Theorem 3. Let x be an irreducible C -character of G and F any extension of K(x). 
For every prime q there is an F-elementary subgroup H of G and an irreducible C- 
character & of H such that 


(18) <Trr (§), resy (x) #0 mod g. 


Tf (18) is satisfied for a given subgroup H of G and irreducible C-character & of 
H, the Schur index s(x) of x over F has the same q-component as its counterpart 
Sp(&). Moreover, F(&): F is relatively prime to q. 
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Proof. By the Brauer—Witt induction theorem we have a representation 
“4G 
1= a; ind, (Vi). 


where the y; are F’-characters of F-elementary subgroups H; and the q; are integers. 
Multiplying by x we obtain (by F27 in Chapter 33) the equation 


x= >) az indy, (Wi resz, ()). 


As to the multiplicity with which x occurs, we obtain 


1= So aj (Wi resn, (1), tesH; (>. 


The summands on the right cannot all be divisible by g, so there exists H = H; 
such that, setting y = Wy, 


(19) <w resy(X), tes (x)> 40 mod g. 


The character w resy(x) of H only takes values in F; hence in Wresq(x) the 
F-conjugates of any given irreducible C-character € of H occur with the same 
multiplicity as &. By (19), then, there must exist & satisfying (18). This proves the 
first part of the theorem. 

Now suppose (18) is fulfilled. Since F(x) = F, we first have 


<Trr (E), res (x)> = (FE): F)<&, res (x). 


whence, using (18), we immediately obtain F(€) : F 4 0 mod q; further, 


(20) <&, resy(x)>) #0 mod g. 


Now take the F-character €- = s,(€) Trr(&) of H. Its induction image ind’, (EF) 
is an F-character of G, so the integer 


<ind§, (Er), x = (Er, tes (xX) = sp (E)<Trr (€), res (x) 


is divisible by s(x) (see F5). In view of (18), then, the qg-part of s;(x) divides 
5-(€). To show that, conversely, the g-part of s,,(€) divides the Schur index s(x), 
we need only consider the F-character s,,(X)x. Its restriction s(x) resy (x) to H 
is an F-character of H, in which the irreducible C-character € of H appears with 
multiplicity s(x) <resx (xX), &> . Hence this number is divisible by s,,(&); but then 
(20) says that the q-part of s,,(€) divides s,,(x). 


We next prepare the ground for another reduction result, first proved by E. Witt 
and P. Roquette. 


Definition 5. Let M be the irreducible KG-module corresponding to B(x, K) and 
let D be its division algebra of endomorphisms. We will regard M as a (KG, D)- 
bimodule. We call M imprimitive if it admits a nontrivial direct decomposition into 
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right D-modules that are transitively permuted by G. If W is one of these right 
D-modules and H is the subgroup of g € G such that gW = W, the decomposition 
is of the form 


(21) M= @® pw. 


peG/H 


If there is no such nontrivial decomposition, we say that the (KG, D)-bimodule M 
is primitive. The character of departure x is then called K-primitive. 


The KH-module W in (21) is irreducible (otherwise M would not be irreducible 
over KG), and it is easy to see that D represents its endomorphism ring. Thus, if 
we denote by B(é, K) the simple component KH to which W belongs, we have 
the similarity 


(22) B(E, K) ~ B(x, K). 


We say that x is K-induced by &. (Incidentally, one can check easily that & can be 
chosen so that x = ind’, (€), and then x is also induced by & in the usual sense.) 


F7. Every irreducible C-character x of G is K-induced by some K-primitive C- 
character & of some subgroup H of G, and this in such a way that K(x) = K(&) and 
B(x, K) ~ B&, K). 


Proof. Reason by induction on the order of G. 


Remarks. (1) Let x be as above and let T be an irreducible C-representation of 
G in V whose character is x. Denote by N the kernel of T and set G = G/N. 
Then V is naturally a CG-module; let T and ¥ be the corresponding representation 
and character. Clearly V is also irreducible as a C G-module. Since T(KG) = 
T(KG), we have B(x, K) ~ B(X, K), and moreover, if x is K-primitive, so is X. 
By construction, ¥ is a faithful C-character of G (that is, the character of a faithful 
C-representation). All this is to say that in dealing with elements of the Schur group 
over K we can always reduce the situation to that of faithful, K-primitive characters. 


(2) In this connection the following fact is also useful: Every subgroup and quotient 
group of a K-elementary group is again K-elementary. The proof is simple and we 
leave it to the reader. 


Lemma. /f i : KG — B(x, K) denotes the projection from KG onto its simple 
component B = B(x, K), and if x is faithful and K-primitive, the group algebra 
KA of any abelian normal subgroup A of G is taken by i onto a subfield L of B. 
The group A is itself mapped isomorphically under i to a group of roots of unity. In 
particular, A is cyclic. 


Proof. Since x is assumed faithful, the restriction of i to G is injective. Let M be 
an irreducible summand of the KG-module B. We regard M as a KA-module, and 
take some isogenous component W thereof. Since A is normal in G, it follows as 
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in the proof of Chapter 33, F28 that the KG-module M is induced by the KH- 
module W, where H is the subgroup of all g € G such that gW = W. Let D 
be the division algebra of endomorphisms of M. For every d € D* we obviously 
have W ~ Wd, so W = Wd, so W is a right D-module. But x was assumed 
K-primitive, so W = M, which means the KA-module M is isogenous. Thus all 
but one of the simple components of the semisimple algebra KA are annihilated 
by i. Since KA is commutative, it follows that 


(23) L:=i(KA) = K[iA] 


is a field. Every finite subgroup of the multiplicative group of a field is cyclic, so 
all is proved. 


We now investigate the situation where x is a faithful, K-primitive character of 
a K-elementary group G. By assumption, G is certain to possess a cyclic normal 
subgroup NV such that G/N is a g-group for some q. Let A be a maximal abelian 
normal subgroup of G containing NV. Using exercise §10.6 one easily checks that 
A coincides with its centralizer in G, so the natural homomorphism 


(24) G/A —> Aut(A) 


is injective. By the lemma, A is cyclic. Now choose for each o € g:= G/A some 
representative Ug € G satisfying o = uv, A. For 0, t € g we have 


(25) VoVr =Uerlo,r, Where Cg,7 € A. 
Moreover, the elements a € A satisfy, by definition, 
(26) a =, any. 


Keeping the notation of the lemma, set further wg = i(v,) and consider on the 
algebra B the inner automorphism defined by conjugation with uz: 


(27) breu;'bug forallbe B. 


The elements of K are unchanged by this map. For elements a € A we have 
uz'i(a)ug = i(a’), as we recognize by applying the map i from (26). Thus the 
field L maps to itself under (27), that is, (27) gives a K-automorphism o of L. The 
homomorphism o +> & from g into the group G(L/K) is injective, because (24) is 
injective; see (23). 

To simplify the notation we now identify the group G with a subgroup of B” 
via i. The cyclic subgroup A of G is then a group of roots of unity in LZ C B, 
and L = K(A). Through the monomorphism o — o we can view the group g as a 
subgroup of G(L/K). Sincei : KG = B is surjective, the K-algebra B is generated 
by the elements A of the field L = K(A) and the elements ug =i (vg) = Ug. Between 
these elements there hold the relations 


UgUr = Ugrlo,t, ie Nike =H", 
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following from (25) and (26). Thus B is the crossed product of the field L = K(A) 
with the group g of automorphisms of L, with cocycle c = (¢g,,) having values 
in A: 

B= (L,g,c). 
Let F be the fixed field of g in L, so g = G(L/F). Then F is the center of B 
(Chapter 30, Theorem 1). On the other hand, B = B(x, K) has center K(x), so 
F = K(x). We express the results of our reasoning as follows: 


F8. Let the group H be K-elementary relative to the prime q. If the irreducible 
C-character & of H is faithful and K-primitive, then B(&, K) is a crossed product 
(K(A), g,¢), where K(A) is obtained from K by adjoining a group A of roots of 
unity, g = G(K(A)/K(&)) is a q-group, and the cocycle c has values in A. 


Using F7 (and the related remarks) we obtain an immediate corollary of F8: 


F9. Let the group H be K-elementary relative to the prime q. If & is any irreducible 
C-character of H, we have 


(28) [B(é. K)] = [K(A), gc]. 


with a crossed product = (K(A),g,c) of the form specified in F8. In particular, 
Sx (&) = s(L’) is a g-power (since it divides the order of g). 


Note that equation (28) should be understood as an equality in the Brauer group 
of the field K(&). 

From the considerations in this section so far, we can deduce easily at least the 
following result: 


Theorem 4. Let q be a fixed prime number. Every element of the q-part S(K)q of 
the Schur group of K has the same Schur index as a crossed product 


(29) I” = (K(A), 9.) 


with the following properties: (i) A is a group of roots of unity; (ii) g is a q-group; 
(iii) the cocycle c takes values in A; (iv) the fixed field K' of g in K(A) satisfies 
K':K 40 mod q. 


Proof. By definition, S(K),q consists of those elements of S(K) whose exponent — 
or, which is the same by F3 in Chapter 30, whose Schur index — is a q-power. Let 
[B(x. K)] be any element of S(K),. Then K(x) = K, and by Theorem 3 (with 
F = K(x) = K) there exists an irreducible C-character € of a K-elementary group 
HT of G such that 


Se QO = 5x (&) and K(é):K #0 moda, 


where we also have used that, by the last statement of F9, the Schur index Sx (&) is 
a q-power. Now, by F9, B(é, K) is similar to a crossed product I” of the stipulated 
form; and as for property (iv), we only need to consider in addition that K’ coincides 
with the center of I, so K’ = K(é). 
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Although Theorem 4 only concerns the Schur index of elements of S(K), it is 
nonetheless quite a strong result. It is on this foundation that we will be able, in the 
next section, to determine the Schur groups of local fields. 

But we do not wish to leave unmentioned the following general fact: 


Theorem 5. Every element [B(x, K)] of the Schur group S(K) of K can be 
represented by a cyclotomic algebra. 


Proof. It is just as well to assume that the given element [B(x, K)] belongs to the 
q-part of S(K), for some prime q. Let x be a character of G and let n be the order 
of G. Denote by ¢ a primitive n-th root of unity. The fixed field F of the Sylow 
q-group of G(K(¢)/K) has the properties 


(30) F:K#O0Omodg and K(¢é):F is a g-power. 


Applying Theorem 3 to x and this F yields an F-elementary subgroup H of G with 
irreducible C-character € such that 


(31) <resy# (x), & 40 mod gq 


and F(é): F is relatively prime to g. The latter is possible only for F(é) = F, 
because of (30) and the inclusion F(€) C K(¢). Since K(¢) is a splitting field for & 
as well as for x (Chapter 33, Theorem 15) and K(¢): F is a q-power, we conclude 
(using also the equalities F'(€) = F = F(x)) that the Schur indices s,,(€) and s(x), 
being divisors of K(¢): F, are also g-powers, so 


(32) [B(é. F)], (B(x. PF] € S(P)q. 


Because 
BY @Y.F)= BY, FF) OBE) ~s; 


X ® x is the character of an F-representation of G x G. Hence res (x) ® x is the 
character of an F’-representation of H x G. One immediately checks that 


E@XEOH = EO KOE = 1, 


so € @ x is an irreducible C-character of H x G, with F(E ® x) = F(&, X) = F. 
One also verifies easily that 


(33) <resH(X) ® X,.E@X = <resy(x),&. 


But since res (x) ® X is an F’-character, equality (33) implies that s,,(& ® x) divides 
<resy (x), &>. But this latter number is relatively prime to qg, by (31), so using (32) 
we conclude that 


[B(E @ X. F)] = (BE. F)-[BQ. Fr! =1. 


Thus [B(x, F)]=[B(é, F)] in Br F. By F9, [B(&, F)] is represented by a cyclotomic 
algebra (F(a) /F,c) over F, so we also have 


(34) [B(x, P| =[F@/F,c]  € So(F). 
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This does not yet suffice to prove the theorem, because we still need to step from F 
back down to K. By inflation we can assume without loss of generality that ¢ lies 
in <a), and hence that everything takes place in the cyclotomic field K(a) over K. 
We now make use of the corestriction map 


cor = corr;x : Br(K(a)/F) > Br(K(a)/K), 
introduced in Definition 4* of Chapter 30. By (34) we have 
cor[ B(x, F’)] = cor[K (a) /F, c] = [K(a)/K, cor(c)] € So(K). 
On the other hand, 
cor[B(x, F)] = cor(res[B(x, K)]) = [B(x, K)"*, 
by (5) above and F3* in Chapter 30. Putting everything together we conclude that 


[B(x, K)] lies in So(K), since So(K) is a group and F: K is, by (30), relatively 
prime to the order of [B(x, K)] € S(K)q. 


As a consequence of Theorem 5 we immediately obtain, using Theorem 2: 


Theorem 6. [f S(K) contains an element of order m, there is a primitive m-th root 
of unity in K. 


3. In this last section we will compute the Schur group S(K) when K is a local 
field. 


Notation. Jn the rest of this section K will be a (nonarchimedean) local field of 
characteristic 0. If p is the characteristic of its residue class field, we have a field 
extension K/@, with 

K:Q) <o. 


For every finite extension L/K we denote by U(L) the group of units of the local 
field L, by U'(L) the kernel of the residue class homomorphism from U(L) onto 
the multiplicative group of the residue class field of L, and by W(L) the group of 
roots of unity contained in L. 

Further, for any natural number m we use ¢,, to denote a primitive m-th root of 
unity (taken, as above, in the algebraic closure C of K). 


Lemma 1. Let L/K be a Galois extension whose Galois group g has order relatively 
prime to p. Then the natural maps 


H'(g, W(L)) > H'(g, U(L)) 
are isomorphisms for alli. 


Proof. For any arbitrary abelian torsion group M, we once again denote by M, 
the p-part of M and by M,, the p-regular part (that is, the subgroup containing all 
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elements whose orders are relatively prime to p). Because of Chapter 24, Theorem 
4(ii), we have 


(35) U(L) = W(L)p x U'(L). 
Since all the groups involved in (35) are g-modules, the equality implies 
H'(g, U(L)) = H'(g, W(L)p’) x H'(g, U'(L)). 


Let n denote the order of g. By assumption, 7 is relatively prime to p, so the 
group U!(L) is uniquely n-divisible (see F8 in Chapter 25). Hence H’(g, U!(L)) 
is trivial for all 7 (see F3* in Chapter 30). Again because n and p are relatively 
prime, we obtain H'(g, W(L)) = H'(g, W(L),’), concluding the proof. 


Lemma 2. Let K be, as above, an extension of finite degree over Qp, and let [ = 
(K(n)/K, c) be a cyclotomic algebra over K. If p #2 then s(I”) divides p —1, and 
if p =2 then s(I) <2. 


Proof. First we recall from Theorem 5 in Chapter 31 that in this situation s(J”) 
coincides with the order of [I"] in Br K. Let Ko be the fixed field of G(K() /K) 
in Q,(7). Clearly it suffices to prove the corresponding assertion for the cyclo- 
tomic algebra I) = (Qp(7) /Ko, c) over Ko, because I” is recoverable from I) by 
restriction. 

To prove this case we take the corestriction map cor = corgy/a, : Br Ko > 
BrQ,, which by Theorem 10 in Chapter 31 is an isomorphism, and look at the 
image cor(/) = [Qp(7)/Qp, cor(c)]. In view of the above, it suffices to prove the 
lemma’s conclusion in the case K = Q,. Set s = s(I”). By Theorem 2, K = Q, 
must contain a primitive s-th root of unity. But we know from F11 in Chapter 25 
that W(Q,) has order p — 1 if p #2 and order 2 if p = 2. 


If we call on Theorem 5 and look at Br K ~ Q/Z, Lemma 2 reveals the following 
general fact about the Schur group of K: 


F10. Let K be an extension of finite degree over Qp. Then S(K) is a finite, cyclic 
group whose order divides p —\ if p #2 and can be at most 2 if p = 2. 


For the time being we will settle for this much information in the case p = 2: 
S(K) is either trivial or has a single nontrivial element, of Schur index 2. But in 
the case p #2 we would like to determine the order of S(K) exactly. And we will 
in fact do so without having to refer to F10 (or Theorem 5). 

Let [B] be any element of S(K), represented by a simple component B = 
B(x, K) of the group algebra KG of a finite group G, where x denotes an irreducible 
C-character of G such that x(B) # 0. Then K(x) = K, since K(x) is the center 
of B(x, K). The Schur index s,(x) equals the order of [B] in Br K (again by 
Theorem 5 in Chapter 31). Since Br K is isomorphic to Q@/Z (Theorem 4 in Chapter 
31), in order to determine S(K) we need only decide which natural numbers can 
occur as Schur indices of irreducible C-characters x of finite groups, with the side 
condition K(x) = K. 
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We lose nothing by assuming that [B] € S(K), lies in the g-part of S(K), where 
q is an arbitrary prime. By Theorem 4, s(x) equals the index of a crossed product 
I’ = (K(A),g,c) satisfying properties (i)-(iv) of Theorem 4. 

So assume, as announced, that p # 2. First it follows from Lemma 2 (applied 
to K’ = Fix(g) in lieu of K) that we are allowed to assume 


q # P, 


for otherwise s(I”) = 1. Now let y be the class of c in H?(g, L*), where we have 
set L = K(A). Then 5s, (x) = s(") = ord(y). But y is contained in the image of 
the natural map 7 appearing in the commutative diagram 


i 


H?(g, W(L)) H?(g, L*) 
(36) 2 yw 
H?(g, U(L)) 


By Lemma 1, the map 7; is an isomorphism, and by Theorem 11 in Chapter 31, 72 is 
injective and the order of its image coincides with the ramification index e(L/K’). 
Hence ord(y) divides e(L/K’), and we conclude at least that 


(37) Sx(X) divides e(L/K). 


Because L = K(A,)(Ap’), the extension L/K(A,) is unramified, so e(L/K) = 
e(K(A,)/K). We can assume that ¢, lies in Ap, otherwise s(J”) = 1. But then 
K(A,)/K(Gp) is a p-power, so s(I”), being a g-power, must divide e(K(¢,) /K): 


(38) Sx) divides e(K(fp)/K). 
We now claim that e(K(¢,)/K) is the desired order of S(K): 


Theorem 7. Let K be an extension of finite degree over Qp. If p # 2, then S(K) is 
a finite cyclic group whose order equals the ramification index of K(p)/K. 


Proof. Set e = e(K(¢,)/K). Though we have proved (38), we still need to show 
that there exists [J”] € S(K) of order s(J") = e. To this end we consider L = K(,) 
and g = G(L/K). As observed just after (36), the natural map 


H?(g, W(L)) > H?(g, L*) 


is injective, and its image has order e. Then let c be a cocycle of g with values 
in W(L), whose cohomology class has order e in the cyclic (!) group H?(g, L*). 
Then I’ = (L,g,c) = (K(6,)/K, c) is a cyclotomic algebra whose class [J"] in Br K 
has order s(J") =e. Since [I"] belongs to S(K) (by F6), this proves the assertion. 


In the language of Hasse invariants we can obviously rephrase Theorem 7 thus: 
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Theorem 7’. Suppose p # 2 and let K be an extension of finite degree over Qp. 
Then a central-simple K-algebra A is similar to a simple component of the group 
algebra KG of a finite group G if and only if the Hasse invariant invx (A) of A has 
the form 


(39) invx (A) = mod 1 


a 
e(K(p)/K) 
for some a € Z (with no further restriction on a). 


Remarks. (a) Let k be any field of characteristic 0, and denote by W the set of 
all roots of unity in an algebraic closure C of k. If K/k is any finite extension 
(in C/k), we call Ko = KM k(W) the greatest cyclotomic field of K/k. The 
restriction map resx/K, : Br Ko — Br K then satisfies 


(40) S(K) = resx/K,(S(Ko)): 


indeed, if [B(x, K)]€ S(K), we have K(x) = K, and so K contains the cyclotomic 
field k(x) over k, and it follows that Ko(x) = Ko, so B(x, K) = B(x, Ko) @x K. 


(b) Now let K be again an extension of finite degree over Q,; and let the case 
Pp =2 be allowed as well. Still with Ko the greatest cyclotomic field of K/Qp), we 
consider the map resx/x, : Br Ko > Br K. It acts simply as multiplication of Hasse 
invariants by the field degree K : Ko (see Theorem 4 in Chapter 31), so in view of 
(40) we conclude that the orders of the finite cyclic groups S(K) and S(Ko) satisfy 


|S(K)| = |S(Ko)|/t, where ¢ is the gcd of |S(Ko)| and K: Ko. 


Now consider the case p ¥ 2 first. As can easily be checked, e(K(¢p)/K) equals 
e(Ko(ép)/Ko). But then it follows from Theorem 7 that S(K) ~ S(Ko), so that 


t = gcd(K: Ko, |S(Ko)|) = 1. 


(In connection with this and subsequent statements, see F. Lorenz, “Die Schurgruppe 
eines lokalen K6rpers”’, Sitzungsber. der Math.-Naturw. Klass. Akad. Wiss. zu Erfurt 
4 (1992), 139-152.) 


(c) One shows easily that for a cyclotomic field K over Qp with p A 2, the group 
S(K) has order (p—1)/e,(K/Qp), where e,(K/Q,) denotes the tame (that is, p- 
regular) part of e(K/Qp). 


(d) Again let K be any extension of finite degree over Q, with p A 2. Asa 
noteworthy consequence of (2) and (3) observe that the degree K: Kg is relatively 
prime to (p—1)/ez(Ko/Qp). 


Turning now to the case p = 2, we know from F10 that S(K) has order 1 
or 2, but deciding between the two for a particular K apparently runs into some 
unavoidable messiness. We omit the toilsome calculation and simply announce the 
result: 
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Theorem 8. The Schur group of a cyclotomic field K over Q2 has order 2 or 1 
depending on whether or not —1 is a norm of the extension K/ Qo. 


Remark. For an arbitrary finite extension K/Q 2, Theorem 8 does not hold in the 
stated form. In fact, —1 is a norm of K/Q) if and only if it is a norm of Ko/Q> 
(Chapter 32, F8 and Theorem 3); yet at the same time, K : Ko can be even (in which 
case S(K) 4 S(Ko); see Remark (b) earlier on this page). An example is afforded 
by K = Q2(¥/2). 


By applying local class field theory (Chapter 32) we can synthesize Theorems 
7 and 8, as well as their accompanying remarks, as follows: 


Theorem 9. For every local field K of characteristic 0, the Schur group S(K) is 
isomorphic to the torsion part of the Galois group of K(W)/K, where in the 2-adic 
case we must also assume that K is a cyclotomic field over Q2. 


The proof is left to the reader; note that the torsion part of the group 
G(Qp(W)/Qp) =ZxZ; 


is generated by either (¢,-1,Q,(W)/Q,) or (—1, Q2(W)/Q2), as the case may 
be (p £2 or p = 2). Incidentally, the formulation of Theorem 9 is due to C. Riehm 
(L’Enseignement Mathématique 34, 1988; but the statement there is not quite right 
and the justification is incomplete). 


Appendix: 


Problems and Remarks 


References preceded by § are to this appendix. 


Chapter 20: Ordered Fields and Real Fields 


20.1 Let K be a real-closed field. 


(a) 


(b 


wm 


(c) 


(d) 


Prove that a normalized polynomial q of degree at least 2 in K[X] is prime if 
and only if it has degree 2 and is of the form ¥* +b +c, where b?—4c <0. 
For each such q we have q(x) > 0 for every x € K. 


Describe the polynomials f € K[X] such that f(x) > 0 for every x € K, and 
those such that f(x) > 0 for every x € K. Prove that each such f is a sum of 
squares in K[X’]. In fact, why can one make do with two squares? 


Let a < b be elements of K, and suppose f € K[X’] has opposite signs at a 
and b, that is, f(a) f(b) <0. Prove that there exists c € K such that f(c) =0 
and a <c <b (the intermediate value theorem). Hint: Reduce to the case that 
f is normalized and irreducible, hence linear. 

Let a <b be roots of f € K[X]in K. Prove that there exists a < c <b such 
that f’(c) = 0 (Rolle’s Theorem). Hint: Assume without loss of generality that 
f has no root in the interval (a,b). Write f(X) = (X —a)"(X¥ —b)"g(X), 
and apply part (c) to an appropriate divisor of f’ or to g, as the case may be. 


20.2 Prove that the subfield E = Q(./2) of R admits exactly two distinct orders. 
(This is a special case of §20.10 below, whose proof, however, requires deeper 
methods.) 


20.3 Let K be a real field and C an algebraically closed extension of K. Prove 
that there is a real-closed intermediate field R of C/K such that C = R(/—1). 


20.4 Let (K, <) be an ordered field and f an irreducible polynomial in K[X] such 
that f(a) f(b) <0 for some a,b € K. Prove that if K(a) is an extension of K with 
f(a) = 0, then < can be extended to an order of K(q). 
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20.5 Replace the last part of the proof of Theorem 7 by the following argument: 
Any o € G(E/R) \ G(E/C) satisfies 


(1) wo(w)e R. 


(Why?) It follows that C(w) /R is Galois (of degree 4). Since R = R? U—R?, the 
Galois group is in fact cyclic, and if o is one of its generators, equation (1) holds. 
Now apply o to (1) to obtain o?(w) = w, and hence a contradiction (w € C). 


20.6 Let (K, <) be an ordered field. Since K has characteristic 0, we can regard Q 
as a subfield of K. We call the order < and the ordered field (K, <) archimedean 
if for any a € K there exists n € N such that a <n. Prove: 


(a) (K, <) is archimedean if and only if @ is dense in K, meaning that for every 
a,b in K with a <b there exists x € © such that a < x <b). 


(b) If K : Q is finite, (K, < ) is archimedean. (Hint: See F7; but the assertion can 
also be easily proved directly.) 


(c) The field Q(X) of rational functions in one variable over @ admits both non- 
archimedean and archimedean orders. 


20.7 Let (K,<) be an ordered field. For a € K, let |a| € K denote, as usual, the 
element of K such that |a| > 0 and |a|? = a?. Then |ab| = |a||b| and |a + b| < 
|a|+|b|. It is clear how to define in (K, <) a null sequence (that is, a sequence that 
converges to 0), a Cauchy sequence, a convergent sequence, and the limit point of 
such. Note, however, that | | has values in K, so it does not define a metric space in 
the usual sense. And in general, 0 does not have a countable neighborhood basis. 
For topological arguments in (K, <), therefore, the usual notion of convergence of 
sequences is not suitable. 

We cannot do justice here to the topological foundations of ordered fields in their 
generality. If we don’t wish to abandon our habit of working with sequences, there- 
fore, we will have to accept some restrictions. We call an ordered field w-complete 
if it has the property that every Cauchy sequence converges. In an archimedean 
ordered field there are countable neighborhood bases and in this case we use the 
term complete instead of w-complete. 

Prove that (K,<) is archimedean and complete if and only if every nonempty 
subset of K bounded from above has a least upper bound. (The field R of real 
numbers has both properties, as is well known; but do not resort to the fact of the 
existence and uniqueness of R in this problem and the next two, since one point is 
precisely to prove it.) 

Now assume that (K, <) is archimedean and complete. Prove that an arbitrary 
archimedean ordered field (F, <) admits an order-preserving embedding in (K, <); 
that is, there is an order-preserving homomorphism o : Ff — K. This is an isomor- 
phism if and only if (F, <) is complete. It follows that, up to an order-preserving 
isomorphism, there is at most one complete archimedean ordered field. 


20.8 If (K,<) is any ordered field, there exists an w-complete ordered extension 
(K, <) of (K, <) with the property that every a € K isa limit of a sequence (an)n 
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of elements of K. Up to an order-preserving isomorphism, (K, <) is uniquely deter- 

mined. This extension is called the w-completion of (K, <). 

Here is how the proof goes. In the ring R of all Cauchy sequences in (K, <), 

consider the ideal J of all null sequences. Take as K the quotient ring R/J, and 

let 1: K — K be the map taking each a € K to the residue class of the constant 

sequence (a,a,...). Clearly ¢ is injective: identify K with its image (XK) in K. 
(a) I is a maximal ideal of R; that is, K isa field. 


(b) Anelement (dy), of R is called strictly positive if there exists a strictly positive 


(c 


(d 


wa 


WwW 


é € K and a natural number N such that a, = e for all n => N. Prove that 
an element (a,), of R such that neither (ay), nor (—dy)n is strictly positive 
must be a null sequence. 

It follows easily that the order < of K can be extended to an order in K (also 
denoted by <) having the following property: An element a@ € K is strictly 
positive if and only if some (hence every) Cauchy sequence representing a is 
strictly positive. 

Since every Cauchy sequence is bounded, it is not hard to see that for each 
a € K there isa strictly positive a € K such that a <a. 


Take w € K and let (dn)n be any Cauchy sequence belonging to the residue 
class a. Prove that (dy,)n, regarded as a sequence in K, converges in (K, <) 
to the element a: 

a =limdy. 


In particular, K is dense in K. Hint: Let ¢ > 0 be given—=in fact one can 
require that ¢ € K, by (b). Since (da,)y is a Cauchy sequence, we have 


E 
an —Am +é> 5 for almost all m,n EN. 


By the definition of the order < on K, this implies that 
aQn—a+e>0 for almost alln eN. 


Now let (@)n be any Cauchy sequence in (K ,<). We wish to show that 
it converges in (K,<). First consider that one can assume, without loss of 
generality, that a4, 4 @, for each n. Then, by (c), there is for each n an 
an € K such that 

| On —ay| < |On+1 — On|. 


Thus (@,—dn)n is a null sequence in (K, <). This implies that (ay), is also a 
Cauchy sequence (with values in K), since dy = (dy —Qy) + Q,. Let a be the 
element of K defined by (a,),. The convergence of (a), now follows from 
(c), thanks to the equality a— a, = (@ — dy) + (dn — Gy). 


(e) Now it is straightforward to prove the desired uniqueness property of (K ,<). 


20.9 Let (K, <) be an ordered field and K its w-completion (§20.8). Clearly, if 
(K, <) is archimedean, so is (K,<). The completion of @ (with respect to the 
unique order on Q) is usually denoted by R. By §20.7, every archimedean ordered 
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field (K, <) is order-isomorphic to a subfield of R. (The converse also holds, of 
course: every subfield of R has an archimedean order.) 

On the other hand, if (K, <) is nonarchimedean, the w-completion K of K does 
not in general amount to a very helpful notion, for the reasons given in §20.7. It 
can be replaced by a better one: . 

Given (K,<), there exists an ordered extension field (K,<) of (K,<) with 
these properties: 

(a) K is dense in K. 
(b) If (L, <) is an ordered extension field of (K,<) and K is dense in L, there is 
a unique order-preserving K-homomorphism of L into K. 
(c) Kis complete with respect to the uniform structure defined by <. 
Such an extension is called a completion of (K, <). 

Properties (a) and (b) already imply that K is unique up to an order-preserving 
K-isomorphism. As for existence, one can in principle work as in §20.8, appealing 
to generalized Cauchy sequences (indexed by ordinals that lie below a fixed suffi- 
ciently large ordinal). One can also work with Cauchy filters (see Bourbaki, General 
Topology, Chapter 3) or use the method of Dedekind cuts. 

Assuming the existence of the completion K of (K, <), prove that if K is real- 
closed, so is K. The proof may be require some effort. Once it is done, however, 
the statement can be easily generalized as follows: An ordered field (K, <) is dense 
in its real closure if an only if K is real-closed. 

20.10 Let (k, P) be an ordered field and R a real closure of (k, P). Given an 
algebraic extension K/k, set M := G(K/k, R/k) and prove: 
(a) The map o +> o!(R?) is a bijection between M and the set of all orders QO 
of K that extend P. 
(b) If K/k is finite and we set sx /x(x, vy) = Sx/x(xy), then 


sgnp(sx/x) = Card{Q | Q is an order on K and Q D P}. 


Consequently, an algebraic number field K (that is, an extension of Q such 
that [K :Q] < 00) admits at most K :Q distinct orders, and the signature of its 
trace form SK /q is always = 0. 

(c) If K/k is finite and P can be extended to an order of K in a unique way, then 
K:k is odd and therefore every order of & can be extended to K. 


20.11 Let f € K[X] be a polynomial of degree n > 1 over a field K, and let e be 
a natural number. Prove that the trace form sre; of the algebra A := K[X]/f° is 
equivalent to the orthogonal sum of a zero form of the appropriate dimension with 
the multiple esr;x of the trace form sy/x of A:= K[X]/f. 

Hint: We have A = K[x]=(Kx° + Kx!+-+--+Kx"—!)® f(x) K[x], and every 
element of the ideal f(x)K[x] of A is nilpotent. Moreover S4/x (a) is isomorphic 
toeS zl x (@), as can be seen from the chain 


AD f(x)A2D f(x)’AD---D f(x)*A=0 
of A-modules, since each factor f(x)!A/f(x)'+!A4 is isomorphic to K[X]/f = A. 
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20.12 Let K/k be a finite field extension. If g is a symmetric bilinear over K, 
then sx x(q) := Sx/x~og is a symmetric bilinear form over k. Prove that, if (k, P) 
is an ordered field, the following formula of M. Knebusch holds and represents a 
sharpening of §20.10(b): 


sgnp(sx/K(q)) = >» sgng(q). 
Q>P 


where the sum is over all orders O of K that extend P. 

Hint: First reduce to the case where q is one-dimensional: g = [a], with a € K*. 
By induction and using 20.10(b), find that K can be assumed to be k(a). Then K 
is isomorphic to k[X]/f, with {/ = MiPo;,(a@). Now work just as in the proof of 
Theorem 9: show that sgnp(sx/x(q)) = dja sgna;, if the a1,02,...,a, are all 
the roots of f in R. 


Chapter 21: Hilbert’s Seventeenth Problem and the Real 
Nullstellensatz 


21.1 Let (K, P) be an ordered field and R its real closure. Artin’s Theorem implies 
(see Remark 2 after Theorem 1): If a polynomial f € K[X,..., Xn] is positive 
definite on R", it has the form f = cy bie +++++¢, f7, where the c; lie in P and the 
fi are rational functions in K(X 1,..., Xn). In many cases (including K = Q; see 
Remark 1 after Theorem 1) it suffices to assume only that f takes positive values 
on K”". In general, however, this is not so, because K need not be dense in R. 
A polynomial f that is positive on K may nonetheless take negative values in the 
“gaps” left by K in R. The next exercise gives an example. 


21.2 Let K = Q(t) be the field of rational functions in the variable t over Q. Prove: 


(a) There exists exactly one order < on K for which ¢ is positive but infinitesimal 
relative to all nonzero constants; that is, 0 < t < |a| for all a € Q*. The 
strictly positive elements of K are then those of the form ¢” f(t), with n € Z 
and {(0) > 0 (where f is understood not to have a pole at 0). 


Now let R be the real closure of (K, <). 
(b) XK is not dense in R: the interval (We 2/1) contains no point of K. 
(c) The polynomial f(X) = ¥*—5tX* +42? over K = Q(t) is positive definite 
on K, but takes strictly negative values on R. 
21.3 Let A be a commutative ring with unity, and let a be an ideal of A. Define 
the real radical r(a) of a (as in Theorem 6) as the set of f € A for which there is 
some m € N and some s € SQ(A) such that f?” +s € a. Check that the same set 


is obtained if m = 0 is also allowed in the definition. Show also that r(a) coincides 
with the set of f € A for which there exists nm € N and s € SQ(A) such that 


fF? Beeu: 
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21.4 In the situation of §21.3, let ro(a) denote the intersection of all real prime 
ideals of A that contain a. It is easy to see that 


(1) r(a) C ro(a). 


Now suppose we are in the situation of Theorem 6. Set V := Np(a) and A := 
K[X1,..., Xn]. From the definitions it can be checked without difficulty that 


(2) ro(a) iV). 
By applying Theorem 10 of Chapter 20, show that 
(3) i(V) Cro(a) 


as well. Now if we take as known the conclusion (15) of the Dubois Nullstellensatz, 
we immediately get from the simple relations (1) and (2) the equality 


(4) r(a) =ro(a). 


21.5 Give a second proof of the Dubois real Nullstellensatz (Theorem 6) based on 
relation (3) of §21.4, by showing that every ideal a of a commutative ring A with 
unity satisfies 


ro(a) Cr(a). 


Hint: Suppose f € r(a). Then the set 
S={f?"+1|meNbo, te SQ(A)} 


is disjoint from a. Take a maximal element p of the set of ideals that contain a but 
are disjoint from S. Then p is a prime ideal (see problem §4.12 of vol. I). Clearly 


F€0: 


We will be done if we can also prove that p is real. Suppose there exist f1,..., f; 
in A such that 


Sith tothe ep, but fi ¢p. 
Since (p, fi) AS # @ we obtain f?”" +74 = gf, + p; upon squaring this becomes 
fim tia er fr tp. 
Addition of g7( ni +++++ f,) leads to the contradiction SN p 4 @. 
21.6 Consider over K = R the polynomial 
fo. - 7) =X *=( 2" =1) (2? 27") 


and the algebraic K-set V in K? defined by /. Prove: 
(a) ff is irreducible in K[X, Y, Z]. 
(b) The ideal of V is (f); thus V is a K-variety. 
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Hint: The quickest way to get there is to draw on equality (4) of §21.4. Then what 
needs to be shown is that the prime ideal (/) is real; that is, the fraction field of 


K(X, Y, Z]/f = K(x, y,z] 


is formally real. This can be done by using the relation 


4 
72 x 
a 


SS 
x2 + y2 


to prove that K(x, y,z) admits an order. 


(c) The function z? —1 € K[V] is a sum of squares in K(V), but at the point 
(0,0, 0) of V it takes on the value —1 <0. 


Incidentally, this can be contrasted with the example discussed in Remark (ii) 
after Theorem 2. There the statement corresponding to part (b) could be established 
by an explicit calculation. 
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23.1 Prove that, if | | is an absolute value on K, so is | |°, where p is any real 
number such that 0 < p <1. 

Hint: If x, y are positive real numbers, then (x + y)? < x? + y® (divide by the 
left-hand side). 


23.2 A quasi-absolute value on a field K is a map | | of K into R>o that satisfies 
properties (i) and (ii) of an absolute value and also 


(1) la+b| < C max({a], |d]), 


where C > 0 is areal constant. Obviously, in this case | |? is also a quasi-absolute 
value, for any real > 0. A quasi-absolute value of special importance is the function 
| 2. or. 

Prove that, if | | is a quasi-absolute value on K, there is equivalence between: 


(i) | | is an absolute value. 
(ii) Equation (1) holds with C = 2. 
(iii) For any n € N we have |n| <n. 
(iv) The restriction of | | to the prime field of K is an absolute value. 
Hint: Write C = 2* in (1), with 4 > 0. Prove that 


(2) lay +--+ an| < (2n)* max(|qq|,...,|@nl), 


as follows: When n is a power of 2, check the stronger inequality |a@; +---+d,| < 


n* max(|ai|,...,|@n|); for 2" <n <2™*!, supply angi = ++ =Agm41 = 0. 
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Now suppose that (iii) is satisfied. Then the binomial formula and inequality (2) 
yield, for all m, the inequality 


|a+b|™ < (2(m4+1))* (ja| + |d|)”. 


Taking the m-th root and the limit m — oo we get |a+ b| < |a|+ |b], as needed 
for (i). The implications (i) > (iv) => (iii) and (i) > (ii) are clear. There remains 
to show that (ii) implies (i). For C = 2, inequality (2) leads to 


|n| < 2n. 
Again from (2) and the binomial formula we get 
la+ 5)" <2¢m+1)-2- (Jal +d)”, 


from which the inequality |a + 6| < |a| + |b| is derived as before. 
Note the following consequence: For every quasi-absolute value | | there exists 
p> 0 such that | |? is an absolute value. 


23.3, Let | | be a nonarchimedean absolute value on K, and let d denote the 
corresponding metric on K. For any x, y,z in K, we have 


d(x,y)< max(d(x, z), d(z, y)). 


Thus every triangle is isosceles: If d(x, z) < d(y, z), then d(y, z) = d(x, y). 

For any element a € K and any real number r > 0, we can consider the open 
disk D(a,r) = {x | d(x,a) <r} and the sphere S(a,r) = {x | d(x,a) =r}. Prove 
that any b € D(a,r) is a center of D(a,r); that is, D(a,r) = D(b,r). For any 
x € S(a,r), we have D(x,r) C S(a,r). So S(a,r) is open! And likewise, D(a, r) 
is closed. 

It follows that K is totally disconnected; that is, if M C K is nonempty and 
connected, M has a single element. For suppose a,b € M satisfy r := d(a, b) > 0. 
Then M1 D(a,r) is both open and closed in M, hence equal to MW; but this 
contradicts b € D(a,r). 


23.4 Observe that the valuation ring R of the p-adic absolute value | |, of Q 
coincides, by F5, with the localization Z(p) of Z at the prime ideal (p) (see Exercise 
$4.13 in vol. I). However, we will avoid the notation Z(,) whenever possible, to 
prevent confusion with the ring Z, of p-adic integers. Zp is the closure of Zp) in 
Q, (see Definition 9 and subsequent remark). Let R be any integral domain and p 
a prime ideal of R. As a generalization of the last statement in F5, prove that the 
inclusion R C Ry gives rise to the canonical isomorphism 


Quot(R/p) ~ Rp/pRyp. 


Thus, when p is a maximal ideal, Ry/pRy = R/p. 
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23.5 Let K = k(X) be the field of rational functions in one variable over a field 
k. Given a normalized prime polynomial z in k[X], consider the map wz : K > 
ZU {oo} defined in vol. I, Chapter 5 Gust before F5). This is a valuation of K in 
the sense of Definition 5, and its valuation group is Z. There is also a valuation We 
on K, defined by 


Wool f) = — deg f, 


where the degree of a rational function f = g/h, with g,h € k[X], is defined as 
deg f = deg g —degh. 

Let | | be any absolute value on K = k(X) whose restriction to k is trivial. 
Since |n| = 1 for any n EN C K, this absolute value is nonarchimedean, and thus 
must arise from a valuation w (see remark preceding Definition 5). 

Prove that if nontrivial, w is equivalent to either We or to a unique Wz. Compare 
this with Theorem 1, which classifies absolute values on the field @ of rationals. 
In spite of the seeming analogy we must watch out for two essential differences: 
First, we have not considered all absolute values on K = k(X), only those that are 
trivial on A; although this distinction disappears when k is a finite field. Secondly, 
all these absolute values we’re considering on k(X) are nonarchimedean, contrary 
to the case K = Q, where the archimedean absolute value | |oo contrasts with the 
other, p-adic ones. No special role attaches to the valuation Wo. of K = k(X),; it 
simply corresponds to the prime element X~! of the polynomial ring k[Y~']. 


Hint: Either w(X) = 0 or w(X) < 0. In the former case, k[X] is contained in the 
valuation ring of w; in the latter it’s kLY—!] that is. In the first case there is a unique 
mz such that w ~ w,,, and in the second it follows that w ~ wy-1 = Woo. 


Prove further that the residue field kw of w is canonically isomorphic to the exten- 
sion k[X]/z of k in the case w = wz, and to k in the case w = Woo. Further, with 
deg w defined as kw:k, we get a counterpart to the product formula (15) for Q: 


by w(f)degw = 0. 


WwW 


23.6 A subring R of a field K is called a valuation ring of K if, for every a € K, 
either a € R or a! € R. Consider the abelian group  := K*/R* and prove that 
it becomes an ordered group if (switching to additive notation) we define 


(1) vay>O = aeR. 


Here v: K* — TI is the quotient homomorphism. Check that, for every a,b € K* 
such thata +b 40, 


(2) v(a +b) = min(v(a), v(d)). 


Conversely: Let K be a field and v: K* + I” a surjective homomorphism from the 
multiplicative group of K into an ordered abelian group J”, and assume v satisfies 
(2). Then v is called a (generalized) valuation of K. The set R:= {ae K | v(a) = 0} 
is a valuation ring of K; it is a local ring and p := {a € K | v(a) > 0} is its maximal 
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ideal. Two valuations vy : KX > I and v2: K* — IT) of K are called equivalent 
if there is an order-preserving isomorphism A : I, > I) such that v2 = 0 v1. It is 
clear that the valuation rings R of a field K are in one-to-one correspondence with 
equivalence classes of valuations on K. 

Let v: KX > TI bea valuation on K. Set v(0) = o0 to obtain a map v from K 
to I” U {oo} satisfying v(ab) = v(a) + v(b) and inequality (2) for every a,b e K, 
where the usual conventions for calculating with oo apply. When I” is an ordered 
subgroup of the reals, v is a valuation in the sense of Definition 5. Check that in 
this case the notion of equivalence just defined agrees with that given in the text of 
the chapter. 

Prove also that for K = Q, the p-adic valuations w, exhaust all equivalence 
classes of generalized valuations. Likewise, the generalized valuations on K =k(X) 
that restrict to the trivial valuation on k are all equivalent to the ones discussed in 
the preceding exercise. But without the triviality condition one can put on Q(X), 
for example, a valuation with group Z x Z (do check this). Of course there are also 
archimedean absolute values on Q(X). 

If (K, <) is anonarchimedean ordered field, the set p of a€ K such that n|a| <1 
for all natural numbers 7 is the maximal ideal of a valuation ring of K. 


23.7 Show that, if p and q are distinct primes, (p”), is not a Cauchy sequence 
with respect to | |,. 


Hint: x = 1 mod q' implies x7 = 1 mod q‘*!. Or just consider the sequence 
(ptt _ p" Vn 
23.8 Let | |1,| |2,...,| |, be pairwise inequivalent nontrivial absolute values on 


a field K. Prove by induction that there exists z € K such that 
(1) |z|, >1 but lz|;<1 for2<j <r. 


Hint: By definition, there exists x such that |x|, <1 and |x|. > 1, and also y such 
that |v|2 <1 and |y|,; => 1. Thus z = y/x proves the case r = 2. Now let r > 2 and 
suppose that |x|; > 1 and |x|; <1 for 2 < 7 <r—1. Choose y such that |y|; > 1 
and |y|, <1. If |x|, <1, consider z = x” y. If |x|, > 1, consider z = y x”/(1+x”"). 

Derive hence Artin’s independence (or approximation) theorem: If | |1,...,| |r 
are pairwise inequivalent, nontrivial absolute values on K and a,,...,dy are ele- 
ments of K, there exists for every € > 0 an element x € K such that 


(2) la; -—x|i<e forevery 1 <i <r. 


Hint: Let z be as in (1). The sequence of z”/(1+2”) converges to 1 with respect 
to | |1, but to 0 with respect to the remaining absolute values | |;. Similarly one 
gets for each 7 an element e; that lies near 1 for | |; but near 0 for | |;, i # /. 
Now x = a1e€; +-::+4;e, solves the problem. 


23.9 Let K be an extension of C and | | an absolute value of K that coincides 
with | |oo on C. Prove that any a € K \C has a nearest neighbor in C, that is, 
there exists zo € C such that 


a—z\|>|a—Zo| forevery zEC. 
| [=| | y 
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By replacing a with an appropriate natural multiple of a—zo, obtain a € K such that 
(1) la—z| = |a| >1 forevery zEC. 


Now consider a” — 1 = ]|[;_,(a—zx) forn €N. Using (1), prove that |a—1]| < jal, 
and hence that a can be replaced by a—1 in (1). It follows inductively that |a—n| = 
|a|, and hence the contradiction that n = |n| < 2|a| for every n. Contradiction to 
what? To the existence of ae K \C. Hence K =C. 


23.10 Let K be a complete field with respect to an archimedean absolute value | |. 
Suppose | | coincides with | |oo on the subfield Q of K. 
(a) Take c € K with |c| <1. Define by recursion a sequence (X,)n in K as follows: 


Cc 
Xnt1 = — 2, xo = 1. 
Xn 


First show that |x,| > 1 and then that 
[Xn42 —Xn+1 | < |c| |Xn+1 —Xn|. 


It follows that (Xn), is a Cauchy sequence; its limit x satisfies the equation 
x? +2x —c = 0. Hence: 


(b) Every element of the form 1 + c with |c| < 1 is a square in K. 


(c) Suppose —1 is not a square in K, and let L = K(i) be an extension of K with 
i7+1=0. Define ||a + bi|| = |a? + 5?|'/?; then || || is an extension of | | 
to an absolute value on L. 
Hint: It suffices to prove that || ||? is a quasi-absolute value (see §23.2), and this 
in turn boils down to showing that ||z + 1||? < 4 for ||z||? < 1. So assume that 
z=a-+bi satisfies 


(1) |a? + b?| <1. 


Since ||z+1||? = |a?+2a+1+b?|<2+2|al, it is enough to show that (1) implies 
|a| < 1. To do this one can argue that the inequality 


[i+x?| <1 


is never true for x € K; indeed, if it were, (b) would imply that 1—(1 +x”) = —x? 


is a square in K, and so also —1. 


23.11 Let K be a extension of R and | | an absolute value on K that agrees with 
| loo on R. Prove that, if —1 is a square in K, then K = C; if —1 is not a square in 
K, then K=R. 

Hint: The real work has been done in F11(b), §23.9 and §23.10(c). 


23.12 Because of F9, there is a bijection 


Ly = (Z/p)™. 
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Cardinality considerations then imply that @, A Q. Obtain the same result in a 
more down-to-earth way by using F15 to prove that J-le Q, for p = 1 mod 4; 
that /2 € Q, for p = 7 mod 8; that A Q, for p = 3 mod 8; and finally, that 
a7 €Q>. 

Even better, show that the p-adic development (29) of a number a € Qp is 
periodic (possibly with a preperiodic part) if and only if a lies in Q. 


23.13 Suppose a field F is complete with respect to a nonarchimedean absolute 
value | |, and let F = R/p denote the corresponding residue field. Prove that every 
element u of R with u = 1 mod p is an m-th power in F, for any m € N not divisible 
by char F. Hint: See F13. 


23.14 Let E/K be an algebraic field extension. 


(i) It follows from F11(b) that the only extension to E of the trivial absolute value 
on K is the trivial absolute value on F. Reprove this directly, by considering 
the minimal equation of some a € EF and assuming |a| > 1. 


(ii) If E/K is purely inseparable, the proof of Theorem 5 shows that every absolute 
value on K has a unique extension to an absolute value on FE. Prove this 
directly using that every x € EF satisfies an equation of the form 


m . 
xP =a, withae K. 


23.15 Let E/K be a finite field extension and let | |1,...,| |, be distinct exten- 
sions to E of an absolute value | | of K. With the same notation as in Theorem 5, 
consider the canonical homomorphism of K-algebras 


(1) d: E®xK >|] Ei. 


i=1 


In view of F11, the absolute values | |1,..., | |, are all inequivalent. Hence Artin’s 
independence theorem (§23.8) says that the diagonal map 


; 
d:E> I] E; 
i=l 
takes E to a dense subset of [];—, E;. From this it follows through the use of F10 
that the map (1) is surjective, because its image is a K-vector subspace. 

Together these steps amount to a noticeably shorter route to Theorem 5, albeit 
with the exception of the theorem’s last statement, according to which (1) is an 
isomorphism if E/K is separable and | |1,..., | |, run over all extensions of the 
absolute value | |. 

In this connection show, more generally, that if | |1,..., | |, are all the distinct 
extensions of the absolute value of | |, the kernel of (1) is the nilradical of the K- 
algebra E @x K. 

Hint: We just need to show that ker d Cc J0. Since E @x RK is in any case a 
finite-dimensional K-algebra, it suffices, by §4.14 and Chapter 2, F2 in vol. I, to 
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show that ker d is contained in every maximal ideal m of E@x K. To this end, note 
that the residue field E ®x K/m can be seen as a finite extension of K; hence it gives 


A 


rise to an absolute value | |; on E extending | |. It follows that E @x K/m ~ Ej. 
Now, if E/K is separable, we have E @x K = K[X]/f, where f € K[X] is 
irreducible and separable; thus E @x K has no nonzero nilpotents, as asserted. 


23.16 Suppose g = c/d, where c,d are natural numbers and c > d. Every natural 
number 7 has a q-adic representation, that is, it can be written as 


(1) n=agptaiqt::-+arq', where a; € {0,1,..., c—l} and a, £0. 
Proof. Division with remainder yields first 
n=yc+do, where 0<do<c and 0<y<n/c. 


Hence dn = (dy)c + aod, with dy < dn/c <n. If y 4 0, we can assume by 
induction that dy = a; +---+a,q"—!, where the a; are as above. Therefore 


dn = (a, +--+ + arg” !)e +aod, 


and now division by d delivers the result. 


In fact, if c,d are relatively prime, the representation (1) is unique. 


23.17 Prove that the element b € R in F13 actually satisfies 
|b—al =|f(@| <1. 
Correspondingly, the 6 in F14 actually satisfies 


_ F@l 


p=4= 
bal = Tray 


<If/@l. 
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24.1 (i) Let A £0 be a subgroup of the additive group of R. Show the equivalence 
between: (a) A is discrete (there are no accumulation points of A in A). (b) A 
has no accumulation points in R. (c) A has a smallest element a>0. (d) A= Za, 
where a> 0. (e) A is closed in R and AR. 

Hint: Suppose A has an accumulation point in R. Then, for any ¢ > 0, there 
exist a,b € A such that 0 < b—a < ¢. By looking at integral multiples n(b—a), 
deduce that every real number is an accumulation point of A. 


(ii) Deduce the counterparts of (a)-(e) for the multiplicative group Rso of R, by 
using the properties of the log function. In particular, a discrete subgroup of Rso 
is cyclic. 
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24.2 Prove that F,((X’)) is not algebraic over F,(X). Using this, give an example of 
a purely inseparable extension E/K of degree p that becomes trivial by completion 
with respect to a valuation. This shows that formula (16) in Theorem 2 does not 
hold unconditionally — and likewise (60) in Chapter 23. 

Hint: The field F := F(X’) has countably many elements, and the same is true of 
any algebraic extension F; but the field F:= F, ((X’)) is uncountable (see example 
after F2). Now suppose Y € F is trandoondéatal over F. Setting E = F(Y) and 
K = F(Y?), we readily obtain an extension E'/K as desired. 


As a complement, prove that F, ((X’)) contains an element a such that a? —a—X =0, 
but F,(X)(a)/F(X) is Galois of degree p. 


24.3 / the algebraic closure C of Q2, consider the sequence of elements a, such 
that a 41 = On and a; = 2, and form the extension K> of Q»2 generated by these 
elements. Let K denote the completion of K2, and set E = K(/3). Prove that the 
extension E/K does not satisfy the formulan = ef. 

Hint: Since w2(Q@n+1) = 2~", the extension FE, := Q@2(a,+1) has degree 2” 
over Q», with ramification index 2” and residue class degree 1 (Theorem 1). Being 
the union of all the E,,, then, Kz has residue field Fz = Z/2 and valuation group 
w2(Ky) =U, 2-"Z. The same is true of the completion K of K2. 

Suppose that V3 lies in K. Since K> is dense in K, there exists a € K such 
that w2(a? — 3) > 2. Now, a lies in some Ey. Applying F14 of Chapter 23 we 
obtain /3 € Ey. But it is easy to check by induction that 


(1) V3 ¢ En: 


for the starting case n = 0, make use of F15 in Chapter 23. 

Setting E = K(/3) we get a degree-2 extension E/K of complete fields. Since 
> + w(K*) = w(K%), the ramification index e of E/K must be 1. We claim that the 
residue class degree f is also 1. Otherwise f = 2, so E is the degree-2 extension 
of the field K = Z/2, generated by the roots of the polynomial h(X) = X?+ X¥ +1 
over K. By F13 in Chapter 23, h splits over E as well. But K2(/3) is dense in 
K (3) = E,, so we derive as before (from Chapter 23, F13) that / also splits over 
E,(V3), for appropriate n. But then E,(/3) = E,(/—3), that is, E, contains 
/—1. This is impossible, as can be proved much like (1). 


24.4 Prove that the group W(Q,) of all roots of unity in Qp is finite, and has order 
p—1 or 2 depending on whether p # 2 or p = 2. Hint: See Theorem 4 and the 
example after F3. 


24.5 (a) Prove that the statement in the example following F3 also holds if the 
ground field Q, is replaced by an unramified extension K of Qp. 


(b) Starting from the statement in the example following F3, show by induction that 
(1) Q(Em):Q = g(m). 


Hint: Let m = p*m’, where (m’, p) = 1, and set F = Q(E,«) NQ(Em). Then F/Q 
is, with respect to | |», at the same time purely ramified and unramified. Hence 
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F = Q. Now use the Translation Theorem of Galois theory (vol. I, Chapter 12, 
Theorem 1). 


The proof method used in connection with (a) shows that (1) holds also if we replace 
Q by an algebraic number field k such that every p dividing m is unramified in k. 


24.6 Let E/K be a finite field extension and let | | be a discrete absolute value on 
E, with normalized valuation w. Assume also that K is | |-complete. The proof of 
Theorem | has the following corollary: If IT is a prime element of w and a,...,a¢ 
are representatives of the elements of a basis of E/K, then the elements 


ajlI/, for 1<i<f and 0<j <e 


form an R-basis of A. 
Further, assume E/K is separable. By the primitive element theorem, there is 
a € A such that the elements 


(1) aI’, for 0<i</f and 0<j <e, 


form an R-basis of A. Prove that there exists B € A such that A = R[f], and so the 
elements 1, B, B?,..., B"—', where n = E: K, also form an R-basis of A. 

Hint: Starting from the basis (1), choose a normalized g € R[X] of degree f 
such that g = MiPo ¢(@). Conclude that w(g(a)) = 1 (since (@) vanishes). 

If w(g(@)) = 1, set JT = g(a), rendering the claim true with 6 = a. So assume 
w(g(a)) = 2. A Taylor series development yields 


g(a+T1)=g(a)+¢'(a)+clI”, withce A. 
There follows w(g(a@+J7)) = 1, and now the element 8 =a+/TT serves the purpose. 


24.7 Let E/K be a finite extension and | | a nonarchimedean absolute value on 
E, and assume K is | |-complete. Prove that if E/K is normal, then so is the 


extension E/K of residue fields, and there is a canonical homomorphism 
G(E/K) > G(E/K), 
oO a oO. 


() 


Assume that E/K is Galois, and let T be the kernel of (1). T is called the inertia 
group of E/K. The corresponding fixed field is called the inertia field of E/K. 
Prove that the inertia field of E/K is the largest unramified subfield L of E/K 
(compare Theorem 3). Moreover, the map (1) is surjective and gives rise to the 
following commutative diagram of canonical isomorphisms: 


Ci ir —. GE 


~| |~ 


CLIK) — > CI) 


Hint: See Theorem 3. 
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24.8 Let | | be a nonarchimedean absolute value of a field K, with valuation ring 
R and residue field K. Let f € R[X] be a normalized polynomial, and form the 
extension L = K(a) of K, where f(a) = 0. Prove that if f € K[X] is separable, 
then L/K is unramified with respect to | |. 

Hint: One may as well assume that K is | |-complete (see Definition 3). Let 
E be a splitting field of f over K. It is enough to show that E/K is unramified. 
To do this, prove that the natural map G(E/K) > G(E/K) is injective. The claim 
then follows directly from §24.7, or by consideration of the inequalities 


E:K > |G(E/K)| > |G(E/K)| = E:K. 


Another path to the proof: One can assume that f is irreducible over K (see 
Theorem 4’ in Chapter 23). By Hensel’s Lemma, f is also irreducible. It follows 
that L: K > deg f =deg f = L: K. 


24.9 Let K be complete with respect to a nonarchimedean absolute value | |. 
Prove: If € is a primitive m-th root of unity in the algebraic closure of K, where m 
is not divisible by the characteristic of the residue field of K, the extension K(¢)/K 
is unramified. (Hint: It is most convenient to use §24.8.) 


24.10 Let E/K be a finite extension and | | a discrete absolute value of E, with 
normalized valuation w. Assume that K is | |-complete and that the extension E/K 
of residue fields is separable. Assume further that E/K is Galois and consider, for 
every integer i > —1, the subgroup G; of G = G(E/K) consisting of all o € G that 
operate trivially on A/38‘*!; that is, those for which 


(1) w(ox—x)>i forevery xe A. 


By definition, G_; = G and Go is the inertia group of E/K (see §24.7). For large 
enough 7 we clearly have G; = 1. We thus obtain a well defined chain 


G=G_,2Gp 2G, D:::2G,=1 


of normal subgroups of G. Each G; is called the i-th ramification group of E/K. 
If F is an intermediate field of E/K with H := G(E/F), the intersection Gj H 
is the i-th ramification group of E/F. Thus, for Z the largest unramified subfield 
of E/K, the i-th ramification group of E/L (where i > 0) coincides with that of 
E/K (see §24.7). 

Further, let JT be a prime element of E, and let Ug = A™ be the group of units 
of E. Setting 


UM =Ug, UP =14A, UP =14 m7, 


we get a decreasing chain of subgroups U of Ug. From now on fix 7 = 0. Prove: 


(a) An automorphism o € Go lies in G; if and only if 


o(I1)/IT = 1 mod IT’. 
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(b) The map o > o(/T)/TT gives rise to a canonical isomorphism (not depend- 
ing on the choice of /7) between the group G;/Gi;, and a subgroup of 
@® 7 77G+)) 
Up, /URg’ -. 
(c) The group Go/G; is cyclic and its order is not divisible by the characteristic 
of the residue class field K. 


(d) If char K = 0 we have G; = 1 (so Go is cyclic). 


(e) If char K = p > 0, the groups G;/Gj+1, for i > 1, are elementary abelian 
p-groups and Gj is the Sylow p-group of Go. 


Hint: Without loss of generality one can assume that G = Go, that is, E/K is purely 
ramified. Then A = R[J7], and (a) follows without difficulty. Once (a) is proved, 
one checks (b) directly. Every finite subgroup of E =U, ie /U a is cyclic; this 
yields (c). For parts (d) and (e), show that ue joe for i = 1, is isomorphic to 
the additive group of E. 

Observe also that if L; denotes the fixed field of G,, the extension L;/K is the 
largest subextension of E/K that is tamely ramified, that is, whose ramification 
index is not divisible by the characteristic of K. 


24.11 Let & be an algebraically closed field of characteristic zero and let K = 
k((X)) be the field of formal Laurent series with finite principal part over k. Prove: 
The algebraic closure C of K is the union of the fields Kn := K(X'/") =k(X'/")). 
More precisely, for every natural number n, C/K has exactly one intermediate field 
of degree n over K, namely Ky. The Galois group G(C/K) is isomorphic to Z (see 
vol. I, §12.4). 

Hint: Any extension E/K of degree n is purely ramified, so E = K(/T), and 
therefore J7” = uX, where u is a unit of EZ. But every unit of E is an n-th power 
in E. (One can alternatively base the proof on statement (d) of §24.10.) To show 
that G(C/K) ~ Z, consider that W(k) ~ W(C) and use that the subgroups W,,(C) 
of W(C) have canonical generators. 


24.12 Let | |; and | |2 be nontrivial absolute values on a field K. Prove that if 
| |1 is discrete and | |2 is complete, then | |, ~ | |2. 

Anticipating the results of Chapter 25 (Definition 1 and Remark after F2), we see 
that, in particular, a local field K admits, up to equivalence, only a single nontrivial 
absolute value with respect to which K is locally compact. 

Hint: Let x be a prime element of K with respect to | |,;. For every natural 
number n, the polynomial 

f(XY)=X"-2 


is irreducible over K (see F3). Now let K be | |2-complete. Then | |» is certainly 
nonarchimedean; otherwise K = R or C, and f cannot be irreducible for n > 2. 
Assume | |2 and | |; are not equivalent. By the independence theorem (§23.8) 
there exists, for every ¢ > 0, some d € K such that 


lt—d|i;<e and |l—d|2 <e. 
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For small enough e¢, the first inequality says that d is, like 2, a prime element for 
| |1, while the second inequality guarantees that ¥” — d = 0 has a solution in K, 
so long as char K does not divide n. 

We mention that the result of this exercise also follows easily from a general 
fact proved by F: K. Schmidt, to which we turn next. 


24.13 Let K be complete with respect to a nontrivial absolute value | |- on K. 
Prove: If | | is a nontrivial absolute value on K that is not equivalent to | |¢, the 
| |-completion K of K must be algebraically closed. 

Hint: Take f € K[X] irreducible of degree n and separable. Choose a separable 
polynomial  € K[X] of degree n that splits into linear factors over K. Since K 
is | |-dense in K, and thanks to the independence theorem (§23.8), there exists for 
any ¢€ > 0 some g € K[X] of degree n such that 


|f—g|<e and |hA-gle<e. 


For ¢ small enough, the first inequality ensures that g, too, is irreducible over K ; 
while the second implies that g, like /, splits into linear factors over K. Each of 
these facts are justified by Hensel’s Lemma (Chapter 23, F14) if | | and | |¢ are 
assumed to be nonarchimedean; see also §24.22. If | | is archimedean, that is, if 
K=RorC with | |~| |oo, thenn <2, so g is irreducible. If | |¢ is archimedean, 
so K =R or C with | |¢ ~ | |oo, then in the case K = R one needs to show that 
g, like h, has only real roots. For this use Theorem 9 in Section 20, or Rouché’s 
Theorem. 

Altogether this shows that K does not admit a nontrivial separable algebraic 
extension. The rest arises from the next problem. 


24.14 Let K be complete with respect to a nontrivial absolute value | |. Prove 
that, if K is separably closed (that is, K admits no nontrivial separable algebraic 
extension), then K is algebraically closed. 

Hint: K has characteristic p > 0, and it suffices to show that every a € K™ isa 
p-th power in K. For that, consider, for t € K* such that |¢| < 1, the polynomial 


Tn(X) =X? +t" X -a. 


Since f/(X) =”, this polynomial is separable, and so splits into linear factors over 
K. We can assume that |a| < 1; then at least one root a» of fy satisfies || < 1. 
Hence 

ja? —al|>0 for n> oo. 


P 


rei On Its limit a 


But then (a), is a Cauchy sequence, since (@,4+1—Q,)? = a@ 
satisfies a? =a. 


24.15 Let | | be anonarchimedean absolute value on a field K, and denote by K the 
| |-completion of K. Using Theorem 3 of Chapter 25, prove: If K is algebraically 
closed, so is K. _ 

Hint: Let f € K[X] be an irreducible normalized polynomial of degree n. We 
must show that n = 1. By §24.14 it suffices to do this when / is separable. For 
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every € > 0 there is a normalized polynomial g € K[X] of degree n such that 


If—gl<e. 


For small enough ¢, the irreducibility of f implies that of g. Because K is alge- 
braically closed we then get n = | as needed. 
24.16 Let K be any field. Prove: 


(a) If K has a nontrivial, complete absolute value, its cardinality satisfies 
(1) Card K = Card KN. 


Hint: Let | | be a complete absolute value on K and suppose |z| < 1. If | | is 
nonarchimedean, with valuation ring R, consider a family S of representatives 
of R/z and expand an arbitrary a € R in powers of z. 

(b) If K has two inequivalent nontrivial absolute values, both complete, then K 
is algebraically closed. Hint: See §24.13. 


(c 


New 


If K is algebraically closed and condition (1) is satisfied, then K admits an 
infinite family of pairwise inequivalent complete absolute values; at the same 
time, there are also infinitely many pairwise inequivalent absolute values on 
K with respect to which K is not complete. 

Hint: Recall §24.15 and observe that algebraically closed fields having the 
same characteristic and the same transcendence degree (over the prime field) 
are isomorphic. Further: If K is any field such that Card K > Card N, then 
Card K equals the transcendence degree of K. 


24.17 Given an isomorphism o : K; — K> of fields and nontrivial absolute values 
| |; on Ky and | |2 on Ko, prove: If | |1 is discrete and | |2 is complete, then 
oa: (Ky,| |1) > (K2, | |2) is bicontinuous (a homeomorphism). Hint: Consider 
on K, the absolute values | |; and | |200; then use §24.12. 


24.18 Let K be an extension of @, such that K : Q, < oo. Prove: There exists no 
homomorphism from R into K, nor from K into R, nor yet from Q, into K, for 
q # p. On the other hand, there are (many) homomorphisms from K into C and of 
C into the algebraic closure of Qp. 

Hint: If nothing else comes to mind, use §24.13. 


24.19 Let K be complete with respect to a discrete absolute value |_|. By choosing a 
prime element z and a family of representatives S 5 0 for the residue field K = R/p, 
one has for every a € R a unique representation of the form 


[o.@) 
(1) a=) oar’, with a; € S; 
i=0 


see F2. We thus obtain a bijective map 


(2) R= 5™, 
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Give the set on the right the product topology of discrete topologies. Check that the 
map (2) is a homeomorphism. As a corollary (using Tychonov’s Theorem): If | | is 
a discrete and complete absolute value on K and if the corresponding residue group 
is finite, the valuation ring R of | | is compact. 


24.20 Is there a finite field extension E/K and a discrete absolute value on E such 
that EF is complete but K is not? In other words, is it possible for the completion 
K of a field K with respect to a discrete absolute value to have finite degree greater 
than 1 over K? 


Hint: Suppose K:K =n> 1. Show that RK/K must in any case be purely inseparable 
(see Theorem 2 and use $24.12). To arrive at an example, start with a field of the 
form E = k((X)), with char k = p, and choose k so that k:k? = oo. Now let (a;); 
be a sequence of elements of & linearly independent over k?. The element 


lo) 
b= Yo ajXx' 
i=0 


of E is not contained in the subfield 


F:=k?(xX)k 
of E. Extend b to a p-basis B of E/F, that is, to a subset B of E' such that F(B) = 
E and having the property that every finite set of pairwise distinct b1,...,b, in B 


satisfies the condition F(b;,...,b,): F = p”. Then the subfield K := F(Bw {b}) 
satisfies . 
E:K=p and E=K. 


24.21 Let K be complete with respect to a nonarchimedean absolute value | |, and 
let f € R[X] be a normalized polynomial with coefficients in the valuation ring R of 
| |. Assume f is separable and denote by D(/) its discriminant. Using Krasner’s 
Lemma (Chapter 25, just before Theorem 3), prove: If there exists B € R such that 
| f(B)| <|D(f)|, then f has a root a in K. 


Hint: Over an algebraic closure C of K, write f(X) = (X—a@) (X—a2)...(X—an); 


by assumption, 
n n n 
[]é-al < [] J] ler-ail. 
i=l 


i=1 j=1 


J#i 
Hence there exists i such that 
n 
\B-ail < [] la; —ai| 
j=l 
j#i 


< |a;—a;| forevery j Fi. 


Now Krasner’s Lemma implies that a; € K. 
Moreover, one easily sees that a; is the only root a of f satisfying the condition 
|B —a| <|a’—a| for every root a’ £a of f. 
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Remark. Clearly the result in §24.21 constitutes, next to Fl4 in Chapter 23, a 
fact of fundamental interest. Incidentally, the statement can be extended to f not 
necessarily normalized if the discriminant of f(X) = aX” + dy-1 X"-14...449 
is defined as D( f) = q2n-2 Eee (aj — aj)? (see, for instance, van der Waerden, 
Algebra I). However, the proof in this case is not nearly as straightforward; it is 
outlined in §24.23 below. 


24.22 Let K be complete with respect to a nonarchimedean absolute value | |, 
which we extend to the algebraic closure C of K. Let a separable polynomial 


f(X) = aX" + an X" 1 +--+ +49 = a(X — 011) (X — 02)... (X — om) 


of degree n over K be given. Show that there exists a real number 6 > 0 such that 
every g € K[X] of degree n with | f — g| <6 has the following properties: 


(i) g, too, has n distinct roots 61,..., By in C, and they can be numbered in such 
a way that 
(1) |B; —a;|<|a,—a;| for every i,k withi 4k, 
(2) K(B;) = K(@) for every i. 


(ii) g has the same decomposition type as f; that is, the prime factorizations of f 
and g have the same number of irreducible factors of degree m, for each m. 


Hint: (a) Multiplying by an appropriate nonzero element in R, one immediately 
reduces the problem to the case f € R[X]. Let a be the leading coefficient of /. 
For every h € K[X] of degree at most n, set 


h*(X) =a"! n(=). 


Clearly, |2*| < |a~!||h|. In the special case h = f we get f* € R[X], and f* 
is normalized. Hence we can assume that f is a normalized polynomial in R[X’]. 
Then |a;| < 1 for each 7. 


(b) Because f is separable, one can choose 6 > 0 such that 
6<|f'(aj)|? for every i. 


Then first of all 6 < 1 = |/|, and the assumption | f — g| < 6 implies |g| = |/|, 
hence g € R[X]. Since 


If'(ai)—g'@i| <If-gl <8 S|f'@)l, 
moreover, we obtain |g’(a;)| = | f’(a;)|, and because 
Ig(@i)| = |g) -— fi) < If -gl <4 


we get 
|g(ai)| <|g'(@)/?. 
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Hence, by F14 in Chapter 23, the valuation ring of K(q;) (for each fixed 7) contains 
a unique root 6; of g such that 


Bi —a;| < | f’(@)|. 


Since f’(a;) = [| (a; — a7), this leads to (1). But once (1) is satisfied, we see that 
J#Fi 


|B; —i| = |Bj —aj; +a; —a;|=|a;—a;| for any j i, 


so that— again by (1)— §; is distinct from ;. 


(c) To prove that K(6;) = K(qa;), observe that K(B;) C K(qa;) is already known. If 
K(Bi) 4 K(q;), there exists 9 € G(C/K) such that of; = 6; and oa; = ax, with 
k #i. Then 

|o; — Bi] = |o (a — Bi)| = lor — Bil, 


contradicting (1). 
(d) Assertion (ii) follows easily from (2), thanks to the separability of f and g. 


24.23 One solution to the problem of generalizing §24.21 to the case where f € 
RX] has arbitrary leading coefficient a 4 0 was found by E. Erhardt, one of my 
students, in his Examensarbeit (Master’s thesis). He first shows that, for every 
1<r<nando€e Sy, 


al 


(1) 


r 
a I] Qo (i) 
j=1 


To see this, assume |a@1| > |a@2| >---> |@p| and |a;| > 1. If |a;| > 1 fori <k and 
|a;| < 1 fori > k, we have 


r 


a I] Qo (i) 
i 


i=] 


= = lal lsc] = lane] $1, 


k 
Ten 
i=1 


where s, denotes the k-th elementary symmetric function in a@,..., py. 
Now, by definition, 


n—-1 


(2) D(f)= |] (« [| @ -«))*). 


i=1 \ j=itl 
Denote the i-th factor on the right by D; and renumber the roots so that |ai| < 


|| <---<|a,|. From (1) we obtain immediately 


n 
(3) [Del la7| TY] ley? = laa. * = 1, 
j=itl 
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Among the roots of f let a, be one whose distance to 6 € R is minimal: 
(4) la, —B| < ja;—f| for alli. 


We wish to show that & is uniquely determined by (4). Krasner’s Lemma will then 
imply that K(a;,) C K(B) = K, which is all we need. 

Suppose, therefore, that |a, — 6| = |a; — B|, with k </. Using (1) one sees 
easily that 


n 
(5) [De] <Ja(ox—ar)? [] (ox -a) 
j=k+l 
4 
and ’ 
(6) |D;| <|a;-—a,| fori <k. 


Since by (3) we have in addition | D;| < 1 fori > k, we obtain from (2) 


ID(s 


= 


=|f()|. 


a(ax —0)" | [ @x —ai)| < |a(ox — 8)? [| B-a) 
i=1 i=1 


i#k,l i#k,l 


contradicting the assumption that | f()| <|D(/)| and completing the proof. 


In addition we will also show that, if n => 2, the root a := a, as above satisfies 
(7) la—fp| <1; 
that is, a € R and@ = B. Using (3) for all i < n—2 we first obtain, from (2), 
(8) |D(P)| S|Dn—1| = la? (@n—1 —an)?| S |aay|* S |aorn|, 


the last inequality because |aay| < 1, by (1). Assume |a@,| > 1 (otherwise there is 
nothing to show). Then 


n—-1 
(9) |f(B)| = |aon| [| |B —ail. 


i=1 


The assumption | f(8)| <|D(/)|, together with (8), now implies that 


n—-1 
[ [16 -ail <1. 
i=1 


But then (4) implies that |6 —a,| < 1, which is (7). 
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Chapter 28: Fundamentals of Modules 


28.1 As a complement to F9, prove that under the assumption that an A-module 
M is semisimple, we have: 


End4(M) is a skew field = > JM is simple. 


Hint: Assume M = N @T and let p € End(M) be the corresponding projector, so 
px =x for x € N and px =0 for x € T. Then p? = p. 


28.2 We will construct a noetherian and artinian K-algebra such that A° is neither 
artinian nor noetherian. 

Take an extension L of the field K = F, such that L/L? is not finite. On 
the abelian group A = L x L, define a K-algebra structure by (a,b)(c,d) = 
(ac,ad+bc?). The only nontrivial left ideal of A is 0 x K, whereas for every 
K?-subspace V of K the module 0 x V is a right ideal of A. 


28.3 Let g be an endomorphism of the A-module NV. Prove: If g is surjective and 
N is noetherian, or if g is injective and N is artinian, then g is an automorphism 
of N. 


Hint: For any n we have ker g” C ker g”*! 


and im g”t! Cimg”. 

28.4 Let f be an endomorphism of an artinian and noetherian A-module M. Prove 

the existence of a direct decomposition M = V @ W preserved by / and such that 

f restricts to an automorphism on V and to a nilpotent endomorphism on W. 
Hint: There exists n such that f induces automorphisms on im f” and on 

M/ker f” (see §28.3). Since f” also induces such automorphisms, it follows that 


im f"Nkerf" =0, M =im f"+kerf”. 


28.5 If an artinian and noetherian A-module M is indecomposable, then C := 
End4(M) is a local algebra, that is, the noninvertible elements of C form an 
ideal of C. Conversely, an A-module M for which End4(M) is a local algebra 
is indecomposable. 


Proof. The second part is easy: If C is a local algebra, there is no nontrivial 
decomposition M = V @ W, because | = p+ q in C implies p or q is a unit. 

As for the first part: Using §28.4 we deduce from the assumptions that every 
element f of C = End4(M) is either a unit or a nilpotent. Take f, g € C, and let 
f be nilpotent. Then fg is also nilpotent, for otherwise fg would be a unit and so 
also f. Analogously, gf is seen to be nilpotent. There remains to show that if f, g 
are nilpotent, so is f + g. Otherwise there exists such that fh + gh = 1. As we 
just saw, ff and gh are nilpotent. But if gh is nilpotent, fh = 1— gh is a unit. 


28.6 A slightly generalized version of the Krull-—Remak—Schmidt Theorem was 
proved by R. G. Swan; see pp. 75 and following of his Algebraic K-Theory, Lecture 
Notes in Mathematics 76, Springer, Berlin, 1968. 
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28.7 Fix a prime p and consider the subring A of @ consisting of all a/b with b 
relatively prime to p (compare §23.4). Being a subring of the rationals, A has no 
nonzero nilpotents. But on the other hand, A is a local ring and pA is its maximal 
ideal; hence 9%(A) = pA, and in particular 9%(A) 4 0. 


28.8 Let an R-algebra A be finitely generated as an R-module, and let w be an 
element of A. Here is how to show anew that @ is integral over R (see vol. I, Chapter 
16, Fl). Using Hilbert’s Basis Theorem (vol. I, Chapter 19, Theorem 4), prove first 
that without loss R can be assumed noetherian. But if R is noetherian, so is the 
R-module A (see F24). Now look at the increasing sequence of R-submodules 
R+ Ra+-+-+ Ra’. 


28.9 It is clear that in the definition of the tensor product of R-modules, the com- 
mutative ground ring R cannot simply be replaced by a noncommutative algebra A. 
To reach an acceptable notion of tensor product over an arbitrary R-algebra A, we 
start out from the following situation: 

Let M be an A°-module (written as a right A-module) and let N be an A- 
module. An R-bilinear map 6 : Mx N — X into some R-module X is balanced if 


B(xa, y) = B(x,ay) forallaeA,xeM, yeNn. 


Then a tensor product of M and N is an R-module M @, JN, together with a 
balanced R-bilinear map 7: Mx N > M ®,4N, written (x, vy) x ® y, such that 
for every balanced R-bilinear 8B : M x N — X there is exactly one R-linear map 
f:M®4aN > X satisfying f(x ® vy) = B(x, y). 

To prove that M @,4 N exists, consider the R-module M @pR N and form the 
quotient M @4N =(M @rN)/I by the submodule J generated by all elements 
of the form xa @ y—x @ay. It is clear that M @y, N, together with the map 
w:MxN—>M @rRN > M @4N, has the required properties. 

Admittedly, M @, N cannot in general be regarded as a A-module — although 
for A commutative it can, and the reader can easily check that everything is consis- 
tent with the earlier tensor product notion introduced in Definition 6.11 of vol. I (with 
R replaced by A). The rules stated at that point— apart of course from the missing 
A-module structure and the commutativity in rule (vi) —carry over accordingly to 
tensor products of the type defined here. Specifically, rules (iv) and (v) hold not 
only with respect to the first factor of M @,4 N but also with respect to the second. 
As for associativity in (vi), the reader should elucidate and prove the following 
statement: Given a right A-module M, an A-B-bimodule N and a B-module Y, 
there is a canonical isomorphism 


(M @4N)@pY ~ M @4(N @BY). 
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29.1 Consider the K-vector space V = K“) and its endomorphism algebra 
A := Endx(V). Denote by J the set of all f € A such that fV has finite di- 
mension. Obviously J is an ideal of A. Check that the algebra A/J is simple but 
not noetherian (hence not artinian; see F41 in Chapter 28). 

Hint: Take f € 1, so dim fV =o. There is a sequence of linearly independent 
elements vj; = fw;, where i = 1,2,.... Hence there exists g € A taking each v; 
to e;. Define h by setting he; = w;. Then gfh = 1, so A/J simple. To show 
that A/J is not noetherian, start with a descending sequence of subspaces V; with 
dim V;/Vj+1 = co. Set N; ={f € A| dim fV; < co}; this is a descending sequence 
of left ideals of A all of which contain J. 


29.2 Let V be any D-vector space. Prove that, unless V is finite-dimensional, 
Endp(V) is not artinian. (Hint: Take a sequence of linear independent vectors v; 
in V and consider the descending sequence of left ideals in Endp(V) defined by 
Ne ={f €Endp(V) | fur =---= fug = 0}.) 


29.3 Let A be a finite-dimensional commutative K-algebra without nonzero nilpo- 
tents. Assume that char K is either 0 or larger than the dimension A: K. Prove 
that A is semisimple (compare F8) by showing that the symmetric bilinear form 
(x,y) + Trask (xy) (vol. I, p. 134, top) is nondegenerate. (This is sufficient, 
for then every A-submodule N of A; is a direct summand: take the orthogonal 
complement relative to (-,- ).) 

Hint: Suppose a ¢€ A is such that Trg/x(ay) = 0 for every y € A. Then 
Tr4/x(a') = 0 for all i € N, and the endomorphism f = a, of the K-vector space 
A satisfies Tr(f’) = 0 for all 7 ¢ N. The reader can easily prove (or see LA II, 
p. 183, Aufgabe 75) that this implies that f is nilpotent, and hence so is a. But then 
a=0. 

29.4 Let a K-algebra A be simple and central. Then A ®xA° is artinian if and only 
if A: K is finite. 


Proof. If A: K < oo, then A @xA° ~ M,,(K) by F14; hence A @x A° is artinian. 
Conversely, suppose A @xA° is artinian. Since A is simple, the A ®xA°-module A 
is simple; since A is central over K, its endomorphism algebra equals K, by (27): 


End4g 4° (A) = K. 


Applying Theorem 3 to the simple artinian algebra A @x A° (whose simplicity 
follows from Theorem 7), we get A: K <co—and also A@xKA° ~ M,,(K), which 
gives another proof for (33). 


29.5 Let H be the division algebra of quaternions over R, mentioned in see Remark 
4 after Theorem 9. The R-algebra H ®p H is not a division algebra, because it has 
dimension 16. 

More generally, prove: If K is any field and [D] is the class in Br K of a division 
algebra D # K, then D @x D is not a division algebra. (Hint: Every splitting field 
L of D is also a splitting field of D@x D.) 
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Show, more precisely, that if D has Schur index n (so D@xD has reduced degree 
n? over K), then D@xD is similar to an algebra of reduced degree $n (n—1). (Hint: 
It is enough to check that the Schur index s of D @x D divides $n (n—1), which is 
nonobvious only if 7 is even. One can assume, if desired, that 1 is a power of 2: 


see Chapter 30, remark 3 after F3.) 


29.6 Suppose [A]€ Br K. Prove that Ay, is a division algebra if and only if s(Az) = 
s(A) and A is a division algebra. (Hint: See (36) and F19.) 
29.7 Let D be a division algebra and B a subalgebra of it. Prove: 

(a) The centralizer Zp(B) is likewise a division algebra. 

(b) If B is artinian, B is also a division algebra. 
Hint for (b): We know that D has no nonzero nilpotents, so S%(B) is zero and B 
is semisimple (Chapter 28, Theorem 4 and F29). The rest follows easily using (4) 


and (10). Alternatively, take x € B and look at the descending sequence with term 
Bx". 


29.8 Let A and B be K-algebras. Prove that if A®xB is semisimple, so are A and B. 

Hint: Suppose A @x B is semisimple. Then A and B are artinian; see Remark 
(b) after Theorem 7 and Chapter 28, F26. Hence there is k € N such that KR(A)* =0, 
by Theorem 4 in Chapter 28. It follows that (%(A) @ B)* C R(A)* @ B =0, and 
this implies (A) ® B = 0 by the semisimplicity assumption (Chapter 28, F37 and 
F29). Hence R(A) vanishes and A is semisimple. 


29.9 Let the situation be as in Theorem 14, and setn = B: K andd = L: K. Then 
parts (b) and (e) of the theorem can be sharpened to say that 


C @xkM,(K) ~ B° ®KA, qd) 
(B@iC) @i Ma(L) ~ ASKL. (2) 


The isomorphism in (2) implies part (f) of Theorem 14. 
(Incidentally, from part (b), or directly from isomorphism (1), one obtains again 
that A° @KA ~ M,(K) ifn = A: K.) 


Proof. Let N be a simple B ® A°-module. The B @ A°-modules A and B @ A® 
satisfy 
AN" and B@A°~N’'. 


We obtain the following isomorphisms of A°-modules: N’ ~ B@A°~ A” ~ N"", 
which implies on grounds of length that t = rn. Hence 


B° @A = Endggs0(B @A°) ~ Endggse(N") ~ M;(Endgeae(N)) 
~ Mn(M, (Endgeac(N))) ~ Mn(Endgeae(N")) 
~ My (Endgea°(A)) ~ Mn(C) = C @ Mr (K). 
This yields (1). 


Now tensor (1) on the left with B over L, to obtain (B ®z C) ® M,(K) ~ 
(B @r B°)@KA~ Mnja(L) OKA, hence My(B @zrC) ~ Mnja(Ma(B @LC)) = 


326 Appendix: Problems and Remarks 


Mnja(L @xKA). This implies, by F9, that Ma(B @r C) ~ L @xKA, and hence (2) 
is proved. 


29.10 Let A be a central-simple K-algebra. A splitting field L of A satisfying 
(L: K)* = A:K can be embedded K-isomorphically in A. 


Proof. By Theorem 18 there is an algebra A’ similar to A that contains L as 
a maximal commutative subalgebra. At the same time, our assumption implies 
A:K =(L:K)* = A’: K (see Theorem 15). Hence A ~ A’, which proves the 
conclusion. 


29.11 We now turn to questions suggested by Theorems 15, 16 and 18. Let A be a 
central-simple K-algebra of degree A: K =n” and E/K a finite field extension of 
degree E: K =d. 


(a) Suppose F is a subalgebra of A. The centralizer C of E in A satisfies 
Cw~ Ag, Z(C)=E, C:E=m’, wherem=n/d. 
(b) Still assuming EF C A, the field EF is a maximal subfield of A if and only if E 
is a splitting field of A and has no (strict) extension whose degree divides m. 
(c) E is a splitting field of A if and only if there is an algebra A’ similar to A that 
contains E as a maximal subfield. 
Proof. (a) Use the Centralizer Theorem (page 168) and the equality 
C:K=(C:E)(E:K). 
(c) For the forward direction apply Theorem 18. The converse is part of (b). 
(b) Again by the Centralizer Theorem, C = Z,4(£) is a central-simple E-algebra 
satisfying 
(1) C~A@KE. 


Moreover C ~ M,(D), for some central division algebra D over FE. If A splits 
over E, we have D = E by virtue of (1). If E is a maximal subfield of A, this is 
also the case in C and hence in D. But since E is the center of D, we must have 
D=E,so A splits over E. 

There remains to find out when E is a maximal subfield of Mj,(E). Suppose a 
subalgebra F of the E-algebra M,,(£) is a field. Applying part (a) to this situation 
we see that F: E must divide m. Conversely, given a field extension F'/E of degree 
t, the E-algebra F is isomorphic to a subalgebra M;(£). If m = st, say, M;(E) is 
isomorphic to a subalgebra of M;(M;(E)) ~ Mn (E). 


29.12 Take [A], [B]€ Br K with s(A), s(B) relatively prime. Prove that (a) s(A® B) 
= 5(A)s(B); (b) if A and B are division algebras, so is A ® B. 

Hint: Statement (b) follows from (a); see the remark after Definition 7. To prove 
(a) see Remark | after Theorem 19. Notice that if L is a splitting field of A @ B, the 
product Az ® By is similar to 1, so Az is similar to By. But Az and By obviously 
have the same Schur index, and it divides both s(A) and s(B), by F19. From the 
assumption, then, we get Ay ~ 1 ~ Bz; that is, L: K is divisible by s(A) and s(B). 
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29.13 Let K be a field of characteristic p > 0 and D a division algebra with center 
K. Ifo is a nontrivial K-algebra automorphism of D satisfying o? = 1, there exist 
nonzero x, y € D such that oy = y+ x and ox = x, hence also some z such that 


(1) oz=z+t+l. 


Proof. In Endx (D) we have (o — 1)? =o? — 1? = 0. Take the largest n such that 
(o — 1)” £0. For some d € D we have x := (o —1)"d £0, yet ox = x. Setting 
y:= (o—1)""!d we obtain oy — y = x, and multiplying this equation by x~! we 
see that z:= x! y is a solution of oz —z = 


29.14 Using §29.13 prove the following generalization of Lemma 2: Let D be a 
division algebra with center K, and suppose every element of D is algebraic over 
K. If D # K, there is some subfield E of D strictly containing K and separable 
over K. 

Hint: If the conclusion fails we are in characteristic p > 0, and there exists 
u € D such that u? € K but u € K. Apply §29.13 to the inner automorphism o 
of D defined by w in order to obtain a subfield K[z] of D such that K[z]/K is not 
purely inseparable. 


29.15 Let D be a a division algebra with center K, and suppose there is a natural 
number 7 such that, for any x € D, the algebra K[x] is a field extension over K 
of degree at most n. Prove that D is finite-dimensional of dimension at most n? 
over K. 

Hint: One can assume D # K and apply §29.14 to show there exist elements 
x € D such that 


(1) K[x|/K is separable and x ¢ K. 


Since K[x]: K <n there is among such elements x some Xo of maximal degree 
K[xo]: K. Set L = K[xo]; the centralizer C of L in D is a division algebra, and L 
is the center of C. If C were distinct from L, problem §29.14 would lead (through 
the use of the Primitive Element Theorem) a contradiction with the choice of xo. 
Hence C = L, and the Centralizer Theorem yields D: K = (L: K) (L: K) <n’. 


29.16 Let K be a field. There exist central division K-algebras that have infinite 
dimension over K and admit noninner K-automorphisms (compare Theorem 20’). 
The stepwise proof of this fact is the object of Problems 29.17-21. 


29.17 Let L be a field and o an automorphism of L. Denote by K the fixed field 
of o in L. Consider the set A of all maps a: Z — L such that a; = 0 for almost 
all i < 0, where we write a; for a(i). Such maps form an L-vector space in the 
obvious way. We express any element a € A as a (for now purely formal) sum 


(1) a=) aX". 
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We define a multiplication operation in A by associating with a,b € A the map 
c:Z—L such that c, = >> ajo'(b;); that is, 
i+j=n 


2 (Zon)(Eo")-O(E ewm)e 


n i+j=n 


(Note that for negative indices, only finitely many a; and b; are nonzero, so c is 
well defined and does belong to A.) It is easy to check that this product makes the 
L-vector space A into a K-algebra. Calculation in A with the representation (1) 
proceeds as with formal Laurent series, apart from the fact — which later will prove 
decisive — that right multiplication with elements of Z takes on the form 


(3) Xh=O(A)X. 


We call A the algebra of o-crossed formal Laurent series over L and write A = 
L((X;0)). If o acts trivially on L, we obviously have L(X; 0)) = L(X)). In any 
case, K((X)) is a commutative subalgebra of L(X; 0)). 

Working as for usual Laurent series, one can show that any nonzero element of 
A is invertible. Therefore L((X; @)) is a division algebra. 


29.18 We now determine what elements of A = L((X; 0)) commute with all others. 
The answer depends on whether o has finite or infinite order. Prove: 


(a) Ifo has infinite order, the center of L(X;0)) is K. 


(b) Ifo has order n, the center of L(X;0)) is K(X")). In this case the division 
algebra L((X;)) has finite dimension n? over its center. 


Thus we will have constructed central division algebras of infinite dimension over a 
given field K if we can find an extension L of K admitting an automorphism o of 
infinite order whose fixed field is K. When char K = 0 we simply take L = K(f), 
where ¢ is an indeterminate, and define the automorphism o of L by setting o(t) = 
t+ 1. If K isa finite field with g elements, let L be an algebraic closure of K and 
take for o the automorphism defined by o(A) = A%. The case of an infinite field K 
of nonzero characteristic is postponed till §29.21. 


29.19 Let A = L((X;0)) be as above. A second automorphism t of L/K that 
commutes with o can be extended to a K-automorphism Tf of A by setting 


T (Dax) = > t(a;)X°. 


I 


We claim that unless t is a power of 0, the map T is not an inner automorphism of A. 
Indeed, suppose there exists u = )0, u;X ’ satisfying t(A)u = uA merely for any 
i € L. Then equation (3) in §29.17 implies that t(A)u; = 0/(A)u; for every 7; but 
this can only happen if all but one of the uv; vanish, that is, t = 0! for some i. 


29.20 From the last two problems we see that to prove the existence of division 
algebras having a prescribed center K and noninner K-automorphisms, it is enough 
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to find automorphisms o,t of some field extension L/K satisfying the following 
properties: 


(1) Fix(o)= K, ot=to, to! foralli €Z. 


(Why does this automatically imply that o has infinite order?) If K has characteristic 
0, we can choose L = K(t) and o(t) =t+1 as in §29.18 and define t by t(¢) =t+ s. 
For K finite, again take L and o as in §29.18; since G(L/K) is abelian, all that’s 
left to check is that G(L/K) is not generated by o, for which recall Section 12.4 
in vol. I. For K arbitrary see the next problem. 


29.21 For any field K, there exists an extension L/K and automorphisms o,t of 
L/K satisfying condition (1) in §29.20. Namely, take L = K(t; |i € Z), where the 
t; are indeterminates, and define o and t by setting of; = ¢;4; and tt; =#; +1. 


29.22 A finitely generated field extension E/K is called separably generated 
if it possesses a transcendence basis x;,...,x, such that the (finite!) extension 
E/K(x1,...,Xr) is separable. (Such a basis is called a separating transcendence 
basis.) Prove that if E/K is separably generated, E/K is separable in the sense of 
Definition 9. 

Hint: Let F/K be any field extension and consider the field F(X,..., X;) 
of rational functions in r variables over F. There is a canonical isomorphism 
K[X,,...,X,-]@xF ~ F[X,..., X;], from which there arise canonical injections 
K(X%,...,X7) @x F > F(X,..., X;) and 


Pree 


E@xKx, aes x,) (K(X,...,X7) @x F) > E @xcx, x,) FCM, ..., Xr). 


29.23 As is apparent from Definition 9, E/K is separable if and only if every 
finitely generated subextension of E/K is separable. Using §29.22, show that if 
char K = 0, every extension E/K is separable. 


29.24 Now suppose that K has characteristic p > 0. Prove that for any field 
extension E/K the following conditions are equivalent: 


a) E @xK!/P is reduced, that it, it has no nonzero nilpotents. 


Pp P 


(ii) Ifa1,...,4, € E are linearly independent over K, the p-th powers a, ,...,4n 


too are linearly independent over K. 


Hint: If there is a nonzero nilpotent, there exists t 4 0 such that t? = 0 (why?). 
Write suchat € E @x Ki/P ast = ee a; ® bj, with ay,...,da, € E linearly 
independent. Then ¢? = ya? ® bp = 0; thus, if (ii) is satisfied, we have ); = 0, 
contradicting the assumption ¢ = 0. To prove that (i) = (ii), work as in the second 
part of the proof of F20. 


29.25 Again assume that charK = p > 0. Prove: /f a finitely generated field 
extension E'/K satisfies condition (ii) in §29.24, then E/K is separably generated 
(and in fact every set of generators of E/K contains a separating transcendence 
basis of E/K). 
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Hint: Suppose E = K(x,...,Xn), where x;,..., x, forma transcendence basis 
of E/K. If r <n, let f(X%,..., X-41) be a nonzero polynomial of lowest degree 
satisfying 


SF Bip es Hi) = 0. 


Not all variables can appear in f only with exponents divisible by p; otherwise 
using our assumption (ii) we would get (with some thought) a contradiction to the 
minimality of f. So suppose X; appears in f with an exponent not divisible by 
p. Then x; is separable over K(x2,...,X;-4+1), hence over K(xX2,...,Xn). The 
assertion follows by induction on n. 


29.26 The results reached in §29.22-25 can be summarized as follows: 


A field extension E'/ K is separable if and only if every finitely generated subextension 
of E/K is separable. A finitely generated extension is separable if and only if it is 
separably generated. In characteristic zero, therefore, every extension is separable. 
If a finitely generated extension E/K is separable, every set of generators of E/K 
contains a separating transcendence basis. 

If char K = p > 0, the following statements are equivalent for an arbitrary field 
extension E/K: 


(i) E/K is separable, that is, for every field extension F/K, the product E @x F 


is reduced. 

(ii) E @x K"/? is reduced. 

(111) Whenever aj,...,4n € E are linearly independent over K, so are their p-th 
powers at,...,dn- 


Every extension over a perfect field is separable. 


29.27 Let F be an intermediate field of a field extension E/K. If E/K is separable, 
so is F/K, of course (although E/F need not be; take E = K(X) and F = K(X?)). 
Using §29.26 one easily shows that if F/K and E/F are separable, so is E/K. 
Suppose char K = p > 0. It can easily be proved that a finite extension E/K 
is separable if and only if E = E?K. From this derive that a finitely generated 
extension E/K satisfies E = E?K if and only if E/K is algebraic and separable. 


29.28 As a complement to §29.26, prove Weil’s Criterion: 
An arbitrary field extension E/K is separable if and only if the following condition 
is satisfied: 
(iv) Any set of elements of K that is linearly independent over K” is also linearly 
independent over E?. 
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